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1 Cuna. MarepuaJjbHas ToOuKa. AOCOJIOTHO TBEPIOE TEJO

B cratuke W3y4aeTCsd PABHOBECHE TeJI T0L4 JNeACTBHEM CHUJ M CBOWCTBA CHUCTEM CHJI, Heobs13aTeIbHO HaX0-
AAIKUXCA B PaBHOBECHU.

Onpenenenne. Cuna — 3TO OfHA W3 XapaKTEPUCTHK B3aMMONEHCTBHS MaTePHANbHBIX Tej. B MexaHH-
Ke CHJIa OTPEeJeJISeTCst ¢ TOMOIIbI0 aKCHOM.

OCHOBHBEIMH efMHMLAMH u3MepeHus cuibl sBjsoTes HpioToH (H) B cnereme CH u Kumorpamm-
cuna(kre) B cucreme MKI'CC.

M/

Onpenenenue. A6coaoTno Teepabim tenaom (ATT) wnazwiBaercs

TeJI0 KOHEYHBIX PAa3MEpPOB, PACCTOSIHUS MEXIy TOYKAaMH KOTOPOrO

HEeH3MeHHBI.

Onpenenenue. MarepuanbHOH TOUKON HAa3bIBAETCS BECOMOE Te-
7 JI0, pa3Mephbl KOTOPOTO B JAHHOM PacCMATPUBAEMOM CJyuae He YUH-

ThiBaloTCsA. Onpenenenue. Touka TMPUIOKEHHS CHJIBI U HaTpaBJje-

HHE OTPENESIOT JUHUK AEHUCTBUS CHJIbI.
Puc. 1

2 JKBHBAJEHTHBIE CHCTEMbI CHJI

Onpene.neﬂne. IJKBUBAJEHTHBIMH 6y,ELeM Ha3blBATb TdKHW€ CHUCTEMBI CHJI, KOTOPble OAMHAKOBO BO3JIeH-
CTBYIOT Ha abCONIOTHO TBEPAOE TeJo. Ecnu cucteMa cHJl He MEHSIET COCTOSIHHSA TeJda, TO 3Ta CHUCTEMA
9KBHUBAJCHTHA HYJIIO.

(Fi, By, Fy) ~ {0} (1)

Onpenenenue. Eciu cucTema CHsl 3KBHBAJIeHTHA OJHOH CHJle, TO 3Ta CHJA HA3bIBaeTCs paBHOAEH-
creyromeit. He Bcsikas cucteMa ChJl UMEET PaBHOAEUCTBYIOILYO.

(Fi, By F} ~ (R} (2)

Cuna — He cBoGOAHEIN BekTOp. PaBeHCTBa chJl He A0OCTATOYHO /151 IKBUBAJEHTHOCTH.

Huc.

—

2
F = P, HO 3TH CHJIBI He 3KBHBAJEHTHBI, T.€. 0KA3bIBAIOT PA3JHUHOE AEHCTBHE HA abCOJKOTHO TBEPHOE TEJO



3 AKCHOMBI CTATHKH H HMX CJAEICTBHA

Onpenenenne. IneMeHTAPHBIMH ONEPALHAMH HAL CHAAMM ABIATCA CJAMMEHHE W PAI0MEHHE CHA M0
OpaBHAy Napanaenorpamma, no0asjeHHe W 0TOpacHBAHKE CHOTEM CHJ, SKBHBANEHTHEIX HYAH.
Axcroma 1 (0 BEKTOPHOM XAPAKTEPE CHAE, DeHCTEYROLLEH HA TOUKY)

2 Cuna, AeHCTBYVIOULAR HA MATEPHAMLHYED TOUKY, MOMET
GLTE OXAPAKTEPHIOBAHA BEAWYHHOH, HANpaBleHHeM M
NOIYHHALTCA 3AKOHY CAKEHHA N0 NPABHAY Mapande-
JOTpAMMA.

Puc. 3
Axcroma 2 (o nsvx cHaax)

{1Fy. Fy} ~ {0} (3)
Iee cHAbl, MPANOMHEHHEIE K aGCONTHO TBEPLOMY Te-
JY, 3KBHEANEHTHEL HYIK TOCQA W TOABKG TOTAA, KOroa

OHH PABHEL M0 MOLVAK, IEHCTBYIOT MO OOHOH MPAMOH H
HANPaEJAeHE B NPOTHEONOAOKHEE CTOPOHEL

Puc. 4
Axcuoma 3 (00 yNpoIMERHH CHCTEMED CHIT)
CHeTenmsl cHA, IKBHBANEHTHEIR HYAK, MOMHO 100aBAATE K JG0H CHCTEME CHA MAH OTOPAacHIBATH OT HEe

Cnencreme (axcuom 2w 3)
iy

(Fa, FA} ~ {0} |Ful=|Fal=|Fi| &

C-!-‘[JTB,- Jl.EI:JETB}’EDNlE-ﬂ Ha afCOMTHE TEERAOE TEAD, MPEL-
CTABJASTCA CHONMBIANLAM BE—"HTCI}JUM. CKDJ’ibﬂSllllHl:iI BEK-
Tf}p MOHHO JABHCATE BAOAE JHHHH ,.'.'I,Ei:[ﬂTE-HH CHARL,

Puc, 5

Axcrnoma 4 (0 B3aHMOAEACTEHH Pa3HBIX Tea — Tpethi 3akod Hewotona)
Mpy saauMonelicTeHM ABYX TeA CHJAA, C KOTOPOH nepsoe Telo AelCTBYET Ha BTOpOE, PABHA N0 BeJHUHHE,
HAXOOMTCA HA TOH e HPHHD“. H NPOTHROMOGAHHO HanpagaeHa N0 OTHXWEHHKY K CHJAS, KOTOpas ﬂE.ﬁCTE}'ET
Ha Mneppoe Tend oo ETCI'I}CIHH BTOROro.

AKcHoMA 5 (0 cBAZAX)

)
DI'IPEJ.EEEIIHE. (:EHSHMH B MEXAHHKE HAIEIBANT DTFI.BHH'-'IE‘!-
HHA, NPENATCTBYIOULIHE ABHMEHHI MATEPHANBHEIX Te,
\_ _cwcrena | HeficTrre cRAZEA MOMHO FIMEHHTE CHIaMH (KOTOPHIE HAZR-
S BAIOTCA PEAKIHAMKE CBAZEN) NO ONperensHHBm NPABHAEM,

Puc. 6
Axcunoma 6 (Orsepoesanus)



[lpu noGaBneHWH CBsi3ell K CHCTEMe TeJ, Ha KOTOPYIO JNEHCTBYeT CHCTeMa CHJ, dKBHBaJeHTHas HYJIO,
COCTOSIHME CHUCTEMBbl HE MeHseTCs.

4 TeopeMa O MMpUBEACHUN HpOPISBOJILHOfI CHUCTEMbBbI CUJ K IBYM CH-
JIaM

Teopema. IIpou3BOJIBHYIO CHCTEMY CHJ C MOMOIIBI0 TOJBKO 3JeMEHTApHBIX Ofepalvil MOXKHO MPUBECTH K
JIBYM CHJaM.

JloKa3aTeabCTRO.

1. Onna cunia: PasfoXuTh 00 NpaBuay napaJjienorpamMmma.

Puc. 7
2. JlBe cusibl: YKe NPUBEAESHBI.

3. Tpu cuawt: ( F4 B Touke A, Fg B Touke B, Fg B Touke C):

A

B
Puc. 8

(a) Uepes touky A u BekTOp Fr mpoBoguM maockocTh (puc. 9). Touka B B 3Ty MAOCKOCTb MOXKET
U He M0Majath.



Puc. 9

(b) Yepes Touky A u BekTOp Fp mpoBoMM miockocTb (puc. 10).

s

Fa

Puc. 10
(¢) Ha nuuuu nepecedeHus miocKocTed BhiOepeM MpoU3BOJbHYH TOUKy D (puc. 11).
(d) Tposectu npsimbie AB, BD B ogHo# miockoetn u AC, DC' B apyroi (puc. 11).

(e) Paznoxurs BekTop Fp Ha HanpaBaswoimwme AB, BD 1o npaBuay mnapaJjesorpamma.
Fg = I}, + F}. Pasnoxuth BekTop I Ha Hampasaswoiiue AC, D no mnpaBujay napaJsie-
Jaorpamma. Fo = K/, + /.

(f) IlepemectuTh cocraBasiiollHe BeKTOPOB Fp W Fo BOOMb HAmMpaBAsomUMX K Toukam A u D
(puc. 12).



o

Puc. 11 Puc. 12

(g) B toukax A v D CJA0KHTH CHJIBI [0 MPABUJY [APaJ/esorpamMma.

[ToHsATHO, UTO CHCTEMY, COCTOAIIYIO M3 GOJBINEro (YeM TPH) KOJUUYECTBA CHJI, MOXKHO MPHBECTH K JIBYM
cusaM, MocJeoBaTe/bHo paboTas ¢ KaxKABIMU TPeMs CHJaMU.

Teopema. IIpon3BosIbHYIO CHCTEMY CHJ TOJMBKO C ITOMOIIBIO 3JeMEeHTapHBIX ONepalvi MOXKHO MPHBECTH
K ZIBYM CHJIaM, OflHA M3 KOTOPEIX OyIeT MpHJ0XKeHA B 3apaHee yKa3aHHOH TOUKe.

Jloka3aTeabCTBO.

CHayasia cucTeMa MPUBOJUTCA K JBYM CHJIAM MO ajJrOpPUTMY MpeAbayiiell TeopeMel. [lanee HeoOXOTHUMO
MPoOBECTH (IBE) MJIOCKOCTH uUepe3 3aJaHHYK TOYKY M TOJydYeHHBIE BEKTODPBI CHJI. 3ajaHHAd TOUKa OyaeT
HAaXOOWUThLCS HA MepeceueHnt maockocTed. OcraeTcs BEIGPATh MPOU3BOJBHYIO TOUKY HA JIMHHUHU TEpeceueHus
IJIOCKOCTeH ¥ MOBTOPUTb NYHKTHI 4-7 10Ka3aTe/bCTBa MpeJbIAYLIed TeopeMbl.

5 MOMEHT CHJIbl OTHOCHUTEJbHO TOYKHU

Onpenenenne. MOMEHTOM CHJIBI OTHOCHTEJNbHO TOUKM HAa3bIBa-
eTcs BeKTOp, YMC/JEHHO DaBHBIH MPOMU3BENEHHUI0 MOIY/S CHJBl Ha
nJe4yo, T.e. Ha KpaTuyalllee pacCTOSIHHE OT YKA3aHHOH TOUKH J0
JIMHAW JI€MCTBHSA CHUJBl, U HANpPABJEHHBIH NepHeHJuKYAIPHO MA0C-
KOCTH, NPOXOAsiIeH yepe3 BbIOPAHHYIO TOUKY W JHHUIO AeHCTBUA
CWJIBI, B TY CTOPOHY, OTKYAa MOCJEeA0BaTeNbHBIH 00XOA TOYEK: BHI-
OpaHHOH, Hayasa BEKTOPA CHJIbl, KOHIIA BEKTOPa CHUJIBl X CHOBA BHI-
OpaHHON TOYKH BHIEH MPOUCXOISIIMM NPOTUB YAaCOBOH CTPEJKH.

Puc. 13

—

Ecau O — TOYKa, OTHOCHTEJBHO KOTOPOU OMpeNessieTCsd MOMEHT CHJIBl [/, TO MOMEHT CHJBl 0603Ha-
gaeTcss 00b14HO, Kak Mo(F'). MOoXHO MOKa3aTh, UTO, €CJAM TOUKA MPHJAOKEHHS CHJB F ONpenessiercs
PajiiyCcOM-BEKTOPOM 7° OTHOCHTENBHO TOUYKH (), TO CIPABEAJHBO COOTHOIIEHHE

— —

My(F) =7 x F (5)



T.€. MOMEHT CHJIbl OTHOCHTEJNBHO TOUKH PAaBEH BEKTOPHOMY TPOM3BEAEHUIO BEKTOpA 7 HA BEKTOpP F.
[lycTs x,y, 2 — KOODAMHATBI TOUKH MPUJIOKEHUS cuabl F, a Fy, F,, F, — NpOeKIHH CHUJbl Ha KOODAHU-
HaTHble oCcH. Torna MOMeHT CHJbl [7 OTHOCHTENBHO Hauaja KOOPAWHAT MMeeT BHJ:

L LTk § : }
Mo(F)=mxF=|x y =z |=@l-zF)it(F—cf))+ @b —yl)k (6)
I, F, F,

OTC}O,ELa CJAENYET, YTO MNPOEKIMKW MOMEHTA CHUJbl OTHOCHUTE/JAbHO HAYadJjad KOOPAWHAT Ha KOOPAMHATHBIE OCH
3anarTca GopMynaMu:

Mo (F) = yl, —zF,
2k, — xF,
Mo, (F) = aF,—yl,

g
T T
\

6 CBg3b MOMEHTOB OHHOI M TOU K€ CHJbl OTHOCUTEJIHbHO Pa3HbIX

TOYEK
F
A 0, [To onpepeneHH0 MOMEHT CUJIbl OTHOCHTEJbHO LieHTpa O:
Mo(F) = OAx F;, Mg, (F)=0,Ax F.
O BekTop O1A MOXHO NpPEeACTaBUTb KaK CyMMY O1A = 010 + OA, M03TOMY
Mo, (F) = 07Ax F =00 x F+0Ax F=0,0x F+ Mo(F) (7)
Puc. 14

OTCI’OJJ,a noJjiydyaeM CBsAA3b MOMEHTOB OTHOCHUTEJIbHO PA3HBIX IIEHTPOB

Moy (F) = Mo(F) + 0,0 x F

7 Teopema O IIPOECKIUAX BEKTOPOB MOMEHTOB CHUJIbl OTHOCHUTEJIbHO
PA3HBIX TOYEK

Teopema. Ilpoeknun BeKTOPOB MOMEHTOB OAHOW M TOH e CHJBl OTHOCHTEJBHO ABYX Pa3HBIX TOYEK Ha
NpSIMYI0, TPOXOASAIILYIO Yepe3 3TH TOUKH, PaBHBI MeXAy COOOH.

Jloka3aTeabCTBO.
Hcnonbayem Gopmyny CBSI3H MOMEHTOB OfHOH M TOH e CHJIbl OTHOCHTEIbHO Pas3HBIX TOYEK:

Mo, (F) — Mo(F) = 0,0 x F (8)
Jlas mpoeknuii JeBoH M MpaBoH 4acTeH 3TOro paBeHCTBA HA ocb 10 MOMKHO 3aMHCaTh!
Mp{ Mo, (F)} — Tlp{ Mo (F)} = Mp{0:0 x F}) )

Ho Hp{()f() X ﬁ} = 0, TaK Kak BEKTOD 0,0 x F NeprneHAMKYASIpeH MJI0CKOCTH, B KOTOPOH HAXOAUTCS
ock 010. CaenosareasHo, [Ip{ Mo, (F)} = [p{Mo(F)}

10



8 MomMeHT CHJIbI OTHOCUTEJbHO OCHU

LI
F
. A
0 Onpenenenue. MOMEHTOM CHJIBI OTHOCHUTEJBHO OCH Ha3bIBAETCA CKaJlsApHAs
BeJUUKHA, PaBHAsg MPOEKIMH BEKTOpAa MOMEHTa CHJIBl OTHOCHTEJBHO JI0G0H
L TOYKH OCH Ha CaMy OCb.
Puc. 15

Oﬂ,I/IH U3 Ccroco6OB BBIYHCJEHHS MOMEHTA CHJIBI OTHOCHTENBHO OCH:

1. BribpaTb Ha ocu MPOU3BOJBHYIO TOUKY U MOCTPOUTH HEPEe3 3TY TOUKY MJIOCKOCTh, MepPNeHANKYIIPHYIO
OCH.
2. CupoeKTHPOBAaTb HA MJOCKOCTb CHJY.

3. OHpeﬂeJ’II/ITb MOMEHT HOﬂyquHOﬁ MPOEKI KWK CHUJBl OTHOCHUTEJABHO BbIGpaHHOﬁ TOYKH.

9 TInaBHBIN BEeKTOp, IVIABHBIII MOMEHT CHUCTEMbI CHUJI

[lycrs naHa mpoMsBO/IbHAS CHCTEMA CHI (F, Fy,... F,}.

Cymmy 3Tux cun R = 337, Fy HAa3bIBalOT IIABHBIM BeKTOpOM. CyMMy
MOMEHTOB CHJI OTHOCHTEJIbHO KAKOT0-J1160 1ostoca (IIeHTpa PHBENEHNS)
Lo = Y31 Mo(Fy) = >3} OAg x I}, Ha3hBAOT MIABHBIM MOMEHTOM
paccMaTpPUBAEMOH CHCTEMBI CHJI.

10 Cgsa3b I'IaBHbIX MOMEHTOB CHCTE€MbI CUJI OTHOCUTEJbHO Pa3HBIX

TOYECK

k=1 k=1
Lo, = Mo, (F) = S"(01Ak x Fy) = S7[010 x Fy + 04, x F
k=1 k=1 k=1
ZOleFkJrZOAkka OfOxZ@+ZOﬁkxﬁ
k=1 k=1 k=1

3mece i 1Fk — IJ1aBHBIH BEKTOP CHCTEeMBI, a > 104k X Fj — IJaBHEII MOMEHT OTHOCHTENBHO

toukn O. Caenosarensso, Lo, — Lo = 010 x R.
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11 YcaoBus paBHOBecCHUS CHCTEMbI CHJI

Jlois paBHOBeCHSI CHCTEMBI CHJ, MPUJIOXKEHHEIX K TBEPAOMY TeJsy, HeOOXOAMMO M JOCTATOUHO, YTOOBI IyIaB-
HBIH BEKTOp H IJIaBHbIH MOMEHT CHCTEMBI OTHOCHUTEJIBHO JII0OOro HEHTpa NpUBEACHUSA Oblin PaBHBI HYJIIO:
R= 0; Lo =0.

Jns npoekuu# BekTopoB K U Lo Ha KOOpAMHATHBIE OCH YPaBHEHHS PaBHOBECHS MUMENT BHA:

R,=0;R,=0; R, =0, L,=0;L,=0;L,=0. (10)

HJIH . N N
ZFkx:07 ZFky:(); Zsz: (11)

k= k=1 k=1

(cyMMBbI MPOEKIHE CHJI HA OCH KOOPAHHAT)

n

3 M, (Fy) = an My(F) = 0; ﬁjwfz(@):o (12)

k=1 k=1

(cyMMBI MOMEHTOB CHJI OTHOCHTEJBHO OCEH KOODAHHAT)

12 Ilapa cun
Omnpenenenune. Ilapoi cunm HasbiBaeTCs CUCTEMA M3 JIBYX CHJl, PaBHBIX
Mo BEJWYHHE W MPOTHBOMOJNOXKHO Harpas/eHbX. [lapa CHJ MOJHOCTBEO
onpenesadaeTrcd CBOMM MOMEHTOM, TdK Kak rJ1IaBHBIN BEKTOp Mapnl BCerpa
paBeH HYJIO.
Puc. 17
R=F+F; Lp=My(F)+Mp(F)=0AxF+0BxF =0BxF —0Ax F, (13)
HO
OB=0A+AB= AB=0B - 0OA= Lo = (0B - 0A) x F' = AB x F", (14)

T.€. L?) — AB x F'. MomeHT napbl He 3aBHCHUT OT BbIOOpA I1eHTPa MPUBEAEHMUS.

[Tapel cua ¢ ONMHAKOBEIMH MOMEHTAaMH JAEHCTBYIOT Ha TBEPAOE TeJO OJHMHAKOBO, MO3TOMY Mapy CHJI
MOXKHO BHJOM3MEHATh, KAK YIOAHO, COXPaHss MOMEHT.

MoMeHT mnapel MeprneHAHKYAspeH IUIOCKOCTH napel. AGCOMIOTHOE 3HAYeHHWEe BEKTOpa MOMEHTa Maphl
paBHO MPOU3BeJeHUI0 aBCOJIOTHOIO 3HAYeHUS CHJbl apbl Ha MJEY0 Maphbl.

Teopema. IlpousBosbHYIO cUCTEMY CHJ BCera MOXKHO [IPUBECTH K OJHOH CHJle U OLHOU mape.

13 Teopema 00 3KBUBAJEHTHOCTU HYJIIO CUCTE€MbI CHJI

Teopema. Cucrema CcuJ, NPUJAOKEHHBIX K TBEPAOMY TeJy, 3KBHBAJEeHTHAa HYJI0 TOTAA M TOJBKO, KOrAa y
3TOHM CUCTEMBl PaBHbI HYJIO [VIABHBIM BEKTOP W IJIaBHBIE MOMEHT.
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13.1 Jloka3atejbCTBO HEOOXOAUMOCTH

Nauo: {P, P,,..., P} ~ {0}. Jlokasats: R =0, Lo = 0.

HO TEOPEMG 0] HpI/IBe,U,eHI/II/I HpOHSBOJIbHOﬁ CHUCTEMBI CHUJ K ,U,ByM CHUJJaM ,U,aHHyI-O CI/ICTeMy CHUJI MOXKHO
MPUBECTH K ABYM cHsaM. [103ToMy MOXKHO pacCMaTpHUBATh HOBYIO CHCTEMY CHJI: {ﬁh F}} BMECTO HCXOAHOH,

CorylacHO aKCHOME 0 JIBYX CHJIaX, MPUJI0XKEHHBIX K a0COMOTHO TBEPAOMY TeNY, 3TH CHJbl SKBUBaJE€HTHEI
HYJKO TOTAA W TOJBKO TOTAA, KOTAA OHW PAaBHBEI 10 MOAYJI, JEHCTBYIOT M0 OAHOH MPAMOH M HaNpaBJ/IeHb B
NPOTUBOMOJIOXKHEIE CTOPOHBL.

CaienoBaTeqbHo, R= F1 + F2 I3 LO 0 (O — mpon3BoJbHAS TOYKA).

13.2 Jloka3aTeJbCTBO JOCTATOYHOCTH

Jlano: R- 0, Eo = 0.

Ilokazars: {Pl,Pg, LB~ {0}

Cucremy {PI,PQ, . R,} MOKHO TIPHUBECTH K {FI,Fz} Tak kak B — 0, F1 + Fg = ( wuan F] — _F2,
Ho torpa Bo3MOXKHBI ABa Caydas.

1. Cuabl JiexaT Ha OIHOH MPSAMOH

Puc. 18
Ho rorna {F}, Fy} ~ {0} u, cienoarenrro, {Py, By, ..., B,} ~ {0}

2. CuJbl JeKaT Ha MapajjenabHBIX MPSMBIX

Puc. 19
[Tokaxem, uto La=0. ITo Teopeme 0 CBA3M [VIABHBIX MOMEHTOB CHCTEMbl CHJl OTHOCHTENIBHO PA3HBIX
TOYEK LA — LO —~AOxR HoR=0wmn Lo = 0 no yecaosut. ClenoBaTenbHo, LA = 0.

14 Teopema 00 3KBHMBAJEHTHOCTH CHUCTEM CHUJ

Teopema‘ I[Be CHUCTEMBI CHJI, ﬂeﬁCTBy}OIILHE Ha TBEpAO€ TEJ0, 3KBHBAJEHTHBI TOrAa U TOJBKO TOrAa, KOoraa
Y HUX DaBHbI MEXKAY co60H TyiaBHEIE BEKTOPBI U [JIABHbIE MOMEHTHI.

14.1 Jloka3aTeabCTBO HEOOXOAMMOCTH
ﬂaHO {fhﬁg F}N{G17G27...7ém}.
Jlokasars: R( A= R(@), Lo(F) = Lo(G)

HO TeopeMe 0 HpI/IBe,ELeHI/H/I HpOHBBOJTbHOI;)I CUCTEMEBI CHUJ K ﬂ,ByM CUhuJiaM J'IfOéyI'O CI/ICTeMy CHUJI MOXKHO HpI/I-
BECTH K JBYyM cusaM. [109TOMy MOXKHO BMECTO HCXOAHBEIX PaCCMaTPUBATh HOBEIE CHCTeMBI cuJl: {17, [} u
{G1,G2} (3mecw Fi, Fy , G1,Go — He Te ke caMble, UTO B HCXOAHBIX CHCTEMAX).
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PaccMoTpuM TpH pUCYHKA OfHOTO Teja, Ha KOTOPOe NeHCTBYIOT CUCTEMbI CHJ.

Puc. 20 Puc. 21 Puc. 22 oL
Hmeem | ~ 11l (nmo yenosurw), | ~ Il (mo moctpoenuw), caenosatensro, 11 ~ I u {Fy, Fy, G, G4} ~
{0}.
Torna R(F + G’) =0w LO(F +G) =0mno Teopeme 06 9KBMBAJEHTHOCTH HYJIIO CHCTEMbI CHI.
OTCEOJla 1) F1 -+ F2 + G, + G = F1 -+ FQ Gl e Gg = 0 cJea0oBaTedbHO, F1 + Fz = Gl + Gz U
R(F) = R(G). o S
2) Lo(F ) + LO(G’) 0, Lo(F) — Lo(G) =0 u Lo(F) = Lo(G). Uto u TpeboBasoch 10Ka3aTh.

14.2 Jloka3aTeJbCTBO JOCTATOUHOCTH

Jlano: B(F) = R(G), Lo(F) = Lo(G). Nokasate: {Fy, Fy, ..., Fy} ~{G1,Ga,...,Gn}.

PacemoTpum Te ke CaMble pI/ICyHKI/I (20-22). 3pech [ ~ H (no MOCTPOEHHIO).

[Tokaxem, 4To {F1 Fy, G G’} ~ 0.

Mo yeaosuio R(F) = R(G) o F) = Lo(G), cnenosarensro, R(EF) = —R(G), Lo(F) = —Lo(G)
HITH R(F) + R(C’) —0# Lo(F) + Lo(G') = 0. ¥ 1o Teopeme 06 3KBHBANEHTHOCTH HYJIO CHCTEMBI CHJI
{Fy, Fy, G, G4} ~0.

Ho ecau {ﬁl,ﬁ2, @17@’2} ~ 0, 1o Il ~ III. 3naunt, u [ ~ III. Yro u TpeGoBanoch A0Ka3aTh.

15 IIpuBegeHue cucTeMbl CHJI K MPOCTEHIIEH CUCTEME

15.1 HHBapuaHTbI

Onpenenenue. [1aBHBIHA BeKTOp 2 CHCTEMEI CHJ HE 3aBHUCHT OT BBIGOPA LIEHTPA NPUBEIEHHS M HA3BIBAETCS
NePBbIM CTATHYECKHM WHBAPUAHTOM ;.

Onpeneﬂeﬂue. CKaJ’IﬂpHOQ NNpOn3BEeAECHHUE T[JIdABHOI'O BEKTOPA W IJIABHOTO MOMEHTA ]2 = R- LO CHUCTe-
MBI CHJI HE 3aBHUCHT OT Bblf)Opa HOEHTPA NPHUBEACHUA W HA3BIBACTCH BTOPBIM CTATUYECKHM HWHBAPHUAHTOM.

—

Tak kak [(0') = R- Lfy - R. Lt; 1+ R-00 x E, Ho R-0'0 x R — 0, MOCKOJMBKY BekTOp R mep-
NeHANKYAspeH BeKTOpPHOMY mnpousseneHuto O'O x R.
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15.2 Knaccudukauus npocTpaHCTBEHHBIX CUCTEM CHUJI

I R=0Lo=0 CucTeMa 3KBHBaJEHTHA HYJIIO

I R=0,Lo#0 CHeTeMa MPUBOKTCS K Mape CHJ ¢ MOMEHTOM Lo

[ a) R + O,L_b =0 CucremMa NpUBOAKTCH K eIMHCTBEHHOH cuje B Touke O (CHCTEMa HMeEeT PaBHO-
JEHCTBYIOIILYO R). [IprMepamu TaKWX CHCTEM SIBJASIOTCS: CHCTEMA CXOASLIMXCS

CHJ, NIJA0CKasd CUCTEMA CHUJ, HE CBOAAIIAACA K Mape, CUCTeEMaA MapaJijie/ibHbIX CHJI.

b) Rg&éiﬁo CucreMa MPUBOOUTCS K €IHHCTBEHHOU CHJIe B HOBOH TOUKE .
R#0,L540 .
v RIo0 CucreMa MPUBOAXTCS K MOMEHTY U CHJIE B HOBOKH

Toyke C, 4YTO HA3LIBAETCH AMHAMMYECKHUM BUHTOM.

16 Bunsl cBg3en

Onpenenenne. Bee 10, UTO OrpaHUYUBAET MepeMeNieHns JAHHOTO Tea B MPOCTPAHCTBE, HA3bIBAKT CBS-
3bI0.

Omnpenenenne. Cuja, ¢ KOTOPOH NaHHAs CBsI3b AEHCTBYET HA TeJsO, MPENsiITCTBYS TEM WJIM HHBIM €ro
TepeMelleHHsIM, Ha3bIBAETCsl CHMION peakuuu CBA3M WJM MPOCTO peakiued cBsa3d. HampaBsena peakius
CBSI3U B CTOPOHY, MPOTHUBOMOJIOKHYIO TOH, Kya CBSI3b He JaeT MepeMellaThCsl Tesy.

Bugbl cesizeil:

1. Twadkas naockocms (nosepxHocms) ual ONOPA.
B N,

<l

Peakuus N raakoi MIOBEPXHOCTH HJIH OTOPHI HalpaB-
JieHa 110 00MIed HOPMaJik K MOBEPXHOCTSAM COMPHKACAK0-
[MUXCA TeJ B TOUYKE HUX KaCaHHUA U npnﬂomeﬂa B 3TO[;)I
TOUKE. ]\71 1 AB.

Puc. 23 Puc. 24

2. Humo. Peakuus HaTSHYTOH HUTH HanpaBJjeHa BAOJb HUTH K TOUKE ee MOABeca.

Puc. 25

3. Huaundpuueckuii wiapuup. Peakius NUJAWHIPUYECKOTO [MAPHUPA MOXKET HMETh JIE000e HarpaBjaeHHe
B MJIOCKOCTH, MEPNEHANKYAAPHOA OCH LIApHUPA.

Puc. 26

4. Coepuueckuil wiaprup u noonamuur. Peakuus cheprueckoro IMmapHHpPa MOXKeT HMeTh Jwboe Ha-
paBJeHHe B MPOCTPAHCTBE.
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L

Puc. 27 Puc. 28

5. Hesecomuiii cmeporcerv.

N
Peaknusi HeBecoMOro [ILIAPHUPHO MNPHKPENJIEHHOrO
CTEP2KHA HaAllpaBJeHAa BAOJAb OCH CTEP2KHA HUJAXA BHOJb

ok B, npsiMo#t, coenuustomed wapaupsl (puc. 30).

Puc. 29 Puc. 30

17 Cucrema cxomdmmxca CWJI

Omnpenenenne. CuctemMa CHJ, BCE JHUHUHU NEHCTBUS KOTOPBIX Mepe-
CEKAaI0TCs B OfIHOH TOUKE, HA3LIBAETCS CXONSAIIEHCS.

CucremMa CXOASAIIMXCS CHJl HMEET PaBHOAEHCTBYIOIIYIO, BEKTOP CH-
JIbl KOTOPOH OMpejessieTcs CJA0KEHHEM BEKTOPOB CHJ MO MPaBHJY
napaJJiesiorpaMMa M MPOXOAHT Yepe3 TOUKY, B KOTOPOH CXOAsATCH
JIMHUAHK I€ACTBUSI CUCTEMBI CHJI.

Puc. 31
Teopema. (Bapuubon) MoMEHT paBHOAEHCTBYIOMIEH CHJIBI AJIT CHCTEMBI CXOASAIIMXCS CHJI OTHOCHTENBHO
MPOU3BOJILHON TOUKH paBeH CyMMe MOMEHTOB BCEX COCTABJISIIOIIUX CHJl OTHOCUTENbHO TOH XK€ TOYKH.

18 Cucrema napaJuieJbHbIX CUJ

Onpenenenue. CucrtemMa CHJI, B KOTOPOH BEKTOPHI CHJI MMEIOT MapajjiesbHble JUHUH NeHCTBHSA, SBJSETCS
napanjesbHON CHCTEMOM CHUI.

18.1 Cnyuay aByX mapaJjiieJibHbIX CHJI, HANPABJIEHHBIX B OHY CTOPOHY

F4

Puc. 32
Hana cuctema nByx mapajienbHeix cug (puc. 32). IlpoBemem depes ToukM U MPAMYK W A00aBHUM K
CHCTEME IKBUBAJIEHTHYIO HYJIIO CHCTEMY M3 [BYX PABHBEIX MO BeJWYKHE U MPOTHBOIMOJOKHO HAMPABJIEHHBIX
cHJ (puc. 33). HoBas cucrema w3 verwipex cua (4, (, [, 'y 9KBUBAJIeHTHA cuUCTeMe U3 JBYX
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UCXOAHBIX cuJjl. Ho HOBYIO cHCTEMY MOXHO 3aMEHHTb cUCTeMOM u3 AByX cua (puc. 34) R u R, koTopbie
MOKHO MEPEHECTH M0 JIMHUSAM AeHCTBUS B TOUKY MepecedeHus S U CJA0KHUTh M0 MPaBu/y napaJJjenorpamma
(puc. 35).

A B A B B
1 F é/‘ Fp R
A ‘A

Puc. 33 Puc. 34 Puc. 35

Pesyaprupyromas cuaa [f — F4 + Fy 5KBHBaJeHTHa MCXONHOH chcTeme cuat (puc. 35). Mogyab pe-
gyabThpyroien = Fy + Fg.
Cusia nmapajsiesbHa UCXOJHOH CHCTEME CHJI M PaBHA [0 BeJHUMHE CyMMe HX 3HaueHuH. M3 reomerpun
CAEAYET, YTO
AC  Fg
BC  Fy
Takum oOpaszoM, cucreMa ABYX NapajJe/bHBIX CHJ, HANpaB/AeHHBEIX B OAHY CTOPOHY, NPUBOAUTCH K
OHOK CHJI€, SKBHBAJEHTHOH CHCTEME M3 3TUX MapaJlJIeNbHBIX CHJI, IPUYEM JHHHA NEUCTBHUSA HOBOH CHJBI
napanjiejbHa JUHHUSAM HCXONLHBIX CHJ WU LeJHUT PACCTOSHHe MeXKAy HUMH B OTHOLUEHHH, 0OPaTHO MpPOMOp-
[MOHAJbHOM HX BEJHYHHAM, a BEJIWYMHA CHJIB PABHA CYMME BEJHUHH HCXOAHBIX CHJI.

18.2 Cayuail AByX mapajiedbHbIX CHJ, HAMPaBJeHHbIX B MPOTHUBOIIOJNOXKHbBIE CTO-
POHBI

AHasIorHYHO MOXHO TOKa3aTb, YTO CHCTEMa ABYX MapajJefbHbIX CHJ, HE PaBHBIX M0 BEJHYHHE W Ha-
NPAaBJEHHBEIX B NPOTHUBOMNOJOXKHBIE CTOPOHBI, SKBUBAJEHTHA OAHOH CHJe [, HANPABJEHHON MapajjeNbHO
UCXOAHBIM CHJIaM B CTOPOHY GoJbllell CHJIBI, IPUUEM JHUHHUS AeHCTBUA 3KBHBAJEHTHOH CHJbl AEJNHUT OTpe-
30K, COENMHSAIINE TOUKH MPUJI0KEHUS HCXOAHBIX CHJ BHEIHUM 00pa3oM (puc. 36) B COOTHOLIEHHH:

AC Fy
BC  Fa

F

s

Fy
Puc. 36

Monyane pesynetupytommeid R = Fg — F4.
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19 Tpenue

19.1 Cuna TpeHHUs] CKOJIbKEHUS

Ecau aBa tena I u Il B3anmMoneldcTBYIOT APYT C APYTOM, CONPHKACASICh B TOUKE
A, To Bcerja peakiui Ry, AeHCTBYIOIIYK, HANpUMep CO CTOpPOHBI Teqa Il u
NPUJIOKEHHYIO K TeJy I, MOXKHO pasjioxuTb Ha ABe cocTaBJjswoline: Ny, Ha-
NpaBJeHHYIO 10 0011eld HOPMaJH K NOBEPXHOCTH COMPUKOCHOBEHHH T&Jl B TOYKE
A, u I, nexauiyo B kacatebHol miockoctu. CocrasJsitonias N4 Ha3biBaeTcs
HOPMAaJIbHOHM peakuHeH, cuja F, HA3bIBAETCS CHJIOH TPEHHUS CKOJbIKEHUS
— OHa MpensATcTBYyeT ckogbxeHUo Teqa I mo teay II. B cooTBercTBHM C Tpe-
TbUM 3aKOHOM HreloToHa Ha Tejio Il co croponwl Tena I melicTByer paBHasi mo
MOJYJIFO ¥ MIPOTHUBOTOJOKHO HalpaBJeHHasl CHJa PeaKIuH.

R A 1\7:4

z

Puc. 37

Ee cocraBaswomas, neprneHaHKyAspHAs KacaTeJbHOH MJOCKOCTH, HA3bIBAETCS CHNIOH HOPMAJBHOTO
JaBJIeHUS.

Cujia Tpenus I, = 0, ecqid conpuKacawIuecs MOBEPXHOCTH H€aJbHO TJaJKHe.

CHJia TpeHUs BCerja JeXHT Ha OOIIed KacaTeNbHOW MJAOCKOCTH K MOBEPXHOCTSAM COMPHKOCHOBEHHS.
BesnuunHy cuJibl TpeHHs, KaK U BCAKOH APYrod peaklMH OMOpPBl, MOXKHO HAaHTH M3 YCJOBHS pPaBHOBECHS
noxosierocst tesa. [IpenenbHoe e 3HaueHHe CUJbl TPEHUS OMNpefessieTCs U3 3aKOHA 3KCIepUMeHTaJbHO
ycranosjennoro [ Kynonom B 1781 1.

L, = fN.

BesnuunHa npenesnbHOH CHU/bl TPEHHUS 3aBUCHT OT MaTepHasia CONMPHUKACAIOIIMXCSA TeJ U HOpMaJbHOH peak-
nud. [lpu tpeHun mepesa o gepeBo 0.4 < f < 0.7, metana o metana 0.15 < f < 0.25. Bce ckazaHHoe
OTHOCHTCSl K TaK Ha3blBAeMOMY "CYXOMY TPEHUIO", T.e. TPEHHID, He 3aBUCAIIEMY OT CKOPOCTH ABHMKEHUS.
Jlais cun TpeHHs B caMoM OOIIEM CJydae CyIIecTBYeT GOJbII0e YHCAO IKCIEPHMEHTANBHBIX U TeOpeTHYe-
CKHX 3aBUCHMOCTEH.

19.2 Cuna TpeHHs KaueHus

PaccMOTpUM UMJMHAD, MOKOSAIIUHACA Ha TOPU3OHTANBHOH MJOCKOCTH, KOIZA Ha Hero JIelCTBYeT TOPH30H-
TajbHas cuJa (); KpoMe Heé NEHCTBYIOT CuJa TsXKecTH P, a TakKe HopMaJdbHas peakius N W TOPH3OH-
TajlbHAsl PEAKIUs [IOCKOCTH (CHJA CIENJIEHHs ¢ MI0CKOCThIO) [, 3aMeTHM, rjajgKast J0CKOCTb HE HMEeT
cudel I, a N nmeerca Bcerja npyu HaJW4YUM KOHTAKTA.

Pruc. 38 Puc. 39 Puc. 40

Kak mokaseiBaet OmelT, MpH AOCTATOYHO MaJiOM MOAYJE CHJB () NUJAUHAP ocTaércs B nokoe. Ho aTor
(bakT Hesb3sh 0OBACHUTH, €CJAHM YIOBJETBOPUTHCS BBEICHHEM CHJ, H300paxkeHHBIX Ha puc. 38. CoriacHo
3TOH CXeMe pPABHOBECHE HEBO3MOXHO, TaK KaK IJIaBHBIA MOMEHT BCeX CHJ, AEHCTBYIOIIMX Ha IHJIUHAP
—Qr, otnnveH OT HyAs. HJs ycTpaHeHHS 0TMEUEHHOr0 HECOOTBETCTBHS C OMBITOM HEOOXOAWMO OTKA3aTh-
Csl OT THMOTE3Bl abCOJIIOTHO TBEPIAOrO Teja H y4YecThb, YTO B AEHCTBHUTEJBHOCTH [HUJAMWHAP W TJIOCKOCTh
BOJIM3K TOUKH KOHTaKTa Ae(OpMHPYETCsl U CYLIECTBYeT HEKOTOpasi MJOMIafKa KOHTAKTAa KOHEUHOW LUKpU-
Hel 20. Ecau mon meHCTBHEM BHEIMHWX CHJ NMAWHAP OYHEeT KAaTHUTCS HAIMPaBO, TO PEaKIMs OMOphl Oyaer
TaKXKe cMeleHa HanpaBo. Luauuap Gymer KaTUTBCSA HAMpaBo, MOBOPAYMBASACH B KaXKABIH MOMEHT BOKDYT

18



HEKOTOPOU TOYKM MJIOCKOCTH, K KOTOPOU npujoxkensl peakuuu N u I, (puc. 39). Cuuras pedopmanuw
MaJiol, 3aMeHHM 3Ty CHUCTEMY CHJ CHCTeMOH, u306pakeHHOH Ha puc. 40. K nunuHIpYy mpHiokKeHa napa
CHJ ¢ MOMeHTOM M, = N4. DTOT MOMEHT Ha3bIBaeTCss MOMEHTOM CHJIbI TPpeHUs KadeHus. Koaddumuent
TPeHUs § KaueHUs UMeeT Pa3MepHOCTb JJIHHBL.

20 IlenTtpsl TaKecTU NpocTermnx ¢uryp

20.1 IleHTp TAKECTU TPEYTrOJbHUKA

LleHTp Ts?KeCTH TpeyroJbHHKA ¢ BepmHHaMu A, B, (' HaXOAUTCS B TOUKe MepecevyeHHs ero MeauaH.

To={(2a+28+2)/3, Yo= (ya+ye+yc)/3.

) B
yc //’ /;\/ \\\ C
// 7 - ;\
AL A "
Te
Puc. 41

20.2 IleHTp TAXKECTH AYTU OKPYKHOCTHU

)
Rsina
Te —
Q
(8] X
\\7

Puc. 42
B gacTHOCTH, /15 AYTH MOJYOKPYKHOCTH OyIeM WMETb X, = %

20.3 ILleHTp THAKECTH KPYTrOBOTO CEKTOpa

)
2R sin a
] Lo — —F
R Rfa
\a .
Ja Zo
Puc. 43

B gacTHOCTH, A/14 CeKTOpa B BHAE MOJYKPYyra MNONyuyuM x. = %
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21 JIunama
Bropo#t craTucTHYeCKUi HHBApHAHT:
Iy = Fo- Mo = F,M, + F,M, + F,M, (15)

Ol'[peJleJIeHI/Ie. COBOKyl’IHOCTb CHJIBl W Mapbl CUJA C MOMEHTOM, KOJJIMHEAPHBIM CHJI€, HAa3bIBdA€TCA AWHA-
MHWYEeCKHM BHUHTOM HJIHU ILHHaMOPI. ﬂHHaMHLIECKI/II;'I BUHT MpPeACTaBJACT co6o# COBOKYTIHOCTb CHJIbl W TAPbI
CHJ, AeHCTBYIOIIEH B MJOCKOCTH, MEPNEHAUKYAIPHON CHJIE.

Fy Fy

410

My

Puc. 44 Puc. 45
Ecau BTOpO# cTaTHUeCKUH UHBAPUAHT He PaBeH HYJI, TO CHCTEMY MOXKHO MPUBECTH K JHHAME,
YcqoBre KOJIJIMHEAPHOCTH TJIABHOTO BEKTOPA M [JIABHOTO MOMEHTA 3alHChIBAETCS CJAEAYIONIUM 00pasom:

plo = M*
rae p — napametp (LIar) BHHTA, HMEIOIIUE pa3MepHOCTb AJuHBL, TakuMm 00pasom,
pFo = My — O0* x Fy, (16)

[lycts Fy, F,, F,, Moy, Moy, Mo, — NpOeKUMH [VIABHOTO BEKTOpa U [VIABHOIO MOMEHTa Ha OCH Z, Y, 2

]V[Ooc_(il/Fz_ZFy) ijy_(?/FI_ZFy) A/[Oz_(?/Fy_ZFD
= = =P

F; F, Fy £

ITO U eCTb ypaBHEHHE [IEHTPAJNbHOH OCH.

22 Kunemaruka. Beenenue

KunemaTnka — Hayka O IBHXKEHHH T€OMETPHUYECKHX Ted. B Hell paccmarpuBaercsi camo ABukeHHe Ge3
M3YUEHHs] MPHUKH, BHI3BIBAIIINX 3TO [BHXKeHHe. BriepBrie Tepmun “kunHematrka'Been A Awmnep (1775-
1836), B3sB 32 OCHOBY rpeueckoe | CJOBO kivnucy, 03HAYAIIEe JBHKEHHE.

[IpocTelilinM 0OBEKTOM B KHHEMATHKe fBJSETCS TOYKA. B KHHeMAaTHKe TOUKH pPaccMaTpUBAKOTCA Cile-
LIyHIIHe PYHKIMH BPEMEHH {: pajnyCc-BeKTOp 7(t), CKOPOCTb ¥(t) W ycKopeHue a(t):

LAndpe Mapu Amnep — hpanuy3ckuii (H3HK, MEXAHHK, MaTEMaTHK.
y
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23 CroocoObl 3agaHNd IBUKECHUI

23.1 BekTopHbIi c10oco0 3aJaHus ABUKEHUS

», P
7(t)
Y [Tonoxenue aBUKYyIeHca MaTepuabHON TOYKH MOXKHO 3a/laTb BEKTOPOM
T_": O_P, WU3MEHAKIKUMCA C TE€YHEHUWEM BpPEMEHH 110 BeJHWYWHE W [0 Ha-
NpaBJIeHHI0 OTHOCHTEJBHO HEKOTOPOH cHCTeMBl ocelt Ox,y, 2. DTOT BeK-
T TOP HA3BIBAETCS PAAUYC-BEKTOPOM TOYKH.
Puc. 46

—

YpaBHeHue 7= 7(t) Ha3LIBAETCS YpaBHEHUEM OBUINCEHU MOYKU.

[eomeTpryeckoe MeCTO KOHIIOB paiHycC-BEKTOPOB 7(t) HaswiBaeTcs mpaexmopueil mouky P. CKopocTb
V' W yckopeHne @ TOUKH P OnpefesisitoTCsl KaK nepeasi ¥ BTOpasi MPOM3BOAHBIE pajHyca-BeKTOpa TOYKH P

o BpeMGHI/II

- dr
_ 2 1

1% o (18)
a2 dt

a=

(19)

23.2 KoopauHaTHBIN Croco0 3alaHUS JABUIKEHUS

KoopanHaTel nBHXKYIIEHCA TOYKH B BHIOPDAaHHOH CHCTEMe BbIpaxKaloTcs
Kak ¢yHKuuu BpeMeHd. CHCTeMa KOOPAWHAT MOXKeET ObITb MPOH3BOJb-
Hoii. HauGosee yacTo MCHONB3YIOTCS NEKAPTOBB MPSIMOYTOJBHEIE KOOP-
IUHATHl, MOJSpHbIE KOOPAUHATH, Chepuueckue, UUJAUHApPUUYecKUe. s
JE€KaPTOBHIX MPSIMOYTOJBHEIX KOOPIHHAT 3a2I0T TPH HE3aBHCHUMBIE (PYHK-
1K BPEMEHH

r=x(t),y = yt),z = 2(1).

DTH ypaBHEHHS HA3bIBAIOTCS YPABHEHHSMH ABHKEHUs TOUKH B JIEKApPTO-
BOM CHCTeMe KOOpAHMHAT.

Puc. 47
CKOpOCTE B YCKOpeHHE TOYKH P mpu TakoM crocofe 3a1aHus ABUKEHUS OTNPENESIOTCS CASNYIOMUMH
BBIPAXKEHUSIMU!

V=Vii+V,j+V,k (20)
T = aui+ aijr azlg (21)
dx dy dz
_WE W, 02 22
Vo=V == (22)
Pr  dV, d*y  dV, d?z  dV,
R T R A TR @3)

Monynn CKOpoCTH W YCKOPeHHsI TOYKH P paBHBI:

V== /V2+V2+V2 a=1d =/ +a2+a (24)



23.3 EcTtecTBeHHBIH criocob 3agaHWA DBHHEHHSA

HBuxeHne TOUKH ONpelendeTca 3a0aHHeM ee mOdesmopuy U ypaane-
fuR deugycenus no 3o TpaekTopud. ([IpHMep: pacnucaHHe LBHMEHHA
Noe3noB Mo Hee3Hol Aopore.) ¥paBHeHHe JBHMEHHA TOMKH N0 Tpaek-
TOPHH NPH ECTECTBEHHOM crnocobe ABHMEHHA HMeeT BHI: s — s(1). 3aeck

— - 5 — B3ATAA ¢ COOTBETCTBYMNIMM 3HAKOM LAHHA AYTH, OTCYHTLIBAEMAA
j"{_r.} BAOJL TPASKTOPHH OT HAYAAA OTCUeTa () HA TPAGKTOQRMM A0 TOUKH AL

Puc. 48

Puc. 49

PaccmoTpHmM HA TPAEKTOPHH LEHMEHHA TOUKH TPH MOCASA0BATENEHELX €8 NoNoMeHHs: Toukd M, M) u
My,

Ecaw touka M) 3andmast DeckoHedro GUHIKO0E MOTMEHHE MO OTHOWEeHH K Touke M, To oTpesok
MAL B npepene onpeneasT noamKeHHe HACATEABHON K KPHBEOH B Touke M,

Ecny TpaekTopHA HE ABNASTCA NPAMON AHHEEH, TO TpW Toukd M, M) v M onpensnsnT HEKoTOpYH
naockocTk, TlacckocTs, 3aHKMaDILAR NpeiedsHOe NoOKeHHe, Korga Todk My w M, cTpeMATeA K Todke
M, HazupaeTCA COMPHKACAWMEHCA MNOCKOCTBIO. KacaTeneHas K KPWBOH, nocTpoedHas B Todke N,
JEHMHT B 3T0H NAOCKOCTH.

B ofienm cayuae tpe Touke M, M, v My {npu ctpemaenun M, w M. K Touke M) oanozHadHo
ONpefeffnT OKPYAMHOCTE B CONPHKACAMINEHCA MAOCKOCTH, HAZEIBAEMYH OKPYHMHOCTBI0 KPHBHM3HBL HIH
Kpyrom kpHen3nbl. Painye sTol CRDYVMHOCTH HAZEIBAETCA PAAHYCOM KDPHBH3HbI.

Xopowt MMy v M M; npu HeorpasnueddoM npudamskedsd touer My & M v My & M,y onpeaenst
KACATENBHEIE K KPHBOH B Toukax M v My, cOOTBETCTESHHD, 8 CASMOBATENBHO, H HATNPARJIEHHE CROPOCTEH
B 3THX Touxax (0 v i),

Puc. 50

lNepenecem BexTop ckopocth ©) B Touky M. JBa BekTopa onpeaedaT naockocTe. [IpH HeorpaHHueHHoM
CTPEMAEHHH TOMKH | K M 3Ta naockocTe GYOeT conpusacaiomelicn.
leomerpuueckan BeanuuHa sekTopa A0 onpegenserca W2 paeeHcTBa:

AB—=ARK + KB (25)

Toukw A ¥ H HaxodATCA HA OQHOH M TOH Me OKPYMHOCTH € 1leHTpoM B Todke M. Pazpenum 3To papeHcTBO
Ha At

et (20

fa

AR
Orrowenne AT PABHD cpenHeMy yokopenni Toukd M o3a spema Ad, Yokopenwe Touskw A AenseTcw
MpeiefbHEIM 3HAYEHHEM CPELHETO YCKOPEHHA, Koria Al CTPeMUTCA K HYIH.

1K

Paccmworpum sakrop E KOTOPEIA HANpABASH No kacaTeasnoil k Tpaexkrtopun, [penessnoe 2nadenne

MOOYJAA 3ITOrO BERTOPa HEE-I‘HBEIE'TEH KacaTensHoH HJH TAHMEHUWHANBHON COCTABAANIMLENR YCROPEHHA
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TOYKH H HMeeT BHAO:

Gl = 1E e
EEe—TrEE— s ?
-J.]FEI"-« LY ot )

MomHo TakmKe pacCMATPHEATE BEKTOD KalaTeldbHOM) YCROpPeHHA tir, HanpagleHHe KOTOpOro coenagaer C

HANpaEJIeHHeM CKOPCCTH TOUKH, 3 BEIHYHHA PABHA NPOH3IBOAHOH OT MOAYAA CKOPOCTH TOYKH.
i1

Pue. 51
Of0anaumm 4epes = yron Mesmay sextTopani 7 i 0, Torga ans npegensHord JHA4eHH MOTYIA BEKTOPE

|E NMOAYHHM:
[ | PR,

. . v AS A5
lim — = lim = lim —_ 28
Ateon A M=o At o At—ce p Af i (28)

3nece AS — pnuba ayeu ML Tlpegenenoe aHauenHe otpeaka MO, koraa touka M) HeOrpaHHUEHHD
npuiindaaeTea € M, HA3KIBASTCA PAOHYCOM KPHEMIHBL TPASKTODHH B Touke M.

= lim |— 29
f .1!:—-.H| £ ‘ { }
E—=" T
¥rom ¢ enpessnfeTea BRIDAMEHHENM & — — - [lpepeasros 3nauenne atore yraa npn Ad — 0 pasao 3
v o
anﬂEJ!bI-[GE' IHAYLHHS HE‘E{TDPE EDEIGEHH'-!HH ‘[E]}ES [
g = Tim, = (30)
i - Ty e
b ar—n At

|
Mﬁﬂ.'_',l'.ﬂh ATOrN BEKT{I‘[JH pHEEH I—. A cam BEKT{}F‘ HAXOAHTCH B Ci}ilphhaca]ﬂjlleﬁcn OAOCKOCTH H HE!'[T:IQE.I']EH
OpPTOroHaneHO K CEODOCTH TGLIII‘F{.I'H B CTOPOHY BOTHYTOCTH TPAEKTORHH DO rﬂan]{ﬂl“[ HOPpMAJIH. r[l:IST(}M:I,?
BEKTOR iy, HAZBIRAKT HOPMAdEHBEIM YCROPEHHEM TOYKH.
. iy
by - )

i
iy

Puc. 52

PacemoTpHM cHeTemy ocell KoopauHar ¢ Havanom & Touke M. Ock 7 HanpasHm N0 KacaTedbHOH K
TPAEKTOPHE TOYKH, OCb 7T — N0 HANPABJASHHED CAABHOH HOPMAaJH, 8 TPeTbHy 0Ch 3 — Tak, utode Tpoixa
STHX BEKTOPOB 00pa30sana nNpasyw cHetemy, BulpaHHbe TAK OCH NPeacTapasinT cobol conpoBom a0 i
TPEXTPAHHHE, KOTOPLIH HAIMBAKT TAKHKE ECTECTBEHHBIM TPEXTPAHHHKEOM,

[poeKLLHH YCKOPEHHA Ha OCH €CTECTBEHHOrd TPEeXTPaHHWKA PaBHL!

fu 2
s i; Oy = L Vg = i} {'-?'I}
dl @
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24 KwunHematuka a0COJIIOTHO TBEPAOTrO TeJia

24.1 PacnpepgesieHne CKOpocTeld B a0COJIOTHO TBEPAOM TeJie

Onpenenenne. AGcorromno meepOom mesom (A.T.T.) Haszvisaom maxyw cucmemy MamepuarbHbLx
mouex, paccmosnus mency 0syms A00bMU MOYKAMU KOMOPOLL OCMAIOMCs 6Cee0d HeU3MEHHbIMU.

JIBrKeHHe Tesa B KWHEMATHKe HAYMHAIOT M3y4yaTb C MOCTYNATeJbHOIO W BpAllaTe/NbHOTO ABHXKEHHS.
Bo BpariatesbHOM [BHXKEHHH BBOASATCS MOHSATHS yrya MOBOPOTa Teda ¢(t), YIJ0BOH CKOPOCTH H YIJOBOTO
YCKOPEHHS.

[TocnenHue nBe BeJHUMHBI BEKTODHBIE, HO 1Js1 BpalllaTesb-
HOTO JABHIXKEHHS HX HaNpPaBJeHHEe BCerja MOCTOSHHO — IO
ocu BpalleHus. [loaToMy B pelleHHH 4YacTO HCMOJb3YHOTCH
CKaJIIPHBIE BEJMHYUHE w,(t) = p(t), £,(t) = w,(t), numeromne
CMBICJ MPOEKIHUH 3TUX BEKTOPOB Ha OCb BpallleHHs 2. TOuKoH
Oynem 0603Ha4aTh MPOM3BOAHYIO MO BpeMeHH. PaccmoTpum,
KaK PACIpEefessIoTCa CKOPOCTH TOYEK ABHKYIIEToCcs MPOU3-
BospHO A.T. T

Puc. 53
= dr = dr
CkopocTd Touek A ¥ B TBepAOro Teja MOXKHO 3amucaTh Kak Vi = % uVp = %
¢ ,
L . . d(OB) d(OA) d(AB) L~ d(AB)
Ho OB = OA + AB _ _
0O O H+ u . g + T caenoBateabHo Vg — Vi + 7
AB r -
Haszosem d(dt ) = % CKOPOCTbIO TOYKH B oTHOCHTesMbHO ToukH A: Vy/p
— ar d, - - =
Vi = pri a(m +yj + 2k)

Axyz — cucteMa KOOpJAMHAT, KECTKO CBA3aHHAS C TBEPABIM
TEJIOM; XYz — MPOEKIMH BEKTOpPa 7” HA OCH CBSI3aHHOW CHCTe-
Mel. Tak Kak x,y,z — KOHCTAHTHI,

aF di  dj  dk
_ ,_+~

at @t Ve @
Puc. 54 .
. s
HaI/ILLeM NIpOEKIHH E Ha NOABHUKHbBIE OCHU ACCyZ Hpoemuuﬂ Ha 0Cb x:
&7 dF - di - dj - dk - df - dk -
e e 2. =yl =, 2
dt'x TR T I T R I T (32)
Ipoexyua na oce y:
dr _dF < di a,Jde' ~,+qu L di 7+~d12 . 33)
T R A T T
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Tpoexyus Ha ocov z:

dr dr - di dk di dj

dj - - -
|, == k= k k+2— - k=7 k -k 34
T TR TR TR Ta " (34)
B BhIpa)keHHAX OBIIO YyYTEHO, YTO CKAJAPHOE MPOM3BENEHHE 7 —‘1 ¢ pasao O , TaK Kak
.- dg . . dq dg dg .
f=1== —- . =0—=2—-¢d=0—= —-¢=0
i a Ty dat a1
Jlajiee OTMETHM, YTO
- o di ~ - dj di -~ - dj
) =0= — === =y === 35
v @ at T (35
C yuerom (35) BBemeM caepyoliide 0003HAYEHH S
dj dk -
Tdt x k= dt I
dk - di =
wy:§><2:—%xk, (36)
w=Bxi= Y3
T a T T
Torna Beipaxenus (32-33) MOXKHO TEPENUCATh:
Tpoexyus Ha oco x:
d—F| =wyz —w
g T v T
Tpoexyus 1a ocov y:
dr
E\y = Wol — We?; (37)
Tpoexuyun na oco z:
dr
E|z = Wl — Wy

PaccMOTpHM BEKTODHOE MPOM3BEAEHHE O X T, [le B KAYeCTBE KOMIIOHEHT BEKTOPA (J BO3BMEM Wy, Wy, Wy!

toJ ok . ; B
XT=| wy wy w, | =t(wyz —woy) + (w2 — we2) + k{way — wyx) (38)
r Yy =z

—

dT e — — o —
CpasuuBas (37) u (38), noayuaem T Vap = & x 7. TlocTpoeHBIil TakMM 00pa30M BEKTOp  ABJASETCA
SIMHCTBEHHBIM M HE 3aBHCHT OT BHIOOpPA TOYKH A, HAa3bIBAEMOH IMOJIOCOM.

Onpenenenune. Bexmop &, npoexyuu Komopoeo onpedeasromcs gopmyramu (36) Hasvieaemcs gex-
MOPOM YeA080L CKOpocmu meepdozo meid.
B utore nosyuaem Vg = Va+@x AB. dra (opmysa Ha3biBaeTCs OCHOBHOM (popmynoi kuHematiku A.T.T.
u BeIpakaeT Teopemy 0 pacnpeneseHHH CKOPOCTEH NMPH ABHKEHHHM aGCOJIOTHO TBEPAOIO TeJa.
Cropocms npouseonvroti mouku A.T.T. pasrsaemcs eeomMempuiecKkoil cymme 8eKmopa CKopocmu no-
AKCA U CKOPOCMU MOYKLU 80 8PALLEHUL B0KPYS NOAKCA.
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24.2 Teopema 0 He3aBHUCUMOCTH YIJIOBOM CKOPOCTH OT BbIGOpa moJioca

Teopema. YrsioBasi cKOpocTb aBCOJIOTHO TBEPAOrO TeJa HE 3aBUCHT OT BHIOOpA MOJIOCA.

Puc. 55
Jloka3areabCTBO.
[Ipennosoxum, 4TO 3TO He TaK, T.e. Wy # Up.
[To Teopeme 0 pacrpeneseHHd CKOPOCTed B TBepAoM Tede (¢. 22)

Vg = Vi + @4 x AM (39)
Vi = Vg + &g x BM (40)

Ho Vg =V, + @4 x AB. Tloactasum 310 BeIpaxkerue B (40) :

Vie=Va+@ax AB+ 3 x BM (41)

Wz (39) u (41) caenyer &y x AM = &4 x AB+ @5 x BM nau &4 x (AM — AB) — &5 x BM = 0. Ho
AM = AB + BM, caepoBatenbto 4 X BM — &g x BM = 0 uau (84 — &) X BM = 0.
[Mostomy &4 = Jg. Ymo u mpebosaroce dokasame.

24.3 IlocrynartejibHOe JBUIKEHHE

Onpenenenne. Jlprxenne A T.T. HaselBaeTcsl moCTynaTeNbHBIM €C/H JIO00H OTPe30K MPOBENEHHEIH B
TeJie BHXKETCS MapaJjjiesibHO CBOEMY MEPBOHAYAIBHOMY MOJIOKEHHIO,
Teopema. (o moctynaTesbHOM ABuXKeHHU Teja) [Ipu moctynartenbHom aeukenuu A.T.T. TpaekTopuu BCex

€ro TOYeK MPU HaJI0KEHHH COBMAJAKT, a CKOPOCTh U ycKopeHue Bcex Touek A.T.T. paBHEI Mexkny coO0M.
JlokasarenbCTBO.
[IpoBenemM B Tese mpousBodbHbIA 0Tpe30K AB. Toukn A U B Npon3BOJbHbIE.

CorJlacHO OmpeneseHHI0 TPaeKTOpUs TOUYKH B mosyuaercs
W3 TPAEKTOPHHM TOYKH CMEIEHHEM HA MOCTOSIHHBIA BEKTOP
AB. CnenoBaTe/ibHO TPAEKTOPUH TOYEK W  COBMAJAOT MpU
HaJoxkeHuu. Hatidem cxopocmu u yckoperus.

. dfa o dfsL L & diy  dfa  dAB
r dt —a @ @
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d(AB)

[To ompeneneHH0 NOCTYNATENBHOTO [ BHKEHHS B i 0
CJief0BaTesIbHO ’
Vo=V, (42)
Huddepennupys (42) no BpeMeHH, HAXOIUM
dp = 0dx (43)

Ymo u mpebosaroce dokazame.
[Ipu nocrynarensHoM nBuxkenun A.T.T. gocraTouHo 3HATh (M/M 3aAaTh) ABHMKEHHE OJHOHU TOYKH ITOTO
tesa. [IpuMepoM MmoCTynaTesbHOTO ABHUKEHHS MOXKET CJAYKUTh JBHXKeHHe KabuHb "UepToBa KoJeca'.

24.4 Bpamenue aGCOJIOTHO TBEPIOTO TeJia BOKPYT HEMOJABUIKHOU OCHU
% Omnpenenenune. BpamenueM Tesa BOKPYT HEMOABHKHOH OCH
: Ha3blBaeTCsl TaKOe JBHXKEHHEe, MpPU KOTOPOM Kakue-jJubo
JIBe TOYKH Tejla OCTAlTCs HEMOABHKHBIMH. MOXKHO TMOKa-
34Tb, 4YTO IpH 3TOM BCE TOYKH Ha OCH, npoxonmueﬁl ge-
pe3 IBe 3aKpervieHHBEle TOYKH, OCTAKTCS HEMOABHXKHBIMH.
[lycTe TBepmoe Teso BpalllaeTcsi BOKPYT HENOABHKHOH OCH.
BrifepemM mnpou3BOJbHYK TOYKY A Ha HEMOABHXKHOH OCH.
Jast 110008 Touky B, HaxXoAdAIIeHCs HE HA OCH, HMeeM (CM.
Pacnpenenense ckopocTedl B aBCOMIOTHO TBEPAOM TEJIE)

- -

Ve=Vi+&x AB (44)

Puc. 57
Ho V4 = 0 no nmocrpoenunro. CienoBaTensbHo,

Vs =& x AB (45)

(bopmyna Diinepa). [locTporm cBs3aHHY C TeJOM cucTeMy KoopauHat B Touke A. Och Az HemoaBHXHA
W HalpaBJieHa I10 HeHOﬂBH)KHOﬁ oCH; 257 ]g — €IAHHHYHbIE BEKTOPbI, HAlIpABJE€HHbBIE BAOJIb oCel CBSI3aHHOH
CHCTEMBI.

Torna cormacHo paspena (cm. Pacnipenesiene CKOpoCTed B aBCOMOTHO TBEPAOM TeJie HMEEM CJIEYHOIIHe

3Ha4YeHHUA COCTABJIAKIIHNX er’IOBOﬁ CKOpPOCTH:

- P - - 0
dk - dk - di - dj -
Wy = ——+7=0; =—i=0; wy=—-j=——" e, Jd=[ 0 46
Wz 0 0; wy i 0; w 7 b oTe, ! (46)
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CaepopaTenbho, BEKTOP YIIOBOR CKOPOCTH BpalleHWs
HANpaeneH No ocH BpallesuA. CkopocTh ToukH [ Ha-
npasieHa NepneHiHKYAAPHO [OCKOCTH, MpoXoaAileH
gepes sexTophl & W AH, 3Hauedde 310l ckopocTH {co-
TJ1ACHO ONPEENEHHID BEKTOPHOMO NPON3BEIEHHS ) PARHO;

Vs = |3]- | 4B - sin (3, AB) =ws - b (47)

T.€., MPOHIBCOEHAK MOOYIA ]I'T'J'.IUE-Dﬁ CHKOPOCTH BQEAILE-
HHA Ha PAaCCTOAHHE OT TOYKH B no ocH BPALLEHHA.
Pue. 58
C yuerom Toro, 4to Todka A HAXOIMTCH HA HENOABMMCHOH OCH, YCKODEHHE TOukd 3 onpenensetcs
BhIPasEHHEM

dVe d . - dF - dAB dF o~ . -
e e AB=2 R+ 2 ARt G @ AR
gt el =sp s liih-d e = s AR ch D (i AR (48)
Bexrop & % HAIBIEAETCH BEKTOPOM YIJIOBOID YeKOpeHHs, OKOHYATENEHD HMEEM;
? - —a
i ‘i:f £x AB+ @ x [@ x AB] = & + 4, (49)

B pupamednu (49) o, HAILIEAETCA GPALYIMEIDHBM YOKOpE-
HHEM B TOUKE H, HANPABIEHHE KOTOPOrS COBNAMALT & HANPAB-
JEHHEM CKOPOCTH TOUKH 3, 1, HAIMBAETCA OCECMPEMUMEl-
HblM YCKOPPHHEM B Touke £ ¥ HANPaBJNeH K oCH BPALLEHHA.

|

o

Puc, 6}

ik - i u
BoluMeaHm 3HAYEHHE W, — i J Kak PYHELME Yraa noeopoTta 008l T W i BOKPYD HEeNOIBHMHON OCH
z. Tak kak

i=cosip -7 +sing-§ (50}
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j=—sing-¥+cosp-J (51)
We=[—sing-¢-7+cosp- -] x [—sing-7 +cosp-j|=¢ (562)

T.e. w, = (p, TOTAA MOAYJb BEKTODPA YTJIOBOrO YCKODEHHS PaBeH £ = '

24.5 Ilnockoe apuikeHne. MrHOBeHHBIN LIEHTP CKOPOCTEi

Onpenenenue. [110CKHUM ABHXeHHEM aGCOMIOTHO TBEPAOTO TeJa HA3BIBAETCS TaKOe JBHKEHHE, MPU KOTO-
poM Jiro6asi TOUKa TeJa 0CTaeTcsl B MJOCKOCTH, MapasjeabHOR HEKOTOPOH 3aiaHHOH maockocTH. [lpu atom
JIOCTATOUHO PacCMaTpPUBATh [BHKEHHE CeueHHs TBEPAOTO TeJja, KOTOPOe MmapaJsiiesbHO HEKOTOPOH MIOCKO-
CTH: BCe OCTaJibHble CeueHHs ABHXKYTCS Tak e, CaMo Teso BoBce He 00653aTeJbHO JOJKHO ObITh MAOCKHM.
[0BOPUTL O CKOPOCTH TeJsa WJIM ero YCKOPEHHH B 00leM cjaydyae He UMEeT CMBIC/IA: TeJA0 COCTOMT M3 MHO-
JKeCTBa TOUEK, KaXKaasi U3 KOTOPEIX MOXKET MMETb CBOK CKOPOCTb H YCKOopeHHe. MCKJoUYeHHe COCTaBJseT
NOCTyNaTeJbHOE ABH2KCHHE TeJid, TIPH KOTOPOM pPaBHBI CKOPOCTHU M YCKOPEHHSA BCEX TOYEK. KpOMe TOro,
B HEKOTOpPBIX 3aJlauaX WHOTAA TOBOPSIT, HANpPUMep, O CKOPOCTH KaTSIIErocs HHUJUHAPA WK O CKOPOCTH
aBTOMOéI/IJ'IH, noapasymeBas Ipu 3TOM CKOPOCTb TOYEK LleHTpaﬂbHOﬁ OCH HHUJAWHAPA HUJIKW CKOPOCTb KY30Ba
aBTOI\406I/IJ’IH, NpHuHKUMasa ero 3a TOYKY.

YrioBasi CKOPOCTb U YCKOPEHHE AJIS MJOCKOrO JBHKEHHS — BEKTOPHBIE BEJHUHHEI, HO WX HarmpaBJe-
HUs BCEra MepreHauKyJspHbl MJ0CKOCTH ABUXKeHHs. BBenem nekapToBy CHCTEMY KOODAMHAT, B KOTOPOH
TJIOCKOCTb Xy COBMAJaeT C MJOCKOCTbIO ABUKeHUs. Torna yraoBas CKOPOCTb ) U YCKOpPEeHHe & HalpaBJeHbl
BAOJIb OCH 2. B pelieHrn 3aga4 y}lOGHO HCIOJAb30BATb CKAJAPHBIE BEJAUWYHUHBI — IMPOECKIHHU 3THX BEKTOPOB
Ha OCb 2. W, U €,. Hpekc z uHOTHA OyIeM OMmyCKaTh.

PaccmoTpruM JBHKEHHE HEKOTOPOTO CEYeHHSI abCOMOTHO TBEPAOro Teja (MJIOCKOH (GHUTyphl), KOTOPOE
napaJiJiesibHO MJI0CKOCTH 3KpaHa (mpexnonaraercsi, 94to Ber padoTaere ¢ miockuM 3KpaHoM!).

Haa aro6oil Toukdn B paccMaTpHUBAEMOro CEUeHHs UMeeT MeCTo

Ve=Vi+dJx AB
[Ipu 3TOM BEKTOp YIVIOBOH CKOPOCTH HampaBJeH MepneHAUKYJSPHO MJIOCKOCTH 3KpaHa:
G=0-94+0-7+w, -k

Onpenenenne. Mernogsennvim uenmpom cKopocmeti NJIOCKOH (PUIYPBl Ha3biBaeTCs TOYKA Ha MJOCKOCTH,
CBSI3aHHOMW C 3TOM (PUTYpOU, CKOPOCTb KOTOPOM B JAHHBIM MOMEHT BPEMEHH DABHSAETCA HYJIIO.

Teopema. Ecau yrjoBasi CKOpOCTb MJIOCKOH (UI'Ypbl He paBHA HYJIO, TO MTHOBEHHBIH LEHTP CKOpoCTel
BCerfa CyLIECTBYET U OMpefesseTcs eIUHCTBEHHBIM 00pa3oM.

24.5.1 [oxka3arenbcTBo cymectBoBanus MIIC

A

1. Ecin cKOpOCTh MPOM3BOMBHON TOUKH A B JAHHBIE MOMEHT BPEMEHH PaBHA HYJ/I, TO 3Ta TOYKA —
MTHOBEHHBIH [IEHTP CKOPOCTEH.

2. Ecm V4 # 0, paccMOTPUM HEKOTOPYIO TOYKY P. [l cKopocTH Toukn HMeeM Vp = Vy + J x AP

- dxV
Bribepem AP = 72’4 TOorAa:
w

Ve=Vat+dx 22 A=V, + =@ x [@ x Vil (53)

= = 1 N . . .
Vp:VAJrE(w-(w-VA))—VA-(w-w) (54)

z
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H nockodeky BeKTOp & NepneHAHKYIApeH BeKTOpy V), MOCNeiHee BHIPAMKEHHE NPHMET BHA

T "3 1 = - =
h" = 1"?.4 t T[_H"' ; iﬂ«-'f]' = 1-",.1 - L'f,-lu =0

Tauum ofpazom, Ve 0, a8 Touka P — mraopeHHeifl weHTp ckopoctel. Mogyas eektopa AP momHO
BEIYHCINTE:

[Val (55)

5
wz

il

W,

=
k] =

I e -
AP —giu.,'l . |1rq| .

Puc. 61

B.

Mas wexotopoi Touke A, CKOPOCTE KOTOPOR HE DABHA HYJI0, BEEAEM CHCTEMY KOOPAWHAT TAK, 4TO OCh
Ay uanpagnena no sextopy V. Toraa umeem: Vi, — 0w Vi, — |A] = 0 Bubepem na ocu Ax touny P. Ee
goopauHare:; (r.0). Cropocts ToukH P,

L B} e . . }
Ve=Wa4+@dx AP=Vy-34+|0 0 w, Varjtw.z-j=(Vatuw.-x):j (56)
r 0 0

Ecan x - —h

. TO LI, (} utd B TpefoBafock D0OKA3ATh.

'

JnA HaxomaeHHA MCHOBEHHOTO [LEHTPa EE{O[JDCTEH HYHHO [I0BEPHYTE BEKTOD CROPOCTH TOYKH Ha 90
Va

Fpaidycoe NoO HANpaBAeHHK BpallleHHA TeAa H Ha NOJYUYeHHOM dYue OTA0HHTE STPedor AP =

24.5.2 [oxasaTenbcTeo ennHcTRenHocTHn MILIC

[Mpeanonosum, 9T0 MIHOBEHHELX llE-HTpUB cunpnmeﬁ Y Tena — [iga, T.e., HMEen l 0w l'; 0. Toroa
A7 w60l TOUKH q;,fﬂeu HMETE 'lr; lf. + @ % PC |r + i X KT, cnegosatensso & x PO = 3 x KO
Toraa & x (PC — KC) =0 n PC — KC = 0. 3saunr PC = KC, 4To W TpefoBAJOCE JOKAZATE.

24.6 Pacnpenenenne cCKOpoCcTeH NPH MIOCKOM JBHIKEHHH

Puc. 62
Ecau rouka — MrHOBEHHEIA LEHTP CKOPOCTEN, TO A48 HEKOTOPOH TOUKH HMEEM:

V= Vo +dx PM (57)
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H ¢ yuetom toro, 9to Vp = ) CKOPOETE TOUKH ONpeienseTca BhpameHHeM:
Va=d = PM (58)

Ecau & 0, To B KaMILIA MOMEHT BpeMeHH pacnpefefeHde cKopocTel MAocKoH (HIYpH TaKoe e, Kak H
MpH BPANIATEALHOM AEHMEHHH BOKPYT OCH, MPOXOAALLEH Yepe3 MPHOBEHHBIH LEHTP CHOPOCTEH! CHOPOCTH
TOUSK MACCKOH (PHrypsl NEPreHAHKYAAPHEL OTPEIKAM, CORLHHAKILIHM 3TH TOUKH ¢ MIHOBEHHEIM LWEHTPOM
CHOPOCTEH, 8 BEIHUHHE CKOPOCTEH NPONOPUHOHANBHE PACCTOAHKAM OT 3THX TOMEK O0 MOHOBEHHOCD LEHTPE
CHOPOCTEH;

Vi=uw, AP (549)

24.7 PacnpeaeneHue YCKOPEHHH NPH NJOCKOM JABHMKEHHH

r
A
T
T-I.I
] x
Puc. 63
Cropocth TOUKH [ onpefeisercs BeIpaseHHeMm:
Vi=Vi+ 3 x AB (60)
[MpopuppepeHUnpyeM Mo BpeMeHH:
dVp dVi  dd - dAB
— =—+ —xAB+ 3 61
T TR T T (61)
1 by = Po-  dws
B eupasenuu {{T £ — BEKTOp yraoeoro yckopesus tena, Taw wkak O :‘T;}L ™0 £ = ﬁﬁ.‘ {d—zﬁr

PazmepHocTs:

gl = —

] {:2

[py naockom ABHMKEHHH BEKTOR YRIOBOIO YVCKOPEHMA NEPNeHIMKYJIADEH IOCKOCTH [QBHMKEHHA, 3 ero
BEAHYHHA PABHA BTOPOH NPOHIBOAHOH N0 BPEMEHH YIAE NOBOPOTAE TEAA BOKPYT NOJKICE,

dAR

Jx AB (62)
ot
[Mo3ToMy BHIPAKEHHE MOMCHD NEPENUCATE
@p=dp+5x AB+ 3 x (3 x AB) (63)
Vuntmsan, uro & % (& x AB) = 5-(3- AB)— AB - (3 5) — —ABw?, supamenne MOKHO NEPENHCATh B
BHE . .
dp=ds+5x AB—w*AB (64)

B supamennn &= AR = df 4 — KacaTeasHoe (BpallaTeNbHOe) YCKOPeHHE ToHEH [ OTHOCHTENBHO Noakca
A (-w?AB) = @5, — HopManbHOE (OCECTPEMHTENLHOE) VCKOPEHHE TOYMKH 3 OTHOCHTEABHO nojca A.
C yueToM MOCASLHHX 3AMEMAHHH HMeeM:

fig=fa+idgy +ap, (65)
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dopmysia BelpaXkaeT TeOpeMy O pacripeleseHly YCKOPEHUH TPy MJ0CKOM ABHKEHHH:

i i Teopema. ¥YckopeHHe NPOU3BOJBHOH TOUKH TeJja
/ / MpPH MJIOCKOM JABHKEHHH PaBHAETCA TeOMeTpHue-
CKOH CyMMe BEKTOPOB YCKODEHHs M0JI0Ca, Bpala-
Tha TEJIBHOTO B OCECTPEMHTEJNBHOrO YCKOPEHHH.
Puc. 64

24.8 Teopema 0 mMpoeKUMSX CKOPOCTed ABYX TOUEK Ha MPSMYIO, NMPOXOASILYIO
yepe3 3TU TOUKH

Teopema. [lpoekiimu ckopocTell AByX ToueK aGCOJMIOTHO TBEPAOrO TeJsa Ha MPSMYIO, MPOXOASIIYH depe3
3TH TOYKH, PaBHBI MeXKIy COOOH.

JloKa3areJabCTBO.

Jlst aBCOMOTHO TBEPAOTO Tesa UMEEM:

\73 = VA + @ X AE
[IpoekTrpyeM 3TO paBeHCTBO Ha mpsiMyro LM, npoxoxgiiyto yepes Toukd A u B.

HpLM(‘73> = HpLM(‘?A) + Hpy (0 x AB)

[Ipy (& X A_B) =0, TaK KaK BEKTOp & X AB nepreH UK yasipeH npsmon L M.
Caenosarensto, IIp;,,(Vp) = p;,(Va), uto 1 TpebGoBanoch f0Ka3aTs.

24.9 Cnoco0Obl HaX0XKAeHUS MIHOBEHHOrO0 LIEHTPA CKOPOCTEN

e 3ajiaH BEKTOpP CKOPOCTH B TOUKe A W mpsiMasi, BAOJb KOTOPOM HampaBJjieH BEKTOP CKOPOCTH B TOUYKE
J

Vi Vu
B. T RC N -
Ak KK B~ Bp MP

= WZ
a) NPOBOAMM HPSIMYI0 NEPHeHIUKYASPHO BEKTOPY CKOPOCTH B TOUKe A ;

6) TpOBOAMM TMPSIMYK MEPHeHAHKYJISPHO HATMpaBJEHHI0 BEKTOpa CKOPOCTH B Touke B ; Touka P -
MTHOBEHHBIH I1eHTP CKOPOCTEH.

B) OTIpenesisieM HalpaBjeHWe BPAIIEHHS M0 HAMpPAaBJIEHHIO BEKTOPA CKOPOCTH B TOUKe A .
e 3ajaHbl BEKTOPHI CKOpocTed B Toukax A u B (BekTophl mapasijiesibHEI).
Va Vg
AP  BP

e 3ajaHbl BEKTOPBI cKopocTed B Toukax A u B (BekTophl mapaJjsesbHbl). [lepneHauKyaspel K BEKTOpaM
ckopocTedl B Toukax A u B He mepecekawnTcs, U MO TeOpeMe O MPOEKIHSIX CKOPOCTEH ABYX TOUYEK
TBEPJOTO Tesa Ha MpSAMYI0, NPOXOAAIIYI0 Yepe3 3TH TOUKH, CKOPOCTH TOYEK PaBHEL T.e., NBHXKEeHHE
TeJa MocCTynaTesabHoe.
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24.10 Ilnockoe nBuxkeHue. Pacuer MexaHHN3MOB

CkopoCTh TOYKM B Tejia MpW MJOCKOM JBUXKEHWU BBIUHCJSIOT uepe3 U3BECTHYH CKOPOCTh KAKOH-JIHG0
TOUKH A TOrO Ke Teja, MpUHUMaeMoi 3a nogqwc (puc. 65):

Up = U4 + Upa, Upa = w1 X AB. (66)

Jlaist pacuera CKOpOCTEH TOUYEK MHOTO3BEHHOrO MeXaHH3Ma, KaXK/[0€ 3BEHO KOTOPOT0 COBEPILAET MJI0CKOE
nBrxerne,  opmyay  (66)  OpEUMEHSIOT  MOCJENOBATENBHO  IJsi  BCEX  TOYEK,  Mepexois
OT OJIHOH TOYKH, MPUHHUMAEMOH 3a MoJc, K Apyroi. Cxemy BHIYHCAEHHH B 3TOM
cydae yaoOHO 3aMKChIBATh B BHAE CTPYKTYPHBIX (DOPMYJI

A—B, (67)

w1

rae Hajl CTpeJIKOH yKa3aH HOMEp Tesa HJTH HaWMeHOBaHHe
Puc. 65 CTEpXHS, KOTOPOMY  TpHUHAJJexaT  TOYKH, a CHH3y —  yroa ¢

MeKJy OChIO Z U BEKTOPOM AB. B MPOEKIUsAX HA OCH x,y rpad (67) maeT ypaBHeHHS

VBe = Vap — ABwy, sin @y,

(3)

VUpy = Uay + AB wy, cos g1,

Tle wi, — MPOEKIHs YIJAOBOH CKOPOCTH Tesa | Ha 0oCb z, TMEpNeHIUKYASPHYIO MJAOCKOCTH [BHXEHHS.
Ecsin BpaleHre NpoMCXONUT MPOTHB YacOBOU CTPEJKH, TO wi, = |wi|, @ €CJl — M0 4acOBOH CTPeJiKe, TO
W1z = —|u)1|

YCKOpeHHs TOUEK TeJja MPH IJIOCKOM [BHXKEHHUH CBsI3aHbl (DOPMYJI0H

dp =0ds +EX AB+ & X Upa. (68)
Pacuer ckopocTeil MexanuaMa ¢ nomomsio MIIC

e OnpenensieM nojoxeHre MrHoBeHHOro nentpa ckopocreit (MIIC) kaxporo 3sena. MILC jexuT Ha
niepeceueHHy NepeHANKYISIPOB, IPOBELEHHBIX K CKOPOCTSIM TOUEK, NIPUHAJIeXAINX 3BeHY (puc. 66).
Y Tex 3BeHbeB, y kKoTopeix MILIC He cyiiecTByeT (CKOPOCTH IBYX TOYEK Mapajie/ibHBEl U He MepreH-
IMKYJASPHBE OTPE3Ky, HX COENMHSAIONIEMY), YIJIOBasA CKOPOCTb PaBHA HYJK, @ CKOPOCTH BCEX TOUEK
paBHBEL. Eciy BEKTOpPBE!I CKOpPOCTeH MepHeHAHUKYJ/SAPHBI OTPe3KY WX COeJUHSILIEMY, TO HMEIT MeCTO
J1Ba 4acCTHBIX cay4as nojoxenus MLIC (puc. 67, 68).

Ecnu Tteno (kosieco, AMCK, IMJAHHAP) KATHTCS IO MOBEPXHOCTH 63 mpockanb3biBanus, To MILIC
3TOr0 Teja HaXOAUTCS B TOUKE KacaHHA.

e Jlns KaXJ0TO 3BEHA OmpefesseM paccTosiHUs oT ero Touek A0 MIIC atoro 3BeHa.

Pip A B
VA ™ J
~—¥ipg
wap = “BpA
Puc. 66 Puc. 67 Puc. 68

e 3anuceiBaeM CHUCTEMY ypaBHeHI/Iﬁ JJ1s CKOpOCTeﬁ N Touek 3BeHa 17, BKJIOUas TOYKY C W3BECTHOU
CKOPOCTBIO:
UV — wiRik7 k=1..N.

33



3nech w; — YIJOBasi CKOPOCTh 3BeHa i, Ry, — paccrosnue ot MIIC 3Bena ¢ no touku k. Pemaem
CHUCTEMY, OMpefeisieM YIJOBYIO CKOPOCTh 3BEHA, a 3aTeM CKOPOCTH BCEX €ro TOYeK.

DTOT MYHKT MJIaHA BBIMOJHSIEM MOCJAEN0BATEIbHO JJI BCEX 3BeHbeB MexaHuaMma. QuepefiHOe 3BEHO
JOJPKHO HMEThb OOILyH0 TOYKY (IIapHHUP) C MPEAbIAYIIMM, AJsS KOTOPOTO YIJIOBas CKOPOCTh HakideHa
WUJIY W3BECTHA.

25 CuaoxHoOe NBUKEHHE TOUYKHU

25.1 ®dopwmyna bypa

Omnpenenenue. Ecau Touka A/ ABUXKETCs B HEKOTOPOU CHCTe-
Me KoopanHat Ox1y;21, @ CaMa CUCTEMA KOOPAUHAT JBHKETCS
OTHOCHTEJBHO IPYTOi YCJOBHO HEMOABUKHOH CHCTEMBI KOOp-
JUHAT, TO TaKOe JBHXKEHHe TOYKH Ha3bIBAETCS CJAOMKHBIM.
Onpenenenne. OTHOCUTENbHOE JBHXEHHE — JBHXKEHHE
TOYKH M OTHOCHTEJBHO TMONBHXKHOU CHCTEMBl KOOPHHHAT
Omylzl.

i 1171'/ Onpepenenne. [lepeHocHOe ABHXKEHHE — JABUXKEHUE MO BUXK-
vt HOHM CcHCTeMBl KOOpAMHAT Ox1¥y12) ABUXKEHHE OTHOCHTEJbHO

Puc. 69 HEMoABHXKHOU Oxyz.

Onpenenenue. AGCONOTHOE ABHXKEHHE TOYKM — JBHXKEHHE TOUYKH A OTHOCHTEJbHO HENOJBHXKHOH
cucteMnl KoopauHaT Oxyz.

BexTop p 3apaer mosoxeHHe TOUKH OTHOCHTEJBbHO MOABHUKHOH CHCTEMBI KOOPAMHAT, BEKTOP T3y 33JaeT
N0JI0’KEHHE TOUKH B HEMOABHKHOH cucteMe Ozyz.

Haiinem npoussogHyo dp/dt. Paznoxnm no opTaM MOJABHKHBIX OCeH

—

p = x1i1 + Yy + 2k (69)
YuuTbiBadA, UTO OPTHI MOABUKHOH CHCTEMBI ABJATCA (DYHKLHAME BPEMEHH, MOJYyUYHM

dg  d, - - - dri-  d dz di, dj dk
d/t) dt(x121+y1j1+z1k1) I Zl+% 1+d_t1kl+d_f1 1+ djtl’l/1+d—tl71 (70)

[lepBEle TpU cjaraeMblX NPeACTaBJASIOT COO0OH pas3JfioxkKeHHE HEKOTOPOro BEKTOpa B MOABHXKHEBEIX ocax. Ha-
30BEM 3TOT BEKTOP JIOKAJbHOH MPOHU3BOAHOM BEKTOpPa W 0O03HAUNM

dp  dri»  dyi~  dap

g k. 71
7@t ()
[To popmynam Ilyaccona
din = djﬂiiq "y dqlia 7
E—wxl, dtfwx 19 dt—u)lel
B utore nonyuaem dopmyay Bypa[ll] :
o dp .,
22 _2F 72
g T9XP (72)

e & — BEKTOp YIJIOBOH CKOPOCTH CHCTEMBl KOOPIHHAT Ox1y;z; OTHOCHTENBHO HEMOABUKHOH Oxyz.
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25.2 CnoxeHue CKOPOCTeu

Orlpe;Le.neHMe. ABcomoTHOM CKOPOCTBIO TOUKH HA3bIBACTCA CKOPOCTE TOYKH OTHOCHUTEJBbHO HEMoJBHKHOM

CUCTEMbl KOOPAHUHAT.

Onpeneﬂeﬂue. OTHOCHUTENBHON CKOPOCTBIO TOYKH HA3bIBACTCA CKOPOCTb TOYKH OTHOCHUTEJBHO HEMO-

JIBHKHOH CHUCTEMBI.

Onpenenenne. [TepeHOCHOH CKOPOCTBIO TOUKKH M Ha3bIBAETCS CKOPOCTb OTHOCHTENBHO HEMOIBHKHOH
CUCTEMBI KOOPAMHAT TOM TOUKH B MOABHKHOU CHCTEME KOOPAMHAT, ¢ KOTOPOU B JAHHBI MOMEHT COBMAJAeT
paccmatpuBaemas touka M. [IpoauddepernnpyeM BEKTOPHOE paBeHCTBO (puc. 69)

— —

Ta = To1 + p.
Hcnonbaysi moHsITHE J0KaAbHOH MPOM3BOAHOMN, MOJYUHUM

= d., d. dp
VM:aTer%P:Ver—p

rae \76 = Vo1 + & X p— nepeHocHast CKOPOCTb, Vqr =

1

=

— OTHOCUTEJbHAA CKOPOCTh.

TeopeMa‘ AbGcoaoTHas CKOPOCTb TOYKH B CJ02KHOM ABHU2KEHHHU PABHACTCHA FEOMeTpHLlECKOI;'I CyMMe Iie-

PEHOCHOH U OTHOCHUTEJNBHOU CKOPOCTH.

{

U

V=V, 4+V.

25.3 CaoxeHue yCKOpeHUH

[Iponndepenurpyem . .
Vu =V +dxg+V,
[Tonyunm
d dVpy  d@
an = — (Vi o x V) = bl
G = (M +Ex o+ W) ="p-+ 5
oo fd Lo AV Lo o o
=dyp +EXp+wX —t+w><p n + O XV, =dy +EX p+ 20 X
UIIH
@ = dy, + Qe + ay,
rie

e G = 20 x V, — yckopenue Kopuodsuca,
e d.=dp +EX J+ I X (I X p) — nepeHOCHOe YCKOpeHHe,

® (i, — OTHOCHTEJbHOE YCKODEHHeE.

L odp AV,

Xpt+twx —+ =

dt dt

Vo + & x (3 x p) +dr,

(73)

(74)

(75)

Teopema. (Kopuoauc) AGCoOTHOE YCKOPEHHE TOYKH B CJIOXKHOM ABHKEHHH PaBHSETCH TeOMeTpHUe-

CKOH CyMMe MepeHOCHOr o, OTHOCHUTEJABHOTO U KOPUOAUCOBA YCKOPEHHUSA.

26 Bpamenue TBEpAOro TejJa BOKPYT TOYKHU

26.1 Yrasl Juaepa

PaCCMOTpI/IM JBHXKEHHE [0 OTHOMIEHHI K CHCTEME OTCUETa O$1y1Z1 TBEPAOTrO TeJa, 3dKPENJEHHOro Tak,
4YTO OJHA €ro TOo4YKa O ocTaeTcs BO BCe BpeMsa IBHXKEHHSA HenmoxBHKHOH. Takoe nBHXKeHHE COBEpPIIALT,
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HampuMep, BOJYOK, Y KOTOPOTO HEMOABHI}KHA TOYKA €ro OMOPBl O MJIOCKOCTb, HJH JHO0E Npyroe Tedao,
3aKperieHHoe B TouKe O MapoBEIM MapHUpoM. Hakimem, KakuMu napaMeTpaMu ONpeessieTcs NoN0XKeHne
TeJld, HMEKIIEro HEeMOABH2KHYIO TOYKY. ,HJIH 3TOr0 CBA2KEM 2KECTKO C T€JIOM TPEXT'PAaHHHK OXyZ, I10 110J10-
YKEHHIO KOTOPOTO MOXKHO CYAHTb O MoJoxKeHuH teqa (puc. 70). Jlunua OK, BoJb KOTOPOH MepecekarnTes
nnockoctd Oxy U Oxyy), Ha3eIBaeTCs Aunuell y3ar06. Torna mojsoxeHue MO OTHOIIEHUK K ocaM Ox1y12;
TpexrpaHHuKa OXyz, a ¢ HUM M CaMOT0 T&j1a MOXKHO ONpPENesHTh YIJaMu:

0 =(KOx;t = (x10K;0 = (2,0z (76)

ITH yIabl, Has3blBaeMble yriaMu Jisepa, UMET Clefylollhe, B3ATble U3 He0eCHOH MeXaHMKH HaUMeHO-
BaHHS,  — yroJ COOCTBEHHOrO BpallleHusl, ¢ — yroJ npeueccu, § — yroa nytauuu. [losoxuTtesbHble
HAMpaBJIeHHsl OTCUeTa YIJIOB MoKa3aHsl Ha puc. 70 crpenxkamu. Utobsl 3HATH ABHXKEHHE Tesa, HAAO 3HATH
€ro MoJIO’KeHHe M0 OTHOIIEHHIO K ocsiM Ox1y12; B AI0OOH MOMEHT BpeMeHH, T.e. 3HAThb 3aBHCUMOCTHU:

o= fit);v = folt);0 = fa(t) (77)

ITH ypaBHEHHUS, ONPEESIONIHe 3aKOH MPOUCXOIAIIETO IBUKEHUS, HA3LIBAKOTCS YPABHEHUAMU OBUICEHUA
meepdoeo meaa 80KpYe HENOOBUNCHOL MOUKU.

Tﬂ

A
\ o
2
\ ,
, {1 v §1
x, W x. W
L L
Puc. 70 Puc. 71

26.2 KuHemaTtnueckue ypaBHeHHUs Jujiepa

HaiineM npoeknuH yrjoBod CKOPOCTH Ha MOIBHKHEIE OCH KoopAHHAT. [IpuMeM (6e3 10Ka3aTesnbCTBa), 4TO
G=1+0+ g

BEIMOJHUM I0MONHUTENBHOE NOCTPOeHHKe. TIpoBeaeM ma0CcKOCTh, MPOXoAslLyto uepes ocu 0z K 0z;. JIuHuUIO
nepeceyeHHs 3TOH MJOCKOCTH M MOJABHXKHOH MI0CcKoCTH 20y 0603Ha4nM 0L. Pa3noxuM ¢ Ha KOMIIOHEHTHI

Jsimp U y?cosgo (puc. 71). Hcnonbayss paBeHCTBO YIJIOB CO B3aUMHO MePHEHAMKYJISPHBIMH CTOPOHAMH
(0L L 0K, Oz L 0y), 3ametum, uto yroa mexay Oy u 0L pasen ¢. OTciona, packjajabiBas KOMIOHEHTY

Wsin ¢ no ocsaim Ox U Oy, MoNyuuM

we = 1P sinsin @ + 6 cos p,
wy =P cospsind — Osinp,

w, = ) cos b + @.

ITH ypaBHEHHs HA3BIBAKOTCS KHHEMATHUECKUMH YPaBHEHHSIMH Dijepa AJs ONpeleseHus NpoeKIrH YIjo-
BOH CKODOCTH Ha MOJABHKHbIE OCH KOOPAMHAT NpU C(HEepPUUeCKOM JBHUXKEHHH.
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27 3axkounsl HewtoHa

Mepeetii 3akon Heorona. CyuiecTayioT Takke CHOTEMEL OTCHETA, OTHOCHTENBHO KOTOPHX, BCAKODE TenD
COXPAHART COCTOAHHE NOKOA MM PABHOMEPHOTO NPAMONHHEHHOrO LEMMEHHA, ECIH HA HErO He 1eHCTBYIT
HHKAKHE CHOR HIH ﬂﬁf’lf?TBHﬁ CHA EI’I{PMI'.IE‘H(‘.H]_‘)OE&HQ. TE]‘LHE.‘ CHCTEMBI OTCYETA HASRIBAKITCA ]-'IHE"I}[I,HH.HI:HH-
MH.

Bropoii 3akon HeroTona. YokopeHHe MATEpHaALHOR TOYKH DPONOPUHOHANBHG MPHAGHEHHOH CHIE H Ha-
NpasfeHo 00 MPpAMOH, 00 KOTOPOH 3Ta CHAa AeHCTEYET.

EE —
E(m:‘] = F (78}
W
W
.-r:% = 7 (79)

Tperuit 3akon Hewrtouna, Boakomy aeficTeHi Boeria ecTe PEABHOE H NPOTHBEONOAGIHD HANPABIEHHGE
npoTH ponedcTere, C GOALWOA CTENEHBID TOYHOCTH MOMHO CUHTATE HHEPIHAN BHOH CHCTEMY KOODOHHAT C
Hayuanom B IeHTpe Mace CoNHeuHOH CHCTEMEL H OCAMM, HanpaeileHHBEIMH Ha "HeNoABHAMHBE " 3Be30k.
Ilpnn:u:rj otHocuTeabHocTH Daannen. Beaxan cuertema KOOPOAHHAT, KOTOPAad ABHMAEeTCA OTHOCHTEAbHO
HHEPUHANBHOH CHOTEME! PABHOMEDHD H NPAMOJIHHEHHD, TOME ABJIAETCR HHEPUHANBHOH,

3ameuanne 27.1 Hpedeast npusmenumocmy zaxoios Heromona:
L= 107 cut (Buympu amoma 30K0H0 HE PUMENL ML)
v ¢ (o — CROPOCME Caemia)

z°

Puc. 72
[lycTe MaTepHalbHAA TOUKA JBHMETCA NOA IeHcTBHeM cHawl /. C yuetom Toro, 4TO wm — const H
s % BuIpaeHHe (7T3) MOMHO NepernHeaTh B BHIE
2.
a T =
m—s = F (80)
df?

3neck ¥ = @i + ) + sk, X, ¥, £ - KOOpIHHATH Toukd M B MHepuManwHoi cucreme. IMostomy V
vpd + wyj + vk Ecaw F = Foi+ Fj + F.k, To ypagrenne (79) MoMHO NepenycaTh BHOE CHCTEMbl WECTH
CHANAPHEIX AH(HPEpEHUHANRHRIX VYPRBHEHHE NEPEOTD NOPALKE;

dx dy iz dr, ; dr, : dr.

g =W gy e = W F, m g By md_- F, (&1}

HJIH CHETEMBL TPEX CHATAPHEIX AW{iPepeHlHaNBHEY YPABHEHHH BTOPOMD NOPAAKA:

dr : 4y ; iz :
mﬁé_: | o 'mﬁ = Ji m.ﬁ — F, (82)
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28 JIBe OoCHOBHbIE 3ala4i TUHAMUKHU MaTepUaJbHON TOUKHU

—

. . . dv =
Bropo#t 3akon HeioToHa, onpenensieMelil popmynoi m@ = F, no3BosseT cHOpMyJHUPOBATL ABE OCHOBHBIE

3a[aull IMHAMHAKHA MaTepHasbHOU TOUKH.

Ileprast 3apaya Jlaunbsl Macca TOYKM m W TPAeKTOpUs NBHXKeHus 7 = 7(t) Haitu cuny F, KOTOpast
BBI3BIBAET 3TO [BHIKEHHE,

Ecnu tpebyercs onpeﬂenmg cualy Kak (DYHKIIMIO BpPeMeHH, TO 3Ta 3ajada PEIaeTcsl IBYKPAaTHHIM

nuddepeHnupoBaHueM F = mw
Bropasi 3agaua Jlanbl Macca TOUYKH ¥ CHJa, AEHCTBYOMIAs HA TOYKY, KakK (OYHKIIHS MOJOXKEHHUS,
CKOPOCTH H, OBITh MOXET, BpeMeHu: m, F (7, ¥,t). OnpenesnTb TPAEKTOPHIO NBHXKEHUS 7 = 7(t) TOUKH.

Jlas pelieHust 3TOM 3ajayu HeOOXOAUMO MHTErPUPOBATH cCUCTeMY AU(D(epeHIIHaNbHBIX YPaBHEHUH:

d2

”n@f - Fx(*raysz'vv7vy7vl7 L)
d7y

mﬁ - Fy($,y7z.vv,1}y,vz,t) (83)
d

md_tj o FZ($>y>Z*v®>Uy7/UZ7t)

Cucremy (83)mMoxHO nepenucath B dopme Koru:

dx dy dz
— =, —= = — =,
dt a v a !
du, 1
_:_Fm Uy y Uy, Uz,
dt m (%, 9> 200, Uy, Uy ) (34)
dv 1
% - EFy(l': Y, 2 Uy, Uy avzat)
d 1
CZ: = _Fz(l.:yvz'ymvyavzat)

Cucrema (84) ofHO3HAUHO He OMpeNessieT TPAEKTOPHUIO ABUXKEHHS TOYKH, TaK KakK 0oOIlee pelleHHe 3TOH
CACTEMBI 3aBHCHUT OT IIECTH NPOU3BOJBHBIX MOCTOAHHBIX:

x = x(ey, 9, ¢3, ¢4, C5, Co, )
y = y(c1, c2,¢3,C4,C5,C, 1)
z = z(c1,c2,C3,C4,C5,C6, 1) (85)
Ur = Vg(C1, 2, C3, C4, Cs, Co, L)
vy = vyle, Ca, C3, 04, 5, Co, )
UV, = 7}z((»"la 027C37C47657C67t)

II.T[H OorpeneseHusd NMPpOU3BOJbHBIX MOCTOAHHBIX H606XO/:LI/IMO 3a44aTb MIEeCTb HadaJbHBIX yCﬂOBHﬁi

x7:x0 ,:'0z7:30
|t 0 y|t 0o—Y |t 0 . (86)

_ 0 __ .0 _
Uy |t:0 U, Uy |t:0 Uy Uz ‘t:D U,
[Monaras B o6iiem pemienuu t=0 (85), nosyuaem cuctemy ajrefpandyeckux ypaBHEHHU:

= x(cy,¢2,¢3,C4,C5,C6,0)
= y(e1, ¢2, 3,4, 05,5, 0)
= z(c1, ¢2, 3, ¢4, C5, C5, 0)
V2 = (e, 2, ¢34, Cs5, 6, 0)
vy = vy(c1, Ca, €3, Ca, C5, G5, 0)
v, = 7»’2(517(32;63;(34;(3570670)

1‘0
A
¥ (87)

o
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C nomorieio crctemsl (87) MOXKHO OMpPeeadTh MOCTOSIHHbIE HHTErPHPOBAHHUS:

" — o,0 ,0,0 .0 ,0
1 *(Jl($ Y,z ,’Um,Uy,UZ)

(88)
C6 — cﬁ(xo,yo,zo,vg,vg,vg)
[Moncrasass Bopaxkenus (88) B (85) mosyuum:
x = x(t,z° ,y 2%,12,49,9)
y =yt 2°,y°,2°, 0}, vy, 07)
2= z(t,2°,9°, 2°,28, Ly,vg) (89)
vmivz(tx,y 22,00 O)
vy = vy(t, 2%, 1%, 2°,28, 02, 02)
v, = v, (¢, 2°,9°, 2%, 02, 00, %)

Ypaeuenus (89) onpenessitoT TPAEKTOPHIO IBHKEHHS TOUKH. DTO U €CTh PellleHHe BTOPOH OCHOBHOM 3a1auu
JUHAMHKH TOYKH.

29 CaolicTBa BHYTPEHHMX CHUJ CUCTEMbI MaTepuaJbHbIX TOUEK

29.1 OOmue ompeneseHUs

paCCMOTp[/IM CUCTEMY 72 HE CBA3SAHHBIX MEXIY coboi MaTepHaJbHBIX TOYEK C MacCCaMH My,7MM2,...,My U
pannyCcaMu-BeKTOpPaMH 71,732, ..., T, B NHEPUHAJBHON CUCTEME KOOpAUHAT x*, y*, z*.
Paznenvm ycjoBHO CHJIBI, IEACTBYIOIIHE HAa CUCTEMY TOYeK, Ha BHYTPEHHHE W BHEIIHHE,
Onpenenenue. Buemune cuanl. CUJbl, 1eHCTBYIONIME HA TOYKH CUCTEMBI CO CTOPOHBI TeJ, He BXOMS-

KX B COCTAB PAaCcCMAaTPHUBAEMOM CHCTEMBl, HA3BIBAIOTCS BHEIIHUMH H 0003HAYAIOTCSA F®
OmnpeneneHue. BHyTpeHHne cunbl. CUJIB B3aUMOAEHCTBUS MEXKIY TOYKAMH CHCTEMBl Ha3bIBAlOTCA

BHYTPEHHMMH M 0003HaYarTCA F(z>.

JlesieHWe CUJT HA BHEIIHWE W BHYTPEHHHE He HOCHUT abCOMIOTHOTO XapaKTepa, a 3aBUCHT OT pPacCMaTpH-
BaeMOW MeXaHHUYeCKOH CHUCTEMBI.

Hanpumep, B cucteme 3emas, JIyHa CHJBl B3aUMOAEHCTBHS MeXay 3emJed W JIYyHOH MOTyT paccMart-
pUBaTbCS KaK BHYTPEHHHE, a CHJBl TNpUTsKeHUs 3emau u JIyHol kK CoJHIY - Kak BHemHHe. Ecau ke
paccmatpuBath cuctemy CoaHie, 3emss, JIlyHa, To Bce YKa3aHHbIE BhIIIE CHJBI - BHYTPEHHHUE.

29.2 CpoiicTBa BHYTPEHHUX CHJ

CyMMa BHYTPEHHHX CHJI, IPHJOKEHHEIX K TOUKE C MacCOH 172 CO CTOPOHBI OCTAJIbHEIX TOUEK CHCTEMHL:
P g6 ) ()
F Fl F1/3 -t Fl/n (90)
rae Fl/,/ - CHJa, KOTOpasl JEHUCTBYEeT HA TOYKY C MAacCOH 1m; CO CTOPOHBI TOYKH C MAacCoH m, .

JIAst TOUKH ¢ Maccod my U APYrHUX MOXKHO 3aIHCATh!

) = B) + E+ ...+ By,
(91)
F;(Zi) — F(i) + F(@) + F(’L/)n .
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[Mockonsky BHYTPEHHHE CAIR VIOBAETEOPAIOT TPeTheMy 3akony Hewmowa, o

B — _ (92)

v 11

C yuetom emipamenui (900, (91) 1 (92) umeen

A=Y =g (93)

T.¢ FnasHsii BEKTOPD BHYTPEHHHX CHA CHCTEMBI MATEPHAABHBIX TOUEK TOMIALCTEEHHO PABEH HYMD.

InaBHBI MOMEHT BHYTPEHHHX CHA CHCTEMBI MATEPHANBHEIX TOYEK OTHOCHTENBEHO NPOHIBOIEHO=
ro UEHTPA PABEH HYIH).

fik
Fﬂ“ F
E|l. Fu.p.
ml'
T, B 4
x .
0
Pue. 73
Lo =¥ty F% =0, (94)
Tak KAk o
% B, =~ x B (95)

H BEKTODHES NPOHIEEAEHHA B BRIDAMEHHH ANA TNABHOO MOMEHTA BIAHWMHD YHHUTORAKTCH,

30 KoaudecTBo IBHMEHHS CHCTEMBbI MATEPHAJAbHBIX TOYEK

30.1 Odwwue onpeneneHus

ﬂnpene.neuue Konwuecteom ABHHEHHA {HMI’I}’.HI:-E‘(}M} I‘-13TE*|J]-IEL.'H:-HI:II:E TOYKH MACCH Wiy, ABH}K}’IJLEﬂCH Ca
CROPOCTEID T.u, HAILIBAETCRA MPOHIEEAEHHE Qu iy - LL.

Onpenenenne. KoaHiecTEoM ABHMKEHHA CHCTEMbl MATEPHANBHEIX J'CI'LIE'H HA3BIBALTCA [EOMETPHYLCKAR CYM-
M3 KOMHYECTE ABHMKEHHA BCRX TOUEK cHeTeMsl () — Y20, — Ym, - V,

30.2 Teopema o6 HIMEHEHHH KOJHYECTEA JBHIKEHHS CHCTEMBI

I-.[[.'IDHHE-U,.EI.HHH N BPEMCHH oT EEKTI:IPH KOAHYECTBA JBHMEHHA CHCTEMBI METE‘[JHH.H bHBIX TOYEK FI&EHH TdB-
HOMY BEKTOPY BCEX BHEIWIHHX CHA, AeHCTEVIMILHY HA TOYKN CHCTEMbL:

o A0 (96)
ot
WK B CRAAAPHOH (opme:
di}, () -:if;y w40 5
3 B, =) =5 e
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Hokaxem (96). Jlas Kaxao# TOYKH MAaTEPHASbHON CHCTEMEI 3aMuIineM BTOPOH 3akoH HbroToHa

A me), po
my =F7 4+ F
dt !
AW _ me) , f6
— =F E
K7 e (98)
dv, -
= = F® 4 f©)
dt
%ﬂer 171, — CKOpPOCTb TOUKH Maccoi m,,
F®) — cymMMa BHYTpeHHHX CHJI, IHCTBYIOLNIMX HA TOYKY MAacchl im,,
F® — cymMMa BHEWHHX CHJ, AeACTBYIOIMX Ha TOYKY MACCHl 17,
Cnoxunm ypasHeHns (98):
dv,,

Somy—r = SEY + 3R (99)
3necs @, = m,V,, ¥ RY = F® ¥ B% — 0. [ostomy: dQ = R® 410 u TpeGoBanoch 10KA3ATE.

Cnencreue u3 TE€OPEMbI 30.1 Ecau eaasHbili BEKMOpP BHEULHUX CUL CUCMEMbL mamepualbHblX modek
paAger HYArO, Mo 6eKmop Koiudecmeaa deudiceruss 3mMOtl cucmemvl OCMAemest NOCMOSHHLIM N0 8EAULUHE
u HanpasieHuro. 3axon COXpaHeHus umnyaroca

Caencteue u3 teopembl 30.2
Ecau npoekuus eAa8roco 8eKmopa HEUHUX CUL CUCMEMbL MAMEPUALbHbLX MO1eK HA KaKyto-Aubo ock
PABHA HYAKO, MO NPOCKUUSL BeKMOPa KOAULECMBA OBUNCCHUS HA 5MY OCb OCMACMCS NOCMOSHHOL.

Caencreue u3 teopemsl 30.3
Brympennue cuavl cucmemovl MAMEPUANLHOIX MOYEK HENOCPEOCMBEHHO He GAUAIOM HA UBMEHEHUe KO-
Autecmea 08UNCeHUS CUCMEeMbL.

31 IlenTp Macc cucrteMbl MaTepUaJbHBIX TOUEK

PaccMoTprM MEXaHHYECKYIO CHCTEMY, COCTOSILYI0 M3 NI MaTePHANbHEIX TOYEK C MaCCaMU_mi, My, ..., M.
Tlos0KeHHE TOYKH C MAccoil m, ONPELENseTcs PajdyC-BEeKTOPOM 7y = Zui + yyuj + 2k, rae zjjl_c'
eIMHUYHbBIE BEKTOPBl HEKOTOPOH CHCTEMBI KOOPAKHAT.

Omnpenenenne. LleHTPOM Macc CHCTEMBl MaTepHasbHBIX TOUEK HA3BIBAETCS TOUKA, PAAMYC-BEKTOP KO-

TOPOH OMpenenseTcs CASAYIOMINM BEIPayKeHHEM:
1 n
To= — Z myry, (100)
m v=1
TAE T = D, 1 My,
JIa1s1 KOOpIMHAT [EHTPA MAcC CHCTEMBl MOXKHO 3aMKCATh CJAEIYIOIINEe BHIPAXKEHHUS:

1 1 1 y
Te = 50 2opm1 MwTvs Yo = 77 Dyt Mliy Ze = 57 2op—y Mw2y;
[Tokaxkem 4TO, B Pa3JHYHBIX CHCTEMAX KOOPDAHWHAT HEHTPOM MaCC OCTAETCA OAHA M Ta 2Ke TOYKa.
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Puc. 74
5 mo
rd = L™ HEHTR Mace B cHeTeme Axty =

S At
E T -
o = Y — peHTp Macc B cHoTeme Ortytzt
72—
1 e ol e = _ =0
& = g 2= Mhaly — T 3 My =7 —F

Takum ofipazom, A~ 7 Te., panMyc-BEXTOP UEHTPA MACC B APYTOd CHCTEME KOOPAHHAT OTAHYAETCA

TOJABKG HA PAOHYC-BEKTOP HAYANA KOODAHHAT STOA CHOTEMbL

21

32 KonnuecTBO IBMKEHUS CUCTEMbI MATEPUAIBHBIX TOYEK KaK (DyHK-
LU CKOPOCTH LIEHTPA MAaCC

PEEEMGTDHM MeXaHHYeCKYH CHCTeMY, COCTOALLYHr H3 1 MaTePHAdbHEIX TOYMEK C MACCAMH Tty g, ..., Wig.
TMono#enHe TOMKH i1, ONPEASNASTCA PAAHYC-BEKTOPOM ¥ B HEKOTOPOH CHCTEME KOOPAWHAT. KonrdecTeo
AEHMEHHA CHCTEMEL CNPENEASIETCH KAk

= ar.  d &

Q=Y 0.=Y mi =" m - — Y m,r (1o1)
e = it el

p=1 T =1

Ho no onpenenedmis LedTPa MACC CHOCTEME! MATEPHANLHEX TOUSK
n
% 1T = T (102)
=1

ClenopaTe/bHO, BHDa#MEHWE 17 KONHYECTEA JBHAMCHHA CHCTEMBl MOMHO MEepenHcaTth B BHIE!

= ir,,
= %w.’ﬁ, f.rr% (103)
H okoHuaTenkHo HMeem BEI PaMEHHE

Q = i, (104)

KonuuecTho OBMMEHHA CHCTEMBI MATEPHAAbHBIX TOYER fME‘XEIHH'IECHGﬁ CHCTEMEL) PABHO NPOHABSLEHHHD
MACCH BCEH CHCTEMBl HA BEKTOD CKODOCTH [EHTpa Macc.

33 Teopema o ABMMKEHHH HEHTPa Macc MeXaHHYECKOH CHCTeMBbI

LlEFiTFI MACC MEXAHHYECKOH CHCTEMBl OEMMKETCHA, KAK MATEPHANLHAR TOYKE C MACCOH, paﬂliﬂl'-'! MACCce BCeH

CHOTEME, K KOTOPOH NPHIGHEH MISBHEH BEKTOD BHEIIHHX CHA, DefCTEVIOUNIHY HA TOUKH CHCTEMED
dit, -

H— = (105)

ot

3aeck 1 — Macca Beel CHOTEME, O — CROPOCTE LEHTPE MACC MEXAHHYECKOH CHOTEME,
o= vy Pt — rnaBHEA BEKTOD BHEWHHX CHA,

s = |
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B npoekiHAX Ha OCH CHCTEMEL KOOPLHHAT BuipaxeHHe (105) momHo 2anucaTs Tak:
i . g, By e Bing 1
mfee = K2 m—t = Ry om®e = R - o e
30ECh Vep, Uiy, Ve, — TPOBKIHH CKOPOCTH 1lEHTPa Mmacc, a Ay, R, K, - NpoekOMM rAaeHoro BekTopa

BHELIHHX CHJA HAa KOORIHHATHRIE OCH.

hMEqﬂHHE 33.1 o meipreMe ] UAMEHSHUU KOAUNECMEd EUNCEHUR MEXOQHUNSCKEOT CUCTTEMI LMEEM
i _ G o
== = R* uau ﬂ'fl?m','}. =5

caedogameisnn, mSs — He amo u mpefiogaiocs dokasams.

Jokazarensereo 33.1 Ecau 2aasumd Sexmop SHEWALY CWL, OSQUMEYROWLYL HE MEXQHULeCKyn Cu-
CAEMY, POSEH HYLID, Mo GEHmp MOCC CHCTesbl HQXoduwmen 8 noKoe win OsuMemcn JasroMEepHn u
NPAMOAUHELHD.

HowazatTenscTro 33.2 Ecau npoekyul ZAUSHOZ0 SEKMOPL SHELHUX CUA, Dedomeynnle Rl Mexan-

HECKLD CHCMEMY, HO KAaKyn AUl oce Paard HIAK), M0 RPOeKELE COPOCTL BEHMPL MOCC CRCmednt
Hd Imy Ock OCrmaemes FOCILOsHHOE .

34 MomMeHT KOJHYEeCTBa IBHIKEHHA MeXaHHYeCKOH cucTeMbl (KHHe-
THYECKMH MOMEHT)

Q.

m
LU

Puc. 75
Onpenenenme. MOMEHTOM KOAMYECTEA OBHMEHHA (KHHETHUSCKHM MOMEHTOM) MATEPHAARHOH TOUKM
OTHOCHTENBHD HEKOTOPOH TOYKW () HA3LIBAETCH BEKTOPHOE TPOMIBEASHME DaAMYCA-BEKTOPA HA BEKTOp
KOAHHECTES ABHMEHHA 3TOH TOYKKH:

A - —t - -]
Koy = o x Q= ro X mii

Onpegenenne. MoMenTOM KOJIHUSCTEA ABHKEHHS {KHHETHUECKHM MOMEHTOM) CHCTEME! MATEPHABHEIX
TOUEK (MEXAHHUECKOH CHCTeME) OTHOCHTENBHO HEKOTOPOH TOUKM () HA3LIBAETCA CYMME KHHETHUECKHX
MOMEHTOB BCEX TOMEK CHCTEME OTHOCHTEALHO 3TOH TOUKK;

Ko=Y0_ Ko, =T o % muil

Ilpoexkunn KMHETHYECKOrD MOMEHTA HA OCH KOOPOIMHAT

Tak Kak rp = Tl + _fﬂ_.-_:? b 2ok H T = Ve + Top T+ Usnz,
TO ff}; e MyTe X th
Ko = 50 mu[{thtiew — 200)i + (Zuliee — Tutin)] + (Zolin — Pt )E]
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[Moaromy

"
'r{{.;'z E ”rar[_!.l'ar?'_'v - :Jf?llf\!f}
i |
n
!"'-fr}_.,- Z ”"-'-r'lr.:'f-' Vg — L '":l-'] Uﬂﬁ}
v=1

1

» —
Ko L "nrr{j"'e-'rj,ry i ﬂlir'm]

=1

Bhl].."ﬂ?{{{".HHH “ﬂﬁ} COPeIenAlT NPOSeKIHH BEKTOPE KHHETHYECKOT( MOMEHTA HA OCH KOOPAHHAT.

35 MomeHT KOoaMuecTBa ABMIKEHUS Teja, BPalUlAOMErocs BOKPYT
HEIMOIBHIKHOH OCH

Puc. 76

,HJ'.IH_.TBEP,B,UI‘CI TE:J'JE. Bpallakierocds BOKpY HE‘ﬂD,ﬂ,BH}HHGﬁ OCH, HMeeM:
e =Tyi+ i +akn
— Ml
= |[&hg] = )
L]
TG[',I[E NpoeKLHH BERTOPA KHHETHYECKOrMO MOMEHTA HA OCH KOOPIHHAT 6"1,",5,}'1' HMeTE BHAL.

hr-!.:'.l' = Z MMy 2y _-'-':-F:r
pre= ]

IF"'fl!.-'.r — E e _*‘-"Jr:y “D?}

|JI

K .J,Enx,, i Ju wi,

B supamennax (107) I, = 50 o, (1] + y)) HASEIBAETEA MOMEHTOM MHEPUHH TBEDAOro TEAZ BOKPYT OCH
O L. =%" (X, Wy = 30 Wi Ze — UEHTPOGEMHEIE MOMEHTE HHEPIHH,

36 Teopema 00 M3MeHEHHH KMHETHYECKOTO MOMEHTA OTHOCUTEJIBHO
IIPOM3BOJBHOH TOYKH
T-E{:-[]E"MH MOMEHTOE, OO0KA3dHHAR OJH Uﬂ]‘i[};‘l MHTE‘i}HH.’LhHﬂﬁ TOYKH, !'.'.I'.IpHBE‘J],.l'.IHEFi AR HH}K,EI,U'I‘;I H3 TOUYELK

cHeTemel, CASLOBATENLHO, CH PACCMOTPETE TOUKY CHOTEMEL ¢ MACCOH My, HMEKIIYH CKOPOCTE g, TO
nna nee dyaer

E ‘lrf_j-,'”“.rj.]l .-’1?0!'-1;' | '1}:)’?:,
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rae F¢, F} — paBHOAEHCTBYIOIIME BCEX BHEIIHHX W BHYTPEHHMX CHJI, A€HCTBYHOIIMX HA NaHHYIO TOUKY.
CocTaBasisl TaKKMe YpaBHEHUs 1Jis BCEX TOUEK CHCTEMBI W CKJAAbIBAs UX MOYJEHHO, MOMYIHM

d.n . n oL n .
— > Mo(muti)] = > MoFg + > MoFY,
dt = =1 =1

Ho nocnenHss cymMma mo CBOHCTBY BHYTPEHHHX CHJI CHCTEMBI paBHa HyJI0. TOrAa, YYUTHIBAA PAaBEHCTBO
Ko =371 Mo(my}) HailieM OKOHYATEbHO

d = ™o -
—Ko =Y Mokg
dt =
[TonyueHHOE ypaBHeHHE BBIPaXKaeT CJAEAYIILYI0 TeOPeMy MOMEHTOB [Js CHCTEMBI. NpOU3600HAA NO
BpeMeHU OMm eAA8HO20 MOMEHMA KOAUYECMSE OBUINCEHUS CUCMEMbl OMHOCUMEAbHO HeKOMmOopoeo Heno-
O0BUIICHORO UEHMPA PABHA CYMME MOMEHMOB BCeX BHEULHUX CUA CUCMEeMbl OMMOCUMEAbHO MO20 e
uenmpa.

[IpoekTnpysi o6e yacTH paBeHCTBA Ha HEMOABHXKHBIE 0CH Oxyz, NOAYUHUM:

)
dt

]
dt

d

= Ko, = S Mo, F¢
dt 02 = > Mo.FF,

k=1

Koz = Z A/IOxFljma

k=1

n
Koy =Y Moy F,,
k=1
YpaBHeHHS BEIPAXKAKT TEOPEMY MOMEHTOB OTHOCHTEJBHO JI0O0K HEMONBHKHOU OCH.

37 IIpunanun Janambepa

PaccmoTpuM IBHXKYIIYIOCS MaTepradbHyr TouKy. Ha Touky KpoMe NpuIOKEeHHOH aKTHUBHOW CHJIBl MOTYT
JeHCTBOBATb PeaKUUHU CBA3H

Fla
" @ R
md = F@ | N (108)
F@ 4 N 4 (—md) =0 (109)
N &= —ma (110)

Dopmyaoi (110) onpenensiercs cuna nuepuuu(anambeposa cnia)
F@ LNy d=0 (111)
U3 dopmynrr (111) caenyet npunnun Janambepa AJs1 OAHOH MaTepHalbHON TOUKH:

® AKTHBHBIE CHJIbI, PEAKIIMH CBA3K M CHJIbI HHEPIIHH 00pa3yioT YPABHOBEIICHHYI0 CHCTEMY MU CHCTEMY
CHJI 3KBHUBAJIEHTHYIO HYJIO.

Hcnonwsyst popmyay (111) MBI CMOXKEM CBECTH 3a1auy NMHAMHUKH K 3aj1ade 3JeMEeHTAapPHOH CTATHKH.
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38 IIpunnun JanambGepa njsd cCHUCTeMbl MaTepUAJbHBIX TOYEK

PaCCMOTpI/IM MMPOMU3BOJIBHYK CHUCTEMY 1 MAT€PHAJBHBIX TOYEK K KOTOPBIM MPHJI0XKEHBl aKTHBHBIE (H3BECT-
HbIE) CHJIBI U Ha KOTOPbIE€ HaJIOXKEHBI MPOU3BOJIbHBIE CBA3H.

Puc. 77
Ha ocHOBaHHHM aKCHOMBI O CBA3X 0CBOOOAMM CUCTEMY OT CBf3ell M 3aMEeHHM HX JeHCTBHe peaKUHUsIMHU.
YpaBHeHus1 ABHXKeHHA OyLyT UMeTb BUI:

B9+ N+ 8, =0

F 4 Ny+3,=0

n

S EYLYNAY. 8 =0 (112)

=1 =1 i=1
M3z (112) nonyuaem: . . .
R(a) + R(N) + R(HHGPH) (113)

R@ — rnaBubI# BEKTOP AKTHUBHLBIX CHJI,
R™W) — rjaBHBIH BEKTOp CHJA peaklluil cBAsed;

RUHPN) — rnapHEBIA BEKTOP N1aNaMOepOBBIX CHJ HHEDIHH.
W3 (113) caenyer npunuun Jlanambepa 1Jsi CHCTEMBl MAaTepHaNbHBIX TOUEK:

[ CYMMH [J1aBHBIX BEKTOPOB aKTHBHBIX CHJI, peaxum‘/’l CBA3H U CHUJ WHEPIIUKU paBHA HYJO, T.€. aKTHBHbBIE
CHJIbl U pEaKIHMKU CBA3W WU CHJIbl UHEPLHHU 06p83y}OT YPaBHOBELIECHHYK CUCTEMY CHJI.

39 InaBHBIN BEKTOpP U IJIaBHBIM MOMEHT JAaJ/IaMOepOBBIX CUJ WHEP-
U

Tak Kak IMaBHBIH BEKTOp AanaMOepOBbIX CHJ WHEPLHH paBeH

_ 2 nodv,  dQ
R(HHepH) _ vaé_iv _ va v __Q (114)
v=1 v=1 dt dt
snech G = Y, m,@,. Takum o6pazom, RO — —9Q ‘1 e rpapuiiii BeKTOp 1a1aMGEPOBEIX CHIl MHEPIHH

paBeH MPOW3BOAHOK MO BPEMEHH OT BEKTOpA KOJMYECTBA JBHKEHHUS CUCTEMbl MaTepHabHbIX TOUEK, B3ATHIN
¢ 0OpaTHBIM 3HAKOM.

BekTop KoJMHuecTBa ABHMKEHHS CHCTEMBl MaTepHajbHBIX TOUEK KaK (PYHKIMS CKOPOCTH [IEHTPa Mace
UMEeT BULL: Q = m,. [ToaTomy
dv,
dt

Flan) — _ (115)
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e [J1aBHBIN BEKTOD CHJI WUHEPHHHU CHCTEMbI MATEPHUAJbHBIX TOYEK PABEH CHJIE WHEPHHH IEHTPA MacCC
CUCTEMbI B MPEANOJ0KEHHH, YTO B HEM COCPEAOTOHEHA BCA MacCCd CUCTEMBI

[J1aBHBIE MOMEHT OTHOCHTEIbHO TOuKH O D,a.f[aMGepOBb]X CHUJ WHEpHHHU CHUCTEMBl MaTE€pHAJbHBIX TOYEK
HMeeT BUM:

Lo— £ 4 L0 4 flmero (116)
HJ1n " " n
SOFED 437NN 43RG, e = g (117)
v=1 v=1 v=1
[e MOMEHT MHEpIIMH HMeeT BUL:
dv,, A>T, X myTy dr,
L{mer) er = er X Mylly = — Ty X Mo = AT X 7 + 2 XMty

B nocsienHeM BhIpaXKeHHH BEKTOPHOE MPOHM3BENEHHE %’J X My, PABHO HYJK, & Y. 7yMy X Uy — MOMEHT

KOJHN4YeCTBA CUCTEMbl OTHOCHUTEJIbHO TOYKH . HOQTOMY

. dK,
L(()I/IHepLL) _ _affe

o (118)

e TJIaBHLIH MOMEHT Jl?lJ'laM6epOBle CHJT UHEPUHH CHUCTEMbl MATEPHUAJbHBIX TOYEK OTHOCHUTEJNBHO TOYKH

paBeH HpOI/I3BOﬂ,HOI;I 10 BPEMEHH OT BEKTOPA KHMHETHYECKOTO MOMEHTa 3TOU CHUCTEMBI OTHOCHTENbHO
TOYKH C MPOTHUBONOJOKHBIM 3HAKOM.

40 Ocu Kenwura

PaccMoTpuM cuctemy MaTepUaJbHBEIX TOYEK C MACCaMH 1My, H KOOPIMHATAMH Ty,Yo,Zs B HernoABUKHON
CHCTEME KOOpAMHAT Oz Y z

Puc. 78
KoopauHaThl LEHTPa MacC TOM CUCTEMBI ONPENEIATCA PABEHCTBAMU:

Z Z
€ Zmy 5 Ye Zm” ) %C va

XMt N Mol DMl (119)

o k ok ok
Ecqu B 1leHTpe Macc MOCTPOUTh cucteMy oceid Cryz, KOTOPEIE MapaJjjenbHsl ocaM Ox y z U Nepemelna-
IOTCS TIOCTYMATENBHO OTHOCHTENBHO ITHX (HEMOABHKHBIX) OCel, TO Takasi CucTeMa ocell OyleT Ha3bBaThCs
ocaMu Kenwura.

41 KvHeTHYeCKUl MOMEHT a0COJIIOTHO TBEPAOTO TejJa OTHOCUTENb-
HO HEIOIBUIKHOU TOYKMH

Pa3o0rem Tej10 HA n MATEPHAJbHBIX TOUEK C MACCAMHU 777,
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Puc. 79
Mo onpeaeneHHo KHHETHYECKOrD MOMEHTa:

Ko=Y Ko, =Y © xm.V, (120)

=] =1

Cropocts moGoil TOUKH TeJa BHIPAXKASTCA Kak:
V. = Vo +a X 7y re Vo =0

C y4etoMm nocaeaHero
= " ﬂ
Ko=3% i xm@x v =Y m(3(r; - 73) — riry - &)
p=1 p=1

Januies BEKTOPL H3 NPEQLAYIETD BHPAMKEHAR KK (PYHKIHH HX NPOeKiMi Ha OCH KOOpOHHAT
f{_'g =Koi+ K{_}J"' ng:'; = :r:,:?+ y,,_;_f+ zr,,E; af = w,€+ u.r,_;+ w,E
Yurem, uTo ry Ry =2 + i+ 22 10 @ = Towy + Yoty + Tuiy
Toraa BepamenHe NPHMET BHL
Ko =Y muflwsd +w,d +wek)x + 12+ 220 — (i + i + 2k} (muws + oty + 50} }
wr=]

Ilan HPCIE;HU.HI':I BEKTOPA KHHETHYHECKOrD MOMEHTA NONYYHAEM BRIDAMKEHHAL

n
Kor =3 muf{wet? + wol + wezl — Tty — Tulhliy — Tuzpii; }

w=1

TE
Koy = 3 mufwyry + wyy + w3y — Tubhuisly — Yawly — ozus }

=1
"

Ko: =3 mufwar? + wepd + wezl — sutuis — ety — sow:}
=1

n(}f:l[ﬁ,f]hl(}" HE 3ABHCAT OT Eblﬁl:lpa TOYKH HA TENEg, To NPEALIAYIIHE BRIPDAMEHHA MOMHO NERPENHCATE B BHIE,

Koz = (3 mulp? + 8o = (3 mumotn )y = [3 muzu s s
=1 =1 =1

Koy = —[3 muthwulwe + [37 m (22 + 22wy — (3 mutnzaluss
pr=1 =1

p=1

Ko, = —[Eﬂt My Zu Ty — [i mhy Zoth|w: + [i (25 + y )|

¥=1 =1 =1
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Beenem 06o3HaueHUs:
n
2 2
I, = Zmu(yy + ZV)
v=1

Ly, = Z mu(fc3 + 25)

v=1

I.= Z mu<x12/ + ?/zzz)
v=1

Imy — Z MyZy Yy

v=1

n
Iyz - Z My Yviv
v=1

n
— Z My 2Ty
v=1
[Tosryuum:
KOm — Immwz - Izywy - Imzwz
Koy = Lyywy — Iywy — Iyw,
KOz - Ixzwx - lzywy - IzZWz

KuHeTHueckuii MOMEHT TBEPAOro TedJqa C OI[HOpOLLHOﬁ HEIMOJBHXHOK TOYKOH OTHOCHTEJBHO 3TOH TOUKH
PaBEH MPOU3BEACHUID TE€H30pa MHEPIIUK HaA YTJOBYIO CKOPOCTb TeJa.

42 MomeHTbI MHEPUUU A0COJIOTHO TBEPAOIo TeJja

42.1 Onpenenenus

PazjesiuM MbICJAEHHO TBEPAOE TEJO HA 7 YacTed ¢ MaccaMmu 1, W paguycaMu-BEKTOPaMHU 7.
Ecaut x,,4,,2, — KOOPAMHATHEl TOUKH C MacCOH, TO 7, = vyt + y,j + 2z, + k.
Pannyc-BeKTOp 1leHTPa MacC MOJAyUeHHOU CUCTEMbl Onpefedsiercs no Gopmysaam

n
=S my,. (121)
v=1
Bb]pa)KeHI/IH AJF OCEBbIX MOMEHTOB MHEPIHH TBEPAOrO TeJa UMET BUM!

Ly = Z Tnl/(yz + 23)7

<
—_

m,(x2 + 22), (122)

&
Il
NE

1

N
Il

my(zy + ;).

NN
N

I
(1=

v=1

Bblpa}KeHI/IH IJis U,EHTpOGE!)KHle MOMEHTOB MHEPUHHU TBEPAOrO TeJad UMEKT BUA:

i3
Iwy - Z myZylYv,

v=1

Iyz - Zmuyuzw (123)

v=1
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n
I,= Z My 2Ty
v=1

[Ipy yBesnueHHH YHCaA n W CTPEMJEHHH M, K Hym0 Beipaxkenns (122) n (123) npuHHMa0OT BUA:
L= [[ [+ )dm,
v
Ly, = ///(92 +2%)dm,
i
I,= ///(z2 + 2%)dm,
¥
L= [ | [ i
v
I :///yzdm,
-
I, :///zxdm.
i

O0603Ha4uM yepes y MJOTHOCTb TejIa B TOUKE x,Y, z, Torna dm = y(x,y, 2)dV, roe dV — 3jeMeHTapHEIH
o6beM. C yueTOM 3TOTO BEIPAXKEHHS 1Js1 MOMEHTOB HHEPLHH NPUMYT BHI!

Lo = ///(zf + 22y (2, y, 2)dwdydz,
i
- . g 2 4 ey > )
Ty /‘Z/(x + 25)y(x, y, 2)dxdydz (124)
— ([ [+ ), ,Z ,
it /‘Z/(fv +y )z, y, z)dedydz

= ///xyv(x,y,z)dxdydz,
i

= /// yzy(x, y, 2)drdydz, (125)
7

i~ /]/ zxy(x,y, z) dedydz.
v

Ecnu teno — omHoponHoe, To Beipaxenus (124), (125), spastolnigecs KOMIOHEHTAMH TEH30pa HHEPIHH
Tesa, NPUMYT BHIL!

_, 2 2
Loy v/v//(y + 2%)dxdydz,
= 7/J/(?“2 + 22)dadydz,
I, = V/V//(wz + y?)dadydz,

IEm = /// xydxdydz,
v
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= /V// yzdrdydz,
L.,=7 /L// zxdrdydz.

42.2 CpoiicTBa TeH30pa MHEPIHUUN

ﬂI/IaI‘OHa.HbeIe 3JEMEHTBI MaTpPHIIbI I (OCGBbIe MOMEHTBI I/IHEPHI/II/I) CTPOTO MOJIOKHUTEJBbHBI!
Ixx > 0; ]yy > 07 Izz > 0.
OceBble MOMEHTHI WHEPpUHH J1000r0 TBEPAOTO TeJia YAOBJIETBOPAKT CACAYIOIMIHNM HEPABECHCTBAM!

wa + ]yy > Izz> Izz + Iyy > me Iwg + [zz > Iyy~

42.3 MomMeHTbI MHEPILUH TeJa OTHOCUTEJIbHO napanienbHbix oceil. Teopema I'toii-
re’Hca

Puc. 80
MoMeHTBl MHEpIUK NaHHOTO Teja OTHOCHTEBbHO pasHeIX oceill OyayT, BoobIe rosopsi, pasHeiMd. Ilo-
KaxeM, KaK, 3Has MOMEHT HHEPIIMH OTHOCHTEJbHO KaKOH-HUOYAb ONHOU OCH, MPOBEAEHHOH B TeJje, HAUTH
MOMEHT MHEPIIHH OTHOCHTENBHO JFOOO0H NPYrod ocH, el mapasnesbHOM.
[IpoBeseM yepe3 LEHTP Macc Teja MPOU3BOJbBHBIE OCH x'y'z, a uepes Jwbyo Touky Ha ocu Cz' —
ocu Ozyz, takue, uro Oy||Cy’, Oz||C2 (puc. 80). Paccrosnue OC Mexay ocsiMd H 0603HauuM uyepes d.
Torna mo Qopmynam (122) Gyner

Los = Y- mu(y + 23), low = 3 mulyy +2). (126)

5 2 o
Ho, kak BUIHO M3 PUCYHKA, AJS JKO0H TOUKH Teqa xy = xf — d u 13 = 2’y + d? — 20'kd, a yx = yj.
[loacTaBsfeM 3TH 3HAYEHHS Tk, Yi B BEIPAXKeHHE AJA I,, W BHIHOCS OOLIMe MHOXHTENH d° U 2d 3a CKOOKH,
MOJTYYUM

o, =Y meys +2'2) + (o mp)d® — 243" mya'y. (127)

B npaBoii uactr paBeHcTBa, corsacHo (126), nepasi cymma paBHa I, a BTopast — macce Teqa . Haiigem
3HAUEHHUE TPeTbel CYMMBI.

Ha ocHoBanuu ¢Gopmya (121) nas KoopauHat 1eHTpa mace > myx), = Mxl. Tak Kak B Hallem cjayuae
TOUKA SIBJASIETCS HAauajJoM KOOPAMHAT, TO x'c = 0 U, C/1eI0BaTebHO, Y. M), = . OKOHUATENBHO MOAydaeM

IOZ = ]Oz/ -+ N[dQ. (128)

Dopmyna Beipaxkaet teopemy [toireHca:

Teopema. MoMeHT WHEpIWHK TeNa OTHOCHUTENBHO AAHHOH OCH paBeH MOMEHTY WHEpIHUH OTHOCHTEJbHO
ocH, el napaJ/enbHOH, IPOXOAALIEH Yepe3 LIeHTP Macc TeJjla, CJAOKEHHOMY C NPOHU3BefeHHeM MacChl BCEro
TeJa Ha KBaJpaT PacCTOSHHS MeXKIY OCAMH.
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42.4 Teusopbl HHePUHH NPOCTeHIIHX aGCOMOTHO TBEPABIX TeJ

I Oaxopoaunii ARCK

Puc. 81
Hmeem onHopoansii QHCK Macckl m W pagkyca B, Pazo0bem QAHCK Ha KOBLA ¢ PALHYCAMH T, W Maccamu

i, Torna
kLS 1]
e z rim, = Z revlAS,.
=1 w=1
rae AS, — NACLAAE KOABLA ¢ BHYTPEHHHM PagMycoM 7, H BHeWHHM 1, + Ar,. [IoTHOCTE 0aHOpoIHOTD
aucka: v = m/f(wR%), a AS, = Zrr Ary,. TloatoMy I, = 2m/REY"  rSAr,. [Ipk 1 —€ >
4 R
L. =m/R® [
il
M oKOHYATENBEHO HMEEM AnA MOMEHTA WHEDIHH AHCKA OTHOCHTENRHD OCH 2 BEIDAMCEHHE!
L, =mR/2
[lockoabky Anck GecKOHeYHO TOHKHH HepaseHcTeo [, + [y = [, nepexcoant B pasencTBO fop + Iy = L.
Ho e CHAY CHMMETPHH MOMEHTEL HHEPIHH OTHOCHTEbHD OCcel & H ¥ PABEHE, MO3TOMY HMeaM:
Lep =L, = I../2 = mR? /4.
B cHay  HANHYUMA NAOCKOCTEH  CHMMETPHMH  USHTPOOEMHEE MOMEHTE  HHEPUHH PAEHHE  HYJO
Iey = Toz = I = 0, mosTomy

rdr = m H‘!,J";’

i
L 0 o1 0 0
1 2
p=) g ek g ”‘fr}lu.
00 mE 0o 2
2. CrepmeHn
[y
= ——— g
Q Ax x
Puc. 82
00 J1 00
I=lo = o -%naﬂ
g o = *(g 0 1
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43 KuHernuyeckasd sHeprus

43.1 KuHeTuueckasi 9Heprusi MaTepuajbHOU TOUKH

Onpenenenue. KiHeTnueckas sHeprus mMaTepuaibHON TOUKM — CKaJsipHas Mepa MeXaHHUecKOro JBHKe-
HUS, paBHaS:
mv?
2
T.e. NIOJIOBHHA TPOM3BEJeHNA MacChl TOUKH Ha KBaipaT ee CKOPOCTH.

ﬂ:

43.2 KuHeTnuecKas 3HepPrusi CUCTeMbl MaTepHAJbHbIX TOUEK

Onpenenenune. KnHetndeckass 3HEpPrus CHCTEMBl n MaTePHAJbHEIX TOUYEK PaBHA CyMMe KHHETHUECKHX
3HEPrui BCEX TOUEK:

mv?

r-3n-y

=1

e Teopema Kenura:

Kunemuuecxkasn IHepeusa cucmemobt mamepuarbHolx mouexk 6 ee abcoaomHom OBUNCEHULL
cKaadvisaemcs u3 KuHemuyeckol IHepeul ueHmpa macc cucmemol, 8 ﬂpe@flO/lO?z‘CBHuLL,
4Ymo 8 Hem cocpedomo%eﬂa macea scel cucmemot, U KUHEMUYECKoU IHepeul cucmemi
8 ee 0BuUNCeHUL OMHOCUMEAbHO uenmpa macc.

Jloka3arenabCTBO.
SR muT;
Cx'y'z — KeHWroBa cHcTeMa KOOPAHHAT, TaK Kak 7; = % — PajMyC-BEKTOp LEHTpa macc
i=1 T
cucremel. [loatomy
Dy Mty
= l;l—ﬂ;z -0 (129)
i=1 "1
5
i e ry |
a6c 7]'0 + 7, P_ 2 + v 130
¢ dt

Bb]pa)KeHHe A4 KHHETHYeCKOH SHEPruu CHUCTEeMbl UMEET BUM:

_ 13 ~abc 27 1 & dﬁ = ’
§;mz (vi ) f§Zmi (E+’Uc>

i=1

HJHn

1 3 d,Fy 77, I3 = \2 1 & —OTH\ 2 1—»2
Zm@ it Jrzm@ vc+§zmi(vc) *5277%'(% ) +§Uczmz

i=1 i=1 i=1
Tak kak

My T =S et Gy = mi - Ta) =0
; Yt C ; YT dz(Z & C)

(cm (129)). Tostomy

Yro u TpeboBasoCh A0KA3aTh.
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43.3 KuHeTnueckass 3Heprusi aGCOJNIOTHO TBEPAOro TeJjia MPHU MOCTYNMATEJbHOM
JBUKEHUU

[To ompeneseHUE0 KMHETHYECKOW HEPIHHM MEeXaHUYECKOH CHCTEMBI
1 n
= 5 > mv}
i=1

Ho npu noctynareibHOM JBHXKEHWH BCE TOUKH Tejla HMEIT PaBHbIE CKOPOCTH ¥; = U, MOITOMY:

13 2 &2 muv?
S e
254 2 i3 2

HJIn

43.4 KuHetnueckasi 3Heprus aGCONIOTHO TBEPAOTO TeJja MPHU BPAIlEeHHMH BOKPYT
HEMOABUIKHOA OCH

Jas mo6ol ToukM Tea v; = wh; , TO3ITOMY

1 [} o Cd2 n . Cd2 n ) )
T= Emei = 727’%]%' = 727"1'('771‘ +y7)
“i=1 =1 =1
T.€. )
I,w
= —5

rne I; = 30 (2? + y?) — 0CeBOH MOMEHT HHEpUHH TeJa.
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44 Pab6ora U MOUIHOCTDb CHJI

Onpenenenne. dneMeHTaPHBIM ePEMEIEHHEM TOUKH Ha3bBaeTCsl GECKOHEUHO MaJjioe MepeMelleHne, pas-
Hoe nuddepeHiHany paguyca BEKTOpa TOUKH.

Omnpenenenne. DeMeHTapHON PaGOTOM CHJBI HA MepeMelleHnH Ha3bIBAETCs CKaJsIpHOE MPOH3BeAeH e
BEKTOPA CHJIBI Ha BEKTOP 3/JE€MEHTAPHOrO MepeMelleH sl TOUKH PHJI0KEHHUS CHIbI:

Omnpenenenne. MoOIIHOCTBIO CHJIbI Ha3blBaeTCs CKaJspHOe NPOHM3BeeHHe BEKTOpPa CHJBl Ha BEKTOD
CKOPOCTH TOUKH MPHJIOKEHHSs CHJBL:

N=F.v
HJIH
N = |F||t| cosax = Fpu, + Fyu, + Fu,

JlaHHOe onpenesieHHe COryIacyeTcsi ¢ ONpeneseHreM MOLIHOCTH, KaK paboTe B eMHUIY BPeMeHHU:

dA dx dy dz
=—=F—+4+F—+ F,— = Fyu, + F,u, + Fv

i Cdt Yt a0 v
MOMIHOCTE CHCTEMBI CHJI, TPHJIOKEHHBIX K aOCOJIIOTHO TBEPAOMY TeJYy, PaBHA CyMMe MOITHOCTEH BCEX CHJI:

n n 5
N:ZN :ZFn'an
n=1

n=1

N

HO ¥, = U + & X 7, IO3TOMY

n
N=S"F - (l+3x7)
n=1

Takum o06pazom,
17\7:R"170‘|‘U7'L0

T.e., MOIIHOCTb CHCTEMBl CHJI, MPUJOXKEHHBIX K aOCOJIOTHO TBEpPAOMY Tesy, pPaBHAa CyMMe CKaJspHbIX
NPON3BeJIeHHH [IaBHOTO BEKTOPa Ha CKOpPOCThb mojoca O U raBHOO MOMEHTA CHJ OTHOCHTEJIBHO IOJIF0CA
O Ha BeKTOp YIJIOBOH CKOPOCTH TBEPAOro Tena.

CM. Tak»Ke YaCTHBIE CJ1ydad AJsl BBIYUCJAEHHUS] MOIIHOCTH:

44.1 TIlocrymnartejibHOe ABUMKEeHHEe aOCOJNIOTHO TBEPAOTO TeJja
[Tpn moctynarenpHOM ABHXKEHHWH BBIPaKeHHe AJs1 MOIHOCTH N = R- o+ & - EO [IPUHUMAET BUJ!
N=R.7,

TaK KakK BEKTOp YIJIOBOH CKOPOCTH PaBeH HYJ/I0 M CKOPOCTH BCEX TOUEK Tesaa OAMHAKOBBHL

44.2 BpameHue aGCOJIOTHO TBEPAOTO TeJa BOKPYT OCH, MPOXOASLIENd Yepe3 TOUKY
0

[Tpn BpameHuu TBepHOro Tesa BOKPYT OCH, Mpoxonsiiel depe3 Touky O, ckopocTb TOYKH () paBHa HYJIO
U MO3TOMY BbIpaXKeHHe AJsi MOIHOCTH N = R -4y + & - Ly IPUHUMAET BHA:

N =1Ly &= Logwe + Loywy + Lo,w, = Lo,w,

TaK KakK wy — 0,w, =0
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44.3 CucreMa cuJ NPUBOAUTCH K PaBHOJEHCTBYIOIEH, MPUIOKEHHON B Touke (O

B aTom ciydae riaBHBIN MOMEHT PaBeH HYJIO M BEIpaxeHue aJs MOmHOCTH N = R- ¥y + (&J- Lo npuHuMaer
BUJ:
N=R-1

3ameuanue: PaBHOAEHACTBYOIAS PaBHA [JIABHOMY BEKTOPY.

44.4 Cucrema CWJ NMPUBOAUTCH K Tape CHJ

Tak Kak cucTeMa CHJ NPUBOLMTCA K Mape, BbIpaxKeHHe Ajs MOIHOCTH N = R - ¥y + & - Ly npuHuMaer
CAeNYOUINN BUL;
N=L-&

34ecb L — MOMEHT Hapbl CHJL.

45 CpBs3u U OorpaHUYeHHs Ha JBUIKEHHE TBEPABIX TeJl

Omnpenenenue. CBA3SIMH HA3bIBAIOTCA OTPAHHWYEHHs, HAKJaAbIBAEMblE Ha KOOPAHMHATHl U CKOPOCTU TOYEK
MEXaHHWYECKOH CHCTEMBbl, KOTOPBIE BBHIMOJHATCS MPH JIOOBIX NEHCTBYIOIINX HA CHCTEMY CHJAX.

KoHCTPYKTHBHO CBSI3M peasiu3yroTCs TpH MOMOINHK LIaPHUPOB, CTEPXKHEH, HUTEH, MOBEPXHOCTEH U T.I.
Maremarrdeckn CBsI3W BBEIPA)KAIOTCS B BHJE YPaBHEHWH WJIHM HEPABEHCTB, COAEPIKAIMX KOOPAHHATH H
CKOPOCTH TOYEK CHUCTEMBI U BPEMS:

fi(??l,??g, ‘..,Fn,ﬁl,i_)’g, ..‘,Un,t) < Fz

3meck i =1,2,... k (KoMHueCcTBO CBSI3EH, HAJOKEHHBIX HA CHCTEMY), 3HAK ¢ 0003HAYaeT OIWH W3 3HAKOB!
=,<,>; T, T2, ..., T, — PaAUYChI-BEKTOPHI, a Uy, Vs, ..., Up - CKOPOCTH TOUEK CHCTEMHI.

Omnpenenenue. Bo3MOXXHBEIM TepeMelleHHeM TOYKH Ha3blBaeTcs GeCKOHEYHO Majioe BooOpaxkaeMoe me-
pememeHI/le TOYKH, ].'[Ol'JYCKaeMOe CBSI3MH B B,aHHbIﬁ MOMEHT BpeMeHI/II

87y = 80 + Oyp] + O2gk

3aechk 6y, 0yy, 62, - NPOEKIIMH BEKTOpa d7, Ha OCH KOOPAHMHAT.
Onpenenenne. Bo3aM0OXKHOM CKOPOCTHIO HA3bIBAETCS OTHOIIEHHE BO3MOXKHOTO MEpPEeMEIleHHsT K HEKOTO-
POMY MBICJAUMOMY HHTEPBAJy BPEMEHH!
g7 = 0
n dt
Bo3MoxHast CKOPOCTh — 3TO CKOPOCTh, KOTOPYH Obl MMeJja TOYKa, €Cd Obl OHa COBEpIaja BO3MOXKHOE
nepemerneHue 3a gpems dt’.

Onpenenenue. Ecaun 1715 g:060r0 BO3MOXKHOIO MepeMellleHHs POTHBONON0KHOE eMy TOXe SIBJSETCS
BO3MOXHBIM, TO CBfI3b HA3BIBAETCS YAEPXKHBaKIIeH (He0CBOOOKIAMIIEHCS UK IBYCTOPOHHER).

45.1 Ilpumep 1

Touka Ha HEBECOMOM aGCOMKOTHO TBEPAOM CTepxHe (MaATHHK): 22 + 32 + 22 = r?
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Q

of,

Puc. 84 Puc. 85
ToukH HA DEYX HEBECOMEIX A0CONKITHO TBEPLBIX CTEPMHAN:

F Y 2_ 2

(w2 —21)" + (e — )" =3
7ot = ot

KPD!-'IE TOrS, 2TH CBA3H ABAAKTCA CTALHOHAPHEMH H MOJIOHOMHBIMHA.

OHPEIU.EJ]EHHE. Ecau pas HEKOTOPOrO BOZMOMHOrD MepeMellleHHA NPOTHECNONOAMHOE eMY He ABJAETCA

BOIMOMHEIM, TO CBAZL HAILIBAETCA HEVICPHMBANILEH (0CEODOMOAILIIEHCA HAH OQHOCTOPOHHEHN).

yﬂEP}KHBE}GULHE CEA3H MATeMaTHYEeCKH BRIDAMANITCH PAaBEHCTEAMH, a HeylepHHBAKIIIHE — HepaBeHCTEA-
MH.

45.2 Ilpumep 2

Touka Ha HepacTAMHMOH HHTH:

)

Pue, 86

Onpenenenne. EciW B ypaBHEHHE CBA3W BPEMA HE BXOLWT ABHO, TO TKaA CEA3L HAZBIBAGTCA CTAlMO-
HapHoH (CKAepOHOMHOH):

Hrnwi ) =0
31ECh Ty, Uy, 7y MOTYT 3ABHCETE OT L.

ﬂ!’[pE,[l;EJ]EHHE, EI:"..'TH B }"i}aEHEHHE CEA3H BE}EMH EXONHT ABHO, TO TAKAA CBA3ZE HAZRIBAETCH HECTAILKO-
HapHoH (pecHoMHOR):

S Ea Y 2 t)=10

H[IIH CTAIHOHAPHBIX CBA3AX JeACTBHTENBHOR nepeMelledde COpNalaeT € O0QHHM H3 BOSMOMHHBIX NepemMe-

HIEHHH. nl}H HE"E‘.TQ[[HUHB[}HDﬁ CBAIH ﬂﬂﬁﬂTBHTE‘.{IhHGE‘ NEPEMalieHre MOMET He COBNAJATE HH C O4HHM H3
BOZMOMHEIX ITEPEHEU.IE‘HHF[.
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45.3 [Tlpumep cTaUMOHAPHOH CBA3MN

Touka Ha MOBEPXHOCTH
PaccMoTpHM TouKY (2.1, 3] Ha NOBEPXHOCTH;

Puc. 87

flzy.z) =1 (131)
ﬂ}fETb TOUKA NOAYYHAE HEKOTOROE BOIMOMHEE [EpeMEellleHHe:

Mz + bx,y + dy, 2 + 82).

Tax kag Toyxa JO0MHHE QCTABATECH Ha MOBEQXHOCTH, TO NPHRANEHWA KODDOHHAT YIOBNETBOPAIOT paBeEH-
CTEY:
flr+dr,y+ 8y, z+ 62} =100

Paznomum JeByto 4acTe nochenHero ypasHedus B pan Tekiaopa:

flo,y, 2) 4 ﬂ T+ ﬂéu i ﬂé;-} wi =1,

i+
e ey iz

3aeck MHOrOTOMKeM O03HAYEHBI YAeHE PALA, HMEHILHe BTOPOH H Godee BHICOKHH MOPALOK MAADCTH B
CPABHEHHH © MPHPANEHHAMH KoOpaHHaT. C yyeToM eupamedsda (131) nonysum:

af_af_af
i A AL it i P
3o r Tt =t

Tak Kak BOIMOMHBIM NEPEMENIEAHEN TOUKH B JAHHOM CAYYAE ABARETCA BEKTOP A7, NPOSKIMAMA KOTOROTO
HA GCH KROOPAHHAT SEARKITCR do, dy, 0z, TO NOCIEIHES BhlPAMKEHHE MOMHD NEPENHCATh:

grad - 67 =0.

Bextop grad [ manpasned no HOPMAJH K PACCMATPHEAEMOH NOBEPXHOCTH, 3 BEKTOD BOIMOMKHOI) NEpeMe-
LLEHHS TOUKH JEHHT B OAOCKOCTH, KACATEALHON K MOBEPXHOLTH B NAHHOH TOUKE.
B cayuae cTAUHOHAPHOH CBAZM AEHCTEHMTENRHOE NEPEMELIEHHE VAOBIETBODAET YPABHEHMH,

df =grad [-47=10.
A B CAY4aR HECTANHOHAPHON CBAIW — VPABHEHHKY
e oo o F
df = grad f- 67+ ==di =10
M
T.o., NpH CTALMOHAPHLIX CBA3AX NeHCTBMTENLHOE NMepemelleHd? oF COBNAfaeT ¢ OLHHM H3 BOZMOMHBIX

nepeMenieddi. TIpH HecTalHOoHAPHOH CEAZM NEHCTEHTENBHOE MEPeMelleHHE MOMET He COBManaTh HH C
DAHHEM H3 BOAMOMHEIX FIE‘pEME[II,EIIHl"‘!.
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45.4 Ilpumep HeCTAaLlMOHAPHOW CBSI3H

Touka Ha cepe mepemeHHOro paanyca (HecTallMOHApHAs CBSA3b):
2 +y° + 22 = R%(t).

Onpenenenue. CBsi3b HA3LIBAETCS F€OMETPUUECKOM, €CIH B YPABHEHHE CBA3H BXOLAT TOJBKO KOOPAHHATEL
TOYEK!

J (T, Yy, 2) = 0

Onpe;le.nel-me. CBsi3b Ha3bIBAETCS KI/IHGM&TI/I‘JGCKO?I, €CJH B YpPaBHEHHUE CBA3KW BXOAAT KOOPAHWHATBI U CKO-
POCTH TOYEK MeXaHHYeCKOH CUCTEMBI:

f(xm Yns 2 Unay Uny» Unz) =0

Onpenenenue. CBsA3b HA3BIBAETCS TOJOHOMHOM, €C/IM OHA BBIPAXKAETCS MHTErpUPyeMbIM 1uddepeHnnalb-
HBIM YPaBHEHHEM A/ KOODAMHAT U CKOPOCTEH TOYEK MEXAHUYECKOH CHCTEMBI.
3ameuaHue: YpaBHeHHe
f(xna Yns Zns Unas Uny, Unz, t) =0 (132)

Ha3BIBAaeTCs HHTErPUPYEMBIM, €CJH cyllecTByeT QyHKUMA F = F(x,, Yy, 2, t), Takas uto ypaBHeHue (132)
MOXKeT ObITh 3aMUCAHO B BHAE

dF

E(xn:ymzmt) = f(xmymzmvnraUnyavnzzt) =0

Onpenenenue. CBsi3b HA3bIBAETCS HErOJOHOMHOK, €CJIM OHA BbIPaXKaeTCsl HEHHTErPUpPyeMbiM AU de-
peHIMaJIbHBIM YPAaBHEHUEM ISl KOOPAHMHAT U CKOPOCTeM TOUeK MeXaHWYeCKOH CHUCTEMBI.
Onpenenenue. CBsi3u, HaJ0XKEHHbIE HA MEXAHUUECKYIO CUCTEMY, Ha3bIBAIOTCS UEAJbHBIMHU, €CJIH CyM-
Ma 3J1eMeHTapHBbIX paboT CUJ peaklHil 3TUX CBs3eld Ha JI0OOM BO3MOXKHOM IepeMellleHHH paBHa HYJIO!
n —
R, 07y =0 (133)
n=1
3nech
R’r] - R'r/ﬁz + R'r/y] + ank

87y = O yal + 0T yy] + 67k

CorsiacHo OTpeesieHHI0 CKaJSIPHOTO MPOM3BEIeHHs IBYX BEKTOPOB BhipaxeHHe (133) MOXKHO MependcaTth
B BUJE:
n
n=1
WUJn
n —
> [y[167|cosan = 0
n=1
Tle q,, — YroJ MEeXLy BeKTOpaMu R, u 07y,
Onpepesienre WaeanbHBIX CBSI3€d MOXHO JaTh C HCIO0Jb30BAaHHEM MOHSTHUSI MOIIHOCTH.

Ol'lpe}leJleHI/Ie. CBH3I/I, HaJ/IO2KEHHBIE Ha MEXaHHUYECKYI CUCTEMY, Ha3blBAOTCA UACAJbHBIMHA, €CAU CyM-
Ma MOIIHOCTEH CHJI peaKum?I 3TUX CBsI3el paBHA HYJIIO:

SRy 6 = 0 (134)

n=1
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CorjlacHO OMpefie/ieHHI0 CKaJISIPHOTO MPOU3BEIEHHUS IBYX BEKTOPOB BhipaxkeHue (134) MoXKHO mepenucath

B BHUIE!:
n

> (Rye0rE + RyyorE + RyorE) =0
n=1
HUJu

—

1B, 1072 cos B, = 0

46 IIpunnun danam6epa-Jlarpanxka (oOlmee ypaBHeHUE XUHAMU-
KH)

Has cucmemvl ¢ udeasvHolmMu CEAZAMU 8 A1000L MOMEHM BPEMEHL CYMMA IACMEHMAPHLLY pabom ax-
mueHbLx cuA 1 JaAamOepOsbLx CUA UHEPUUL PABHACMC HYAIO:
n

SOF, 07+ > B 57, = 0 (135)

n= 1 n=

=
—

3/1ech
I}, — axTWBHAf CHJa, NPUJIOKEHHAS K TOUKE C MACCOH 1My,
BUH _ -
CDn = My,W,
[Ipunnun Janam6epa-Jlarpan:ka MoxkHO C(QOPMYJIMPOBATE U C HCIMOJb30BAHWEM MOHSTHS MOIIHOCTH:

n
EFW'UEJF

n=1 7

M=

e (136)
1

YpaBuenus (135) u (136) HazbiBaOTCA OOGIIMMH YpPaBHEHHSIMH JTHHAMHKH

B caydae paBHOBecHsi MeXaHHYECKOH CHCTEMBl YCKODEHHs BCEX TOUeK CHCTeMbl paBHEI Hymw. [loatomy
ypaBHeHus (135) u (136) npuHUMAIOT BHA:

o7 = 0 (137)

=3

;i

3
—

T

YF-wE=0 (138)
n=1

3

Ypasuenus (137) u (138) ABASAOTCA MAaTEMATUYECKUM BBIPAXKEHHE NPUHYUNA BO3MOINCHOIX NepemeyeHull
(BO3MOXKHBIX MOILHOCTEMH):

Mna mozo, umobot mexanuueckan cucmema ¢ udeanvuovinu (Yyoepicusaroujumu) CMayUOHaPHbIMY €65~
3amu HAXO0UNACL 8 pasrosecul, Heo0xodumo U 0ocmamodro, 4mobol cymma nemenmapHolx pabom
8Cex AKMUBHBIX CUNL HA JI0O0M BO3MONCHOM nepemeujeruu u3 npednonazaemozo COCMOAHUSL PAGHO-
8ecus PasHANACH HYIO.

47 0O600ueHHbIe KOOPANHATHI MEXaHUUECKON CHCTEMbI

PaCCMOTpI/IM MEXaHHUYECKYI0 CUCTEMY M3 7 TOUEK, Ha KOTOPYIO HAJOXKEHBI k YAEPAKUBAKIIUX T'OJOHOMHBIX
cBsazed. Torma ans 3n KOOpPAHWHAT CHUCTEMBI BBINIOJHATCA CACAYIOMIAE YCJAOBHSA!

Fi(m, 1, 21, %2, Y2, 22, oy Tny Yny 2n, b)) = 0,

f2(3317yl72171’2;y2a 22, "'a‘rnvyn7zn7t) - Oa
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JelZ1, 00, 3 T2 02, 320 o T B 3o B) = 0.

BruGepem nepeme & KOOPLHHATH W MEPEHECEM OCTABWHECA s — 3. n — k B MPABBe YacTH YpaBHe-

HHil. [anee paspelivm MOJAYUEHHEIE YPABHEHHA OTHOCHTENBHO NEPEHX & HOOPIWHAT, & OCTAdbHBEE 5 —
nepesdoIHadHM:

Ty = Ty Gu. gy ooy s 1),
y1 = il g oo Qe £},
7 = 21{q. G2y ooy Tua 114

T — Tolgn, By eea ot )y

Ty = fa—us
b = a1,
Iy — Ha.

Takum 06pazom, KODPAHHATE BCEX TOUEK CHOTEMB! OyAYT PYHKUHAMK 3 HEIABHCHMEIX NAPAMETPOE CHOTE-
MEl H BPEMEHH.

Onpenenenne. Hezasdcumble napamerpe, OQHOIHAYHO OOPELSIAKIIHE NOJAOHKEHHE BCEX TOUEK Me-
XAHMYECKOR CHOTEMBL, HAZRRATCR o000IMEeHHBMH KOODAHHATAMP 3TOH cHeTeme, YHnceno ofofimenHex
KOGOPIHHAT ABNASTCH YHCAOM CcTENEH e E'BGEI‘CI..U,HI.

CHCTeMy MOMKHO 3aNHCaTh B BEKTOPHOM BHAE:

o = roldige,agad)in=12,..n (139)

Tpumepo:
fpumep I Tlnockuid MaTemMaTH4eckHil MAATHHE

¥
0
.’
P
A
x
Puc. B8
(JA — HepecomMbll aGcoNTHO TBEPAWH CTepHeHb, (J — UMAHHADHYECKHE [WAPHHP.
n=1
YpaeHenus ceasaei;
Tyt = Baa=0k=2)
S=3d-n—-k=1

Ecaw 3a ofofuieHHy 0 KOOPIHHATY BRIGPATE, TO HMEEM CASIYHIIIHE YPABHEHHA;
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x4 = Rcosp;ya = Rsing; 24 =0
Ilpumep I: Touka M Ha moBepxHOCTH C(ephl:
n=1%k=1.
YpaBHeHUE CBSI3H:
2yt = R
S=3-n—-k=2
Ecsiu 3a 06006111eHHBIE KOOPAHHATEL BHIOPATE ~y (IIHPOTY) U  (AOACOTY), TO UMEEM CJIEAYIOIINE YPABHEHHUS:

xy = Reospcosy;yy = Reossiny; zyr = Rsinvy
Ecau 3akoH n3MeHeHUs] 060061eHHBIX KOOPAWHAT U3BECTEH
@ = qut); g2 = @2(t); -3 gs = gs(2), (140)
10, noacrasue (140) B (139), MOXKHO HAUTH TPAEKTOPHH [BHXKEHHS TOYEK CHCTEMHI.
YpaBHenus (140) onpenensioT TpaeKTOPHIO HEKOTOPOH TOUKH B s-MepHOM npoctpaHctBe. [IpoctpaH-
CTBO (1, (2, ---, (s HA3bIBAETCS KOH(PUTYPAIIMOHHBIM IPOCTPAHCTBOM MeXaHHUeCKOU crucTeMbl. M3ydenue nBu-

JKEHUS] MEXAHHUUECKOH CUCTEMBbl MOXKHO CBECTH K HAXOXJEHHUIO TPAEKTOPHU H300parkarolled TOUKH B KOH-
(bUrypalMOHHOM MPOCTPAHCTBE.

PacemoTpum Touky M, mojioxeHue KOTOPOH ompenessieTcs Kak

M/((h + 5Q1> q2 + 5Q2> <y (s + 5QS)

0q1,0qa, ...,0q, — Bapruanuu 000OIEHHBIX KOOPAUHAT
[Tosioxkennto Toukn M’ COOTBETCTBYET PajHyC-BEKTOP

7::7 - 7::,(% + 5QI7 2 + 5q27 s (s + 6(]87t)7 n= 17 27 ey Tl
[Tpu mepemelleHHH H306paxawilell TOUKW B TOUKY ' (B KOH(UTYpalIOHHOM MPOCTPAHCTBE) TOUYKA C
MaccoH 1M, MEXaHHYECKOH CHCTEMBbl COBEpIIAET MePeMelleHHe
07y = 75 — Ty = Tpqu + 0q1, @2 + 0qa, o, Gs + 0G5, 1) — T (q1, G2, -y sy 1)

PasjioxkuM 310 BhlpaxkeHue B psif Teilsiopa:

—

0y or. .
5(12+ S 5 7”7;(@17(127---7Qs7t);
%))

or,
57, = F g t) + 215
T’n Tn(q17q27 4 )+ 8q1 g1 il 8 86]3

HJIn

o,

0y = Z (5qi (141)
Beipaxenue (141) ycTaHaBiHMBaeT CBsI3b MEXAY BO3MOXKHBIMH MEpPEMEIIEHUSIMH TOYEK MEXAHUUYECKOH CH-
CTeMbl U BapualusiMi 0606IEHHBIX KOOPAHHAT.

BoluncauM 3jeMeHTapHY0 paGoTy aKTUBHBIX CHJ HAa BO3MOXKHOM MepeMellleHrnH, ONpefeasieMoM Bbipa-
xenneM (141) :

noo, . n OF N =g
= k-0 =>_F, E T"(qu Z S B, a;n6q7
n=1 ‘

n=1 = i=1n=1

—;

158107¢ .
0A = ZQ@% (142)
i=1

rae
Qi = Z Fn aqz Z

n=1

Oy Yy
8 +F7]y 8%

Fo + P (143)
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HaselBaeTcs 0606ujennod cunoi; F,,, I, F,, —
KOODAMHATHl TOYKH C MAaCCOH my,

MPOEKIIMH BEKTOpa [, HAa OCH KOODIAMHAT, A Xy, Ly, 2y —

Onpenenenne. O600IIEHHON CUJION Ha3biBaeTcsl KO (HUIMEHT Mepen Bapuaired 06006IIEeHHONH KOop-

AWHATBl B BbIPpd2K€HUH AJA CyMM 3JE€MEHTAPHBIX pa60T BCeX dKTHUBHBIX CHJI.
Ecny Bcnosb30BaTh MOHATHE MOIIHOCTH

N:Zﬁn'ﬁzE:ZQiqz'E
n—=1 i1

E qu
TRe 4" =

(144)

— BO3MOKHas 000011eHHas CKOPOCThb, TO 0600IIEHHYIO CUJY MOXKHO ONPEAEeUTh TaK:

Onpenenenne. O600IIEHHON CUJI0H Ha3bIBaeTCs KOA(P(PHIIMEHT Nepel BO3MOXKHON 06001IIeHHON CKOpO-

CTbIO B BbIpAKEHUU AJIA CYMMBbI MOLU,HOCTE§I BCE€X AKTHUBHLIX CHJI.
PasmepHoCcTE 0606IIEHHON CHJIBL

Q] = [Fllr]

,- =t (cornacno seipaxenuio (143))

Tpumep 1
[lycte 0600611eHHAs KOOpAHHATA — AEKAapTOBA KOOPAMHATA TOUYKH.

_ _ Hm _
lg] = m, cnenoBatenbHo, ()] = “* = H(pa3sMepHOCTb CHJIbI)
Tlpumep 2

[Iycte 060611eHHAs KOOpAHMHATA — YTOJI.

[q] = rad, caepnoBarensHo, [Q] = % = (pa3MepHOCTb MOMEHTA).

48 ToxpecrtBa Jlarpanxka

BbIBOZL BCIIOMOIr'aTeJbHBIX TOXAECTB JlarpamKa :

Haiinem ckopocme mouku ¢ maccoii m,,. Iaa storo npoguddepeHnupyeM o BPEMEHH ypaBHEHHe

F;I - Fn(QbQ?a ~-~>Qsat)7

rie n=1,2,3,...,n

5 dry  d
= sy t
n dt dt ((h 42, ..., 4 )
HJTH . . . . .
V= 0ndn  OTadey | | OFadls | Oy 57Oy
Oqy dt Oqe dt Jqs dt ot = O0q;
HaKOHell
V B Z 8r,, 87‘,]
Tie ¢; = %‘% — 000061IéHHAs CKOPOCTh

(cm. O600ImEHHbIE KOOPANHATE MEXAHHYECKOH CHCTEMEL, C. H7)

oy

at’

(145)

(146)

(147)

(148)

(149)

TakumM 06pa3oM, CKOPOCTb TOUKH fABJseTcd QyHKUHeH 00061eHHbIX KOOPAUHAT, CKOPOCTEH W BpEMEHH.

J/cmopeﬂue MoUKU C MACCOLL my.

Tdt gy At Ogy dt dq, dt ~ Og, dt ~ Ogy dt
UJau
5 8V s 5)\/ 8V

28QZQZ+Z

=1

i
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oV, dg
Oqs dt

ot (150)
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Juddepennupys no Bpemenu Beipaxkernune (148), moaydaem:

g Wy [ (0R)Y o Omda]  d (O,
“ ;th (aqi>qH g dt | " ai \ ot (152)
HUJIn

LAV, & d (OF)\ . &OF,.  d (o7,

“ = ZZ;CU(@(J,-)%JF; 9g: % " @ \ o (153)

CpaBuuBas Beipaxkenus (151) u (153), noayunm

d (o7,\ 9V,
dt (8%) B dq; e
o, v,
dq; B Igs )
d (0F,\ v,
dt <0t> ot (156)

Bripaxenus (154), (155) u (156) naswiBatoTcs Tokaecteamu Jlarpanka

49 VYpasHenud Jlarpanika

Yro6bl HAUTH ypAaBHEHHUS [BHXKEHHS MeXaHUUECKOH CHCTeMBl B 00OOILIEHHBIX KOOpAMHATAaX, 0OpaTUMCs K
00ITeMy YPaBHEHHUK THHAMHUKH

S6AR 1 S AY =0 (157)

Jns o6mHOCTH He OyeM MpeanoJarate, 4TO BCE HAJNOKEHHBIE HA CHCTEMY CBSI3H SABJSIOTCH WIeaNbHBIMH.
[ToaToMy B mepByK CyMMY MOTYT BXOAUTb KaK paGOThl aKTHBHBIX CHJ, TaK H, HampuMep, paGoOThl CHJ
TPEHHsl.

[lycte cuctemMa UMeeT s CTeneHeld CBOOOAB U ee MOJOXKEHHe onpeesnsercs 0600MeHHEIME KOOPAHHATAMH
q1, G2, ..-qs. Torna

D 0A = Qidqy + Q20y + ... + Qubq.. (158)
OueBupHO cleayoliee mpeobpasoBaHue
STOAY = Qg + QYdge + ... + QYdgs, (159)

rie QY, QY ..., QY — 0600EHHbIE CHJIBI HHEPLIMH, KOTOPbIE PABHEI

QU — 32 Fu (160)
[Moacrasasis Beauuunbl (158) u (159) B ypasHenue (157), Haiinem

Q1+ OMYoq1 + ... + (Qs + QW)dgs = 0.

Tak kak Bce d¢q,0¢o, ..., 0qs MeXAy COO0OH HE3ABHCHMBI, TO MOJYYEeHHOE PABEHCTBO MOXKET BBIMOJHSTECS
TOTJAa U TOJBKO TOTAA, KOTAA KaXKJABH U3 K03(ppUuureHToB NpH 4q1,d4a, ..., dgs B OTAEIBHOCTH PaBeH HYJIO.
CrienoBaTebHO, JOMKHO OBITh

(@+Q7)=0,...(Qs + Q) = 0. (161)
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[TonydueHHBIMY ypaBHEHUSIMU MOXKHO HENOCPEACTBEHHO MOJMb30BAThCS JJ151 PelleHus 3a1a4 JuHaMuKH, [Ipe-
o6pasyeM CHauaja COOTBETCTBYIOUIMM 00pa3oM Beanunny QY. [Tocko/bKYy CHJa WHEPIMH 000K U3 TOUeK
CHCTEMBI

- B v
F = —mpay, = _mkd_tk
To mepsast u3 dopmya (160) maer
AU mkdw 87716
== o (162)

Uro6el BbIpasuTh QY uepes KMHETHUECKYH) JHEPTHI0 CHCTEMBl, Haao NpeoGpa3oBaTh MPaByK 4acTb pa-
BeHctBa (162) Tak, uToObl OHA COAeprKaja TONBKO CKOPOCTH Vi Todek cucteMbl. C 3TOH I11€/1bI0 3aMeTHM

Ipexje BCEro, uTo
AV, 0t d [~ OF ~ d (07
—_— = — L -Vi— (= . 1
JlanbHefiiee npeoOpasoBaHHe OCYIIECTBJASETCS C MOMOIIBIO CAEAYIONMX IBYX PaBEHCTB:
o7 Vi dor,  dVi
— = —_— = 164
g Oq dtog  da (164)

ﬂOKa)KeM CHaydaJla ClipaBeAJHMBOCTb MEPBOT0 M3 HHUX. Tak Kak corsiacHo

—

Tk Fk(QI>Q27~~~7q$)>

TO . . .
g A Ok, o Ok,
T
u —
Vi _ Or
dG  Oq

CrpaBesJinBOCTb BTOPOTO U3 paBeHCTB (164) cnenyeT U3 TOTo, UTO OMEPALIHH TOJHOTO AU (hepeHINPOBAHS
N0 { ¥ 9aCTHOTO MO ¢y MEepPeMecTHMBI, T.€.

don 9 di_ d
dt 8q1 N 0q1 dt N dql‘

[lopcraBus Teneps Besnunnbl (164) B (163), noayuum

2 Oq

dt 9, di

B k@ql 7%

AV or,  d (5 0V S0V d [18VE) 18V
a. — kY. — ~ a.
4, 2 94,

i (opmysa (162), ecau ydecTb, 4TO CyMMa MPOUSBOAHBIX paBHA MPOM3BOAHON OT CyMMbl, a V2 = V2,

NPUMET BUJ
dJ[ o mi V2 ) miV2 dor orT
u Bl k v Ey %9 Y2
Ql N dt {6(11 (Z 2 >} 6(]1 <Z 2 dt (3'(]1 8(/17

rne T = S myVj2/2 — KuHeTHYeCKas SHEPTUsl CHCTEMBI.
AHasorruHble BbIpaXKeHHs MOJy4aTes AJsl BCeX OCTaJbHBIX 00O0OIIEHHBIX CHJ HHepLHK. B pesyabrare

paBedctBa (161) naayT oKoHYATENbHO
d (or or
( > T g Ql?

dt \ gy
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OTH ypaBHEHUS W NPeACTaBAsAT co60d Au(depeHIHanbHble YPaBHEHUS ABHXKEHHUS CHUCTeMBl B 060011eH-
HBIX KOODIHMHATAX WJH ypaBHeHHs JlarpaHka 2-ro pona.

50 Teopusa ymapa

50.1 OnpeneneHus

Onpenenenne. SBjeHne, NP KOTOPOM CKOPOCTH TOUEK TeJa 32 MaJjbli MPOMEXYTOK BPEMEHH MEHSHTCS
Ha KOHEUHYIO BeJWUYHMHY, Ha3BIBAETCA yAAPOM. YHApHBIH MMOYJAbC

Syn = / Fyndt = FSPr (165)
0

OTJIMYAeTCs OT MMIYJbCa HEyJapHBIX CHJI TEM, YTO BPeMs yaapa T MaJjo, yAapHble CHJbl [y BEJHKH, a
Syn MpHHMMaeT KoHedHoe 3HadeHue. [lostomy usyuas ynap Gynem mpeneOperathb

® HEYIAPHBIMA CHJAMHU MO CPABHEHUIO C YAAPHBIMH,

e repeMellleHUs MU TOUEK TeJjia BO BpeMs yaapa.

Teopema 06 n3MeHeHHH KoJuuecTBa ABHKeHHs (c. 38) B caydae ynapa UMeeT BHJ

Qi—Qo=7)_5; (166)
I/IHTQFpI/IPYH Teopemy 00 U3MEHEHHH MOMEHTA (OTHOCI/ITeJIbHO TOYKH A) KOoJan4eCTBa ABHUXKEHHUSA
dK 4

- ZmA(ﬁk)a
dt -
B Ccayuae yaapa, noaydum ¢ yuetom (165)

KL — KS =" ma(Sy) (167)

50.2 VYmap marepuaabHON TOYKH O MOBEPXHOCTD

C HekoTOpO# BbICOTH H TOYKa Maccoil m MajaeT Ha MOBEPXHOCTb W OTCKaKWBaeT Ha BhicOTy h (puc. 89).

°
H L 7 0
h l 1
Puc. 89 Puc. 90

CKOpPOCTh TOUKH IPH YAAPE O MOBEPXHOCTh v, MPH OTCKOKe 0T moBepxHocTH u (puc. 90). OueBnmHo,
u <.

Onpenenenne. OTHOLIEHHE CKOPOCTEH
U
k——
v

Ha3BIBAOT KO3((HIHEHTOM BOCCTAHOBJEHHS NP yaape. Ero MoXXHO HaHTH aKcnepuMeHTa bHO. CoryacHo

bopmyne Fanunes, v = \/2gH, u = /2gh. Otcropa k = /h/H. KoauuueHT BoCCTaHOBIEHNUST MEHSETCS
B npefenax 0 < k < 1.
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50.3 Kocoii ynap

Pemnm 3agady. MarepuajibHas TOUKa MagaeT co CKOPOCTBIO ¥ HA MIAAKYI MAOCKOCThb moji yriom «. [lof
kakuM yriom [ (puc. 91) 0TCKOYHUT TOUKA OT MOBEPXHOCTH, ey KO3(D(UIIHMEHT BOCCTAHOBJIEHUS PaBeH kP
Jlns pellleHus 3afaud 3aMUIIeM 3aKOH H3MeHEeHHs] KOJHUeCTBa ABHKEHHUs TOUKM B MPOEKIHH Ha IJI0C-
KocThb (och x). Tak Kak MI0CKOCTDb IyajKasl, TOPH30HTANBHBIX CHJ ¥ UX UMMYJbCOB HEeT. 3aKOH H3MEeHeHHUs

3nech uMeeT hOpMy 3aKOHA COXPaHEHHs
miu, — mu, = 0 (168)

Tak Kak u, = usin g3, v, = vsina, TO

usin3 = vsina (169)
Mopnynu HOpMaJIbHBIX MPOEKLHE CKOpOCTel cBA3aHbl KO3 pULlneH-
TOM BOCCTAHOBJIEHUA

k = (ucos 3)/(vcosa) (170)

M3 (169) u (170) caenyer

tgB = (1/k)tga (171)
Puc. 91
[Ipu k = 0 mosiyuum [ = 7/2, T.e. TOYKA MOKATHUTCS [0 MOBEPXHOCTH (M54, OPOLIEHHBIH B MECOK).

50.4 IlenTp ynapa

Teepnoe Teno maccod M BpalaeTcss Ha OCH, 3aKpernJeHHOH Ha B noamunHukax A u B. [NopmunHuk A
HUMeeT MOAMATHHK, CO3NAIIINE peaklrio, HalpaBJeHHYO BAOJAb ocH. OmpenenuM, 4eMy paBHBl HMITYJb-
cuBHBIE peakiuu A u B npu ypape. Bruibepem ocu KOOPAHHAT Tak, uTO HEHTP mMacc C' Teja HAXOAMJCS B
miockocTd Ayz. Ilpu ynape BO3HHKHET MsIThb UMIYJABCHBHBIX PeakKIWi: Tpu B omope A u nBe B omope B
(puc. 92).

O6o03Ha49nM: @ — paccTOosiHKE LEeHTPa Macc oT ocH, AB = b — paccTosiHHe MeX1y NOALIMIHUKAMHU, w
— YIJ0Basi CKOPOCThb TeJda A0 yaapa, ) — yrjoBasi CKOPOCThb MOCJe yaapa.

<z <

Bl Se Byl

Puc. 92 Puc. 93
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7]
(8]

9]

10]
(1]

3anuwenm ypasHeHus (166), (167) B npoekuusx Ha ocH KOOpAWHAT. Tak Kak MPOEKIHH KHHETHYECKOro

MOMeHTa uMerT Buf K, = —J,w, Ky = —Jy,w, K, = J,w, T0 Noay4um
— Ma(Q —w) = Sax + Spx + Sa, (172)
0= SAy + SB@/ + Sy’ (173)
0=2S4,+5., (174)
—Joo (2 — w) = —Spyb +my(5), (175)
—Jy2(Q — w) = Speb + my(S). (176)
J(Q—w)= (b) (177)

Cocrassenne npaseix yactedl (172-177) aHasorvdHO COCTABJEHNI0 YPaBHEHHIH PABHOBECHS MPOCTDAH-
CTBEHHOH CTAaTHKH, TOJBKO BMECTO CHJ 37echb OepyTes ux umnysnchl. [llecTs HensBecTHBIX cHcTeMbl (172-
177): Sz, Say, Saz, SBe, Spy ¥ Pa3HOCTb YIVIOBEIX CKOPOCTeH (€ — w).

Haiinem ycsioBusi, mpy KOTOPBIX He BO3HHKAKT MMIMyJabCHbIE (yaAapHbIE) peakinu mapHHpos. M3sect-
HO, YTO B MeXaHMYeCKMX YCTPOHCTBaxX YJapHble DeaklMH CIOCOOCTBYIOT H3HOCY M MOTYT MPHUBECTH K
paspyLIeHHUIO.

Monoxum B (172-177): S4 = 0, Sp = 0. Us (173) u (174) cpasy e NOJyUHM, 4TO BEKTOP BHEIIHErO
YApHOrO UMIIYJlbCa S J0JIKEH JIeKaTh B IOCKOCTH, NapajiesbHOi £Ay: Sy =0, S, = 0. 3ametum, uTo0
npH S, =0, Sp =0 Bug cuctemn (172-177) He 3aBuUCHT OT BLIGOpA Havaja KoopauHAT. [lepeHecem Havaso
KOOPAHHAT [0 OCH Z TaK, YTOChI HMIyJbC S nexxan B maockoetn zOy (puc. 93). Tak kak m,(S) = 0,
m,y(S) 0, o u3 (175) u (176) caenyer, 4TO HEHTPOOEIKHEIE MOMEHTEl HHEPILIHK T€J1a OTHOCHTEJNbHO HOBBIX
ocell paBHBl HYJIO: Jy, = 0, J,, = 0. DT0 BO3MOXKHO 174 Tes, 06/Jafa0MIMX JIOCKOCTbIO CUMMeTpUl xOy.
WUz (172) npu S, = —S caenyer

Ma(Q—w) =S5,

a ua (177) umeem
J(Q —w) = Sh,

rie o6o3HaueHo h = OK. W3 nocienHux ABYX ypaBHEHHIH cpasy 2Ke MOJyUHM

- Ma’

Ha takom paccTosiHHM OT OCH BpallleHHs A0/KeH ObITb NPUJOKEH yHLapHLIH HMIYJbC, He BbI3BIBAOIIMK
YAApHBIX peakiui.
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