EH.®.06 TEOPETUYECKAS MEXAHUKA
Kypc nekuuit ansa cTy1eHTOB HEMEXAHUUECKUX
CrenuanbHOCTENR

YuebHoe mocobue mpeaHa3sHauyeHo i CTYACHTOB BedepHed W AHEBHOH (hopm
00yUeHUsT HEMEXaHWUYECKUX CMEINaIBLHOCTEH, M3yUarOIIUX TPEAMETHI. TTPUKJIIaIHas
MEXAHUKA,  MEXAHWKA, OCHOBbBI  KOHCTPYUPOBAHMS W MNPOCKTUPOBAHMA,
MPOEKTUPOBAHNUE MEXaHH3MOB U MPHOOPOB.



Jexknusa 1

Teopernueckas MexaHuKa - 3TO HayKa 0 HamOomee OOWIMX 3aKOHAX MEXaHWde-
CKOT'O JIBXKEHHUS U PABHOBECHS MaTEPHAJIbHbIX OOBEKTOB.

OCHOBHBIE TIOHATHA W ONPEOCTIEHUS TEOPETHUECKOH MEXAaHWKH BO3ZHHKJIA Ha OC-
HOBAHUM MHOTOUYNCIIEHHBIX OMbITOB W HAOMOACHUH HA SBJEHUAMH NMPUPOJLI C TO-
CNeayromnUM adCTparnpoBaHUEM OT KOHKPETHBIX YCIOBHH Ka)xxaoro onsita. B teope-
THYECKOH MEXaHUKE MONb3YIOTCA MpeAcibHbIMU  A0CTPAKLUUAMU: MaTepHallbHAS
TOYKA W adCOMOTHO TBepaoe Teno. [IpuBeacHHbIe abCTpakUMK MO3BONAIOT H3Yy4aTE
camble OOLLUME 3aKOHbI MEXAHMUYECKOTO ABMIKEHWA, UTO U COOTBETCTBYET OCHOBHO
3a/1a4€ TEOPETHUECKOW MeXaHUKH. TeopeTHiecKas MEXaHnKa ABJIAETCA OCHOBOH IS
M3YUEHUA TAKUX AMCLUMMJIMH KaK COMPOTHUBACHUE MATEPUANIOB U ACTANIA MALLKWH.

Kypc TeopeTHueckoil MEXaHUKH COCTOMT M3 TPeX YacTei: CTAaTUKH, KHHEMATHKHU V
AUHAMUKH.

CraTHka — pa3fien TeopeTHYecKoil MEXaHWKHU, B KOTOPOM M3yuyaeTcs CTaTHYeCKOE
PaBHOBECWE MATEPHAITBHBIX TEIT, HAXOAALIWXCA MO ACHCTBHEM MPHIIOKEHHBIX K HUM
CHII.

OCHOBHBIE TIOHATHA CTATHKH:

I. Ecnu HekoTOpoe Teno He nepeMeliaeTcs Mo OTHOLIEHHIO K APYromy Teny, TC
TOBOPAT, YTO MEPBOE TENO HAXOAUTCHA B COCTOSSHAM OTHOCHTENBHOTO PaBHOBE-
cus. Teno, N0 OTHOLUEHUIO K KOTOPOMY PaccCMaTpUBAETCA PABHOBECHE APYTHX
TEN, Ha3BIBAETCA TETTOM OTCUETa.

2. JiobGoe Teno noa AcHCTBUMEM MPUIOMKEHHBIX K HEMY CH U3MEHSET CBOM I€O-
MeTpHueckHne pa3mepsl u dopmy, T.e. nedopmupyerca. B teoperuueckoii me-
XaHUKE 9TH JAe(OpMALMU HE YUMTBIBAKOTCA M PAcCMaTPUBAIOTCA TONbKC
Henedopmupyemblie — aGCONIFOTHO TBEpAbie Tena. Teno Ha3biBaeTest aOCONIOTHC
TBEPAbIM, €CJIM PaCCTOAHUE MEKAY €0 JObIMU ABYMA TOUKAMU OCTAETCA MO-

CTOAHHBIM.



. Mepoii MEXaHWUECKOrQ B3aWMOJICHCTBUS Te sBisieTest cuya. Cuna — Beju-

YHMHA BCKTOPHAA, OH4d XapaKTCpH3YCTCA TOUKOH MPUITOKCHW A, HATIPABJIICHUEM H

mosayiiem (puc. 1.1). EavHuna usmepenust Cuilbl — HbIOTOH

(H). f:/

COBOKyHHOCTL CHII, HGﬁCTByIOHlHX Ha KakKoe-JTHOO TCJIO,

Ha3piBaeTcsT cuctemoi cwia. OOo3HauaeTcss CHCTEMA CHIT Puc.1.1

{F, F,, F,, .. F, } —cuctema, COCTOAIIAs W3 N CHIT.

[
s

YPaBHOBEIIICHHON, WKW PKBUBAJICHTHONH HYJIIO, CUCTEMONH CMJ1 HA3bIBACTCA Ta-
Kasg CHCTeMa CHII, KoTopas, Oyayuu NMpHIOKEHHOW K TBEPAOMY Tely, HE Hapy-
LIAET €ro COCTOSIHUA. TO €CTh, €C/IM HEKOTOPOE TEO HE U3MEHSI0 CBOE MOJIO-
KEHWE OTHOCUTEJIBHO TEIA OTCUETA /10 TMPHIIONKECHHS YPaBHOBEIIICHHOW CHC-

TCMbL CUJ1, TO OHO HC M3MCHHUT CI'0 M HOCJIC NPHIOKCHHA K HCMY 3TOU CHUC-

tembl. O00O3HAuUACTC YPABHOBEUICHHAs cucremMa cun Ttak: {F, F., F|,
... I' }<=>0 (<=> - 3HaK Y)KBUBAJICHTHOCTH ).

Ecim k HekoTOpOMY TeNny mMpwiiokeHa cucrema cwir (K, 7L, K, .. F 1 WK
HeMy MPHKIAALIBAEM ellle OJHy cucTeMmy cull {0, 0,, Q.. ... }, Takyw, 4TO

BMECTE ¢ TIEPBOI OHA OYJ/IET COCTABJIATH YPABHOBEIIEHHYKY CHUCTeMy CHIl. B

yrom cirygae cucremy {0, O,, 0., ...0, }Ha3RIBalOT YPaBHOBEITHBAKIIEH

3 a

CUCTEMOM cua. Ecnu ypaBHOBELIUBAIOWIAA CUCTEMA COCTOMT M3 OJHOH CHIbI
(0, TO 3Ta CUJA HA3BLIBACTCA YPABHOBCIUMBAIOLWICH CHIION A/ CHCTEMbl CHIl

{F.F,, F, .. F}

"

Ecim kaxjas w3 nByx cucrem cun S F, £, F,, . FEYw {0, O,, 0., ...0,}
YPaBHOBELIHBAIOTCA OHOM W TOH ke cucTeMoi cun {P ., P, P, ... P}, 1O
NCPBHIC JBE CHCTEMbl CHJI DKBUBAJICHTHbI MEKay coboit {F,, F,, F,, ...F,}
<=>{0Q,, 0., 0,, ...Q,}. BeIBOI: 3aMeHa CHCTEMBI CHJI, IeHCTBYIOIIEH Ha Telo,

CHCTEMOM €M HPKBUBANCHTHOH HE H3MEHSET COCTOAHHA, B KOTOPOM HAXOIHTCA

JIAHHOE TEJIO.



8. Ecnu cuctemMa CH 9KBUBAJICHTHA OAHOMK CHUl¢c, TO 3Ta CHUJId HaA3bIBACTCA

PaBHOICHCTBYIOWIEN JAHHOHW CUCTEMBI CHUIJL.

AKCHOMBI CTATHKH

Axkcuoma 1. CoboaHoe abCOMOTHO TBEPAOE TENIO HAXOAWTCS B PABHOBECHH
noA ASHCTBHMEM ABYX CHWJI, TOTAA M TOJbKO TOrAd, KOraa Cuibl ACHCTBYIOT MO OAHOH

MIPSAMON B MPOTHBOMOIOKHBIE CTOPOHBI H HMEKOT PABHBIE MOIYIIH.

Akcuoma 2. JlelicTBHe NaHHOH CHUCTEMblI CHJI HA abCOJIFOTHO
TBEPAOE TENO HE U3MEHUTCA, €CIIM K HEH MPUCOSAUHUTL UM OT

HEC 0T6pOCl/ITb CUCTCMY CHJ1 3KBUBAJICHTHYHY HYIIHO.

LR F L <= R, L FL 0,0, 0, .

{0.0..0,,...0,} <=>0

Akcuoma 3. JIBe cuIbl, NPUIOKEHHbIE B OJHOM TOUKE Teja, IKBHBAJEHTHbI
PAaBHOACHCTBYIOLWICH, MPUIOKEHHOH B TOM e TOUKE W ONPEAC/IAeMOM KaK AMaroHab
napaJijiesaorpaMMa, ToCTPOSHHOIO Ha CHJIaX KaK Ha CTOPOHAX.

{FL T <=>R

N

I

R
Puc. 1.3
Axcroma 4. Cunbl B3aUMOIEIHCTBUA IBYX TEN PABHBI 110 BEJIMYHUHE H HAMTPABJICHBI
010 OAHOM MPAMON B OPOTUBOMONOKHbLIE CTOPOHKL.

Teno naszeiBaeTcst CBOOOAHBIM, €CITH €70 MEPEMELICHHUA B MPOCTPAHCTBE HHUEM HE

OrpaHUYCHEI, Ecnu na NepeMelICHUC TOUCK TC1a HaK/1aAblBAKOTCA OpaHHUUCHNUA, TO

TENO  HA3bIBACTCS  HECBOOOAHBIM — WITH CBA3aHHBIM. MaTepnaanbIe TENA,

OrpadHHYHBAIOIIUC MEPECMCIUCHUA HAHHOIO TCId HA3bIBAKOTCA CBA3AMH. Cuna, C



KOTOPOH CBA3b ACHCTBYET HA JaHHOE Teno, HasblBaeTed peakuueid cpazu. Cuna
ACHCTBYET HA CBA3b, 4 PCAKLUS CBA3HM HA TENO.
AxcuoMa 5. (AkcHoMa OCBODOKIEHHSA OT cBsA3el). ParHoBecHe Tema He
HAPYLIWTCS, €CIM HATOKEHHBIE HA HETO CBA3H 3aMEHUTL PEAKLUAMU CBA3CH.
Axcuowma 6. (AkcHoMa 0 3aTBep/eBaHun). PasHoBecHe AeOpMHPYEMOTO Tesia He
W3MCHUTCS, €CIM HA HEro HAJOKMUTL JONOJHUTEAbHBIE CBA3M WIW OHO CTAHET

a0COJTFOTHO TBEP/BIM,

CaencTBUS H3 AKCHOM

Cneacteue 1. Cuny, NpHIoXeHHYIO K aOCOMIOTHO TBEPIOMY Tely, MOXKHO
NEPCHOCUTE B JIO0YIO TOUKY ¢¢ JUHUKU AcHCTBUA. [Ipu sTOM ACHCTBUE CUIIbI HA TEIIO
HE W3MEHUTCS,

JlokazaTenbCTBO:

[lycTe Ha TBepHOe Teno AeHcTBYET cuma I, IpUIokeHHas K Touke A (puc. 1.4).

[Tpuosxxknm B HekoTopoOii Touke B nuHnu aelicTBus

cumel F cuecremy cun {5, I} <=> 0, uro
JOTIyCKaeTest Ha OcHOBaHMM Axcuombl 2. Tlpumem 1)

F,=F=F,. B pesyaprare mnojyuyum CHCTEMY CHJI

([, I} <=> T

fl
135 2

o

Puc. 1.4

1 Z

3amerum, uto {77, I} <=> 0, HAa OCHOBaHWH

aAKCHOMBI 2 3Ty CUCTEMY CHJT MOKHO oTOpocuts. [Monyuaem F <=>{F F F }<=> F.

[

—_

Boipoa; Cuna ABAACTCS CKOAL3ALUIMM BEKTOPOM.

Crneacteue 2. TeopeMa o HeoOXOOHMOM YCIIOBHM PaBHOBECHA Tena,
HAXOAAIIMMCA NOJ ACHCTBMEM TPEX HENAPAUICIbHBIX CUJI, JICHKALIUWX B OAHOH
TIOCKOCTH.

Ecnn cBoboanoe T€10 HAXOAUTCSA B COCTOSHHUM PABHOBECHUA MO ACHCTBMEM TpeX
HENMAPAJUIEIIBHBIX CHIL, JICKAIUX B OJHOW TJIOCKOCTH, TO JIMHUM JSHCTBHS 3THX CHJT

[IEPECEKAIOTCA B OJHON TOUKE.



JlokazaTenbCTRO:
IlycTh K TENy NPUIOKEHB TPH cuibt F, F, F, (puc. 1.5). {F,F,,F.} <=> 0. Tlo-

CKOJIBKY JIMHHH JEHCTBUS CHI HETIapallICIbHBI, TO moObIe JBE U3 HHX (HyCTB E 151

F,) mepecekyres B Hekotopoit Touke Q. TMepenecem Fyu Fy B Touky O u 3ameHnm

3TM CHITHI paBHOAeHCTBYomeH R . [Monyuum {F,F, F} <=> {R, F,}, a anst Tor0
YTOOBl  TENO HAXO/HIIOCh B PABHOBECHH, HEOOXOJMMO

BbILIOJIHCHUE YCIOBUA: R = F,, U OHH JOJKHBL OBIThH 7

1
HalpaBlI€Hbl MO OJHOH TPAMOH B TNPOTHUBOIOIOKHEIE "‘
croponbl.  To ¢cTb aMHMA ACHCTBMA CUIIbl F, JOIKHA
MPOXOINUTH Yepe3 TOUKY NepeceueHus TUHUNA JeHCTBUA CHUI R

" Puc. 1.5

=
2T

Jexumsa 2
Bl CBsI3eil 1 UX peakuum

TTpu pereHrn TEeXHUYECKHX 33/1a4 BO3HHKAET HEOOXOJMMOCTh MOUCKA Peakini
pasnmUuHBIX cBA3ei. OOIee mpaBHIIo, KOTOpoe cleAyeT NPHMEHAThH, COCTOHMT B
CICYIOUICM: €CJIM OrPAHUYMBAIOTCS NCPECMCIICHUA KAaKOH-NMOO TOUYKU Tena, TO
peaKklHio claeayeT TPHUKIAABIBaATh B 3TOH TOUYKE B CTOPOHY, MPOTHBOMOIOXKHYIO

HAanpasBJCHUIO, B KOTOPOM OrpaHH4YHUBacTCA MICPCMCIICHUC.

OCHOBHbBIC THIbI CBA3CIH:
1. Tinankas noBepxHOCTh HIIH onopa. [ JIaJIKOW CUHUTAETCS TMOBEPXHOCTh, TPEHHUEM O
KOTOPYIO MOXKHO mpeHedpeub. Peaknua raaakold mOBEPpXHOCTH CBOAUTCA TOJNLKO

K peakiHH AN , HampaBIeHHOH MO O0O0IIed HOPMaTH K KOHTAKTHPYIOIUM

NOBEPXHOCTAM, B TIPESANOJIIOKEHHH, UTO 3Ta HOPMaJhk cymecTByer (puc. 2.1.a).

Ecnu obmeit HOpMAaJIH HC CYIONCCTBYCT, TO €CThb OAHa H3 HOBerHOCTCﬁ HMCECT



VTJIOBYIO TOUKY WA «3a0CTPEHAE», PEAKIIAs HAMpaBJieHa TIO HOPMaJIA K JAPYToi

NoBepxHOCTH (puc. 2.1.0).

N Ry
o B
R, \
N
N
TN~
A
Puc.2.1.a Puc.2.106
2. lllepoxoBatad mTOBEPXHOCTH - ATO TMOBEPXHOCTH TPEHHUEM, TI0 KOTOpOH

npenebperars HeNb3d. Peakuusa R IepOXOBATOMH MOBEPXHOCTH CKITAABIBAETCS H3

HOPMaNbHOW peakuuu N W cuwibl Tpenuss F_ . (puc 2.2). Moayas R

nip *

onpeaenaeTcs no gopmyne:

R=N+T} . (2.1)

A= A G S v A v
an

Prc. 2.2 Puc. 2.3

3. I'mbkasa cBaA3p. K 3TOMY THTY CBA3M OTHOCATCA CBA3H, OCYUIECTBIISAEMBIE C
MOMOIIBIO 1IENH, TPOCa, KaHaTa U T. J. Pcakuua Takoil cBA3M BCErja HampapicHa
BJIOJTh CBsI3H (puc. 2.3).

4. lNunuuapuueckuid wapuup (puc. 2.4) n
TTOJUTTHTTHAK (onopa B puc.2.5).

]_lI/IJ'II/IHI[pI/IIIeCKHM ITapHHUPOM HA3BIBACTCA

COEJIMHEHWE JIBYX Win Oonee Tejl TiO-

CpcACTBOM HUWIHHAPHYCCKOI'O CTCPIMKHA, TaK

VAV AV AV A A 4

HA3BIBAEMOIrO  TAJbIQA, BCTABIEHHOTO B
Puc. 2.4

OTBCPCTHA B 5THX TCIIaX. ]_[I/IIII/IHI[pI/IIIeCKI/Iﬁ



LIAPHUP MPENATCTBYET NEPEMCILCHUIO MO JIIOOOMY HAMPABJICHUIO B IJIOCKOCTH

XOY. Peakinss R HEMOABHYKHOTO UMJIMHAPWUYECKOTO IMApHHWpa (IIapHUPHO-

HENOABUKHOH Oﬂopbl) IpeacTap/IACTCA B BUAC HCH3BCCTHLIX COCTABJIAIOIIUX E,[ 141

R,_,, JIMHUK OCHCTBUA KOTOPbLIX IIapallJIC/ibHBI UJIK COBIIAJ4al0OT ¢ OCAMH KOOPAHUHAT

(puc. 2.4).

5. llopnsatuuk (omopa A puc. 2.5) u chepuyeckuii wapuup (puc. 2.6). Taxoi Bupg
CBSI3W MOYKHO TIPEJICTABUTH B BUJE CTEPIKHS, UMEIOUIET0 Ha KOHIE CepUIecKyIO
NOBEPXHOCTh, KOTOpas KPEmUTCs B OMNOpe, MNPeACTaBIAionieid coboi 4acThb
chepuueckor nojoctu. Cheprueckuid APHUP NPEMHSTCTBYET MEPEMEIICHHIO 110
IH000MY HampapJICHUIO B MPOCTPAHCTBE, MOYTOMY PEaKIMsl €ro MpPeaCTaBIIeTCs B

BHAE TpPEeX COCTaBIAIOIIMUX R, K, R, N*apauieJbHBIX COOTBETCTBYIOIIUM

- - gy

KOOPAUHATHBLIM OCsIM.

' Z
Ba Ry
R,
Ne
Rav ?Y I'
Steor = Puc. 2.6
HC. 2.

Puc.2.5
6. IlapHupHO-OABMKHAA OMOPA. DTOT BHUJI CBSA3U KOHCTPYKTUBHO BBITIOJHAECTCS B

BHE UWJIHHIAPHYECKOTO IIAapHHpPA, KOTO- \
s R
pbili  MOXKET CBOOOAHO TMEPEMEIAThCA Yo A f{
By
B/10JIb MIOBEPXHOCTH. Peakius mapHUpHO- T

MOJABHIKHOM OIIOPblL BCCI'Ja HaIlpaBJICHA A

NEPNEHAUKYIAPHO OMOPHONW MOBEPXHOCTH

(omopa A puc. 2.7).

7. HlapHUpHO-HENOABUIKHAS ornopa.
Puc. 2.7



Peakitns R IAPHUPHO-HETIO/BHIKHOW  OMOPBI  TIPEJACTARJIAECTCS B BUJIE
HEW3BECTHBIX COCTABJIAIOMMX R, W R , TMHUN JEHCTBHA KOTOPBIX TIapajuTebHBI
WIH COBMAAAIOT ¢ OCAMM KoOpauHat (onopa B puc. 2.7).

8. HeBecomerit crepikerb (TIPAMOJTHHEHHBIH WITH KPWBOJIMHEHHBIH ), 3aKpeTUTeHHBIH

Mo KOHLIAM IIapHHPaMH. Peakuma Ttakoro CTCPAHA ABJIACTCA OHpGHGHGHHOfI Hu

HaTpaBJieHa BAONb JIMHWH, COSTUHSAIONISH 1ISHTPHI IapHUPOB (puc. 2.8).

-
"~ _ R Ry Y
A R, Ry, B X u;— “ A Mpa
4
Puc. 2.8 Puc. 2.9

9. Kecrkaa 3amenka. 3170 HEOOBIUHBIH BHI CBA3HW, TAK KAaK KPOME TMPEMATCTBHSA
nepeMeIlcHHI0 B TIOCcKOoCcTH XOY, JKecTkas 3aJeNKa NpenaTCTBYET MOBOPOTY
cTepxHs (0asikn) OTHOCUTENbHO TOUKK A, TIosTOMY peakius CBsA3W CBOAMUTCS
He Tonbko K peakuud R (Ras, Ryy), HO M K peakTuBHOMY MOMEHTY M, (pHc.

2.9).

IL1ockas cucremMa CXoAsIHUXCH CHJl

Cuctemon CXOAAIIHXCA CHII HA3bIBACTCA CHCTCMaA CHJI, JIMHHH, JCHCTBHA KOTOPBIX

NEPECEKAOTCS B OJIHOH TOUKE. ITY TOYKY HAZBIBAFOT TOYKOHW CXO/A CHIT.

FCOMCTPI/I‘ICCKHﬁ METOA CJIOKECHHA CHJI

Teopema. CucremMa  CXOOAMIMXCA CWUJI  Ha  TJIOCKOCTH  SKBWBAJICHTHA
PABHO/ICACTBYIOLIEH, MPUIOKEHHOM B TOYKE CXO/JQa U PABHOM TE€OMETPHUYECKOH
CyMMe CHJI.

JlokazarenbCTBo:

[lycrs {F, F,, F,, ... F,} cucrema cxojsumxcs cui, a touka O — touka cxosa

(puc. 2.10). Ilonb3yAch AaKCHOMaMH CTaTHKH, MPHUBCACM CHCTEMY CHJI K TOUKE CXOJa,



W 3aMEHNM CHCTeMY CWJT { I, I} <=> R, TO ecTb momywnm {7, I+, I, ... F, } 3K-

) 3

BUBANICHTHYIO { R, F., F.

, ... F ). 3arem 3amenvim { F,, F,} <=> R, H T. ., B UTOTE

[or)

HOYYHM OAHY CHIY, MPHIOKeHHYIO B Touke O, o ectp { I, I,, I, ... I,

33

Puc. 2.10

AHAIUTHUYECKHIA CTIOCO0 HAXOM/IEHHUS PABHOACHCTBYHOILIEH

["'eomeTpudeckuii cnocod HAXOKASHUS PAaBHOACHCTBYIOMIEH CUCTEMBL CHIT COTIPSA-
EH C ONpeleNieHHbIMH TPYAHOCTAMH, OCOOeHHO B ciaydae OObIIOro 4Wcia CHll.
[ToaroMy NpeOYTHTEIbHEE AHANIMTHYECKHIH METO]T HAXOK/IEHHS PABHO/ICHCTBYIO-
LLCH.

Ilycrs {7, F,, F,, ... F,} cuctemMa CXOMALIMXCA CUJI HA IUIOCKOCTA MMCET PABHO-

aeictBytomyo R . Obo3nauuM yepe3 R, M R, MPOEKLUMH 3TOH PaBHOJCHCTBYIOLIEH
Ha ocH cucremsl koopamHar XOY, avepes X, ¥, X,, V.5 ... X,, ¥, ; NpOeKuMH cri

I, I, I, ... I, Ha Te ke ocH. M3 MaTeMaTHKH H3BECTHO, UTO MPOEKIHA CYMMEBI BEK-

TOPOB HA KAKYK — JIMOO OCh paBHa ajreOpanueckoi CyMMe NPOESKIMH CliaragMbix

BCKTOPOB Ha TY JKC OCb. Torga:

R=X+X,+X, . . +X =YX,

) ! (2.2)
R =Y, +Y,+Y, +¥, => ¥, .
i=1
Moayns paBHOAEHCTBYIOWIEH PABEH:
R= (2.3)

10



Hanpasastoume kocHHYCH BekTOopa R MoxkHO HafiTH TIo hopMyTiam:

X

COsSxx =

5

(2.4)

N

¥

cos ff =

V¢noBue paBHOBECHS CHCTEMbBL CXOJALMXCA CHJ1 B F€OMETPHUECKON U aHAJIMTH-
yeckoi opme.

B reomeTpuueckoil (hopMe: nnA paBHOBECHA CBOOOJHOTO TBCPAOro Tela, HAXO-
JATIETOCS MO AeHCTBUEM TUTOCKOH CXOAAIIEHCS CHCTEMBI CHIT HEOOXOIMMO U I0CTa-
TOYHO, YTOOBI CHJIOBOH MHOTOYTONBHHK OBLIT 3aMKHYT (PacCMOTpPHM Ha NPHMEPE

IJIOCKOM cxosneiica cucremel cun {F, F., F,, F,} (puc. 2.11).

Puc. 2.11
B ananutuueckol dopme: Jna papuoBecusa ¢BoOOIHOrO TBEPAOro TEa, HAXOMA-
MIETOCS IO AEHCTBHEM TUTOCKOH CXOAIIEHCS CHCTEMBI CHJI HEOOXOJMMO W jI0CcTa-

TOYHO, YTOObI CYMMA MPOCKUMH BCEX CHII HA KAXKAYIO U3 OCCH paBHANACDH HYIIIO:
> X, =0,
=1

. (2.5)
ZY, =0.

Jlexnuga 3
MoMeHT CHJIbI OTHOCHTEILHO TOYKH

Pacemotpum cuny F u Touky O, HE JICKAILYIO HA JIMHUA JCHACTBUA CHIIbI (PUC.

3.1). U3 rouxku O onyCTHM NEPNIEHAMKYIISIP HA JIMHHIO ASHCTBHS cHIThl. JTHHA 3TOrO

11



MEPNEHMKYJIAPA /1 HA3BIBAETCS TNIEYOM CHJIBI OTHOCHTENBHO Toukn O. OueBu/1HO
CWIa / BBI30BET BPAILEHWE Tella OTHOCHTENBHO Toukn . Bpamarensuenii sdpdext
ACUCTBUST CUJIBI HA TEJIO MO3KHO ONPE/ICINTb KaK anredpanuecKkuii MOMEHT CUJIbI OT-
HOCHTEITBHO TOYKH

M (F)=+Fh. (3.1)
MoOMEHT cuabl 7 CUMTAETCS MOIOKUTENbLHBIM, €CJIM CHIA CTPEMHUTCA MOBEPHYTH

ILIOCKOCTL, B KOTOpOﬁ OHa JICHKUT, ITPOTHE HAITPABJICHWA IBHIKCHHA qacoBOH CTPCIIKH

BOKPYT OCH, NEPNEHAMKYISIPHON 3TOH MJIOCKOCTH U MPOXO/sIeh yepes Touky O.

“lo

Puc. 3.1
MomeHT CHIBLI OTHOCHTEJ/ILHO OCH

Bpamarenbubii  >ddekT ACHCTBUA  CUIbL  HA  TENO  OTHOCUTCIBHO — OCH
OTIPEASITSIETCS MOMEHTOM CHJTHI OTHOCHTEJTBHO OCH. MOMEHT CHITBI OTHOCHTEITBHO
OCH HAXOJAUTCA MHAYC, YEM MOMCHT CUJIbI OTHOCUTCIILHO TOUKH,

AnreOpandeckiii - MOMEHT  CHJIBI  OTHOCHTEJIBHO HEKOTOPOW OCH  PareH
anrcOpanuccKoMy MOMEHTY MPOCKLMM CUJbl Ha IJIOCKOCTb, MNEPHEHANKYJIAPHYIO
OCH, OTHOCHTEJILHO TOUKH MEPSCEUSHUS TITOCKOCTH ¢ OCBIO (pHc. 3.2).

[1papHumo HAXOKISHHS] MOMEHTA OTHOCHTEITBEHO OCH:

1. HeoGxoauMmo crpoenupoBaTh CHIAY /@ Ha IUTOCKOCTH O TEPIEHIUKYISPHYIO

OCH Z.

2. TloacuutaTh MOMEHT IIPOCKIIUH CHIIBI ]?a OTHOCHTCIIBHO TOYKH IICPCCEUCHHA

OCH C TUIOCKOCTBH)

M_(FY=+F h. (3.2)
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MOMEHT CHJIBl OTHOCHUTEILHO OCH CUMTAETCA MOJIOKHUTEJIBHBIM, €CJIH IMPH B3IJIA0C

C MOJIOUTENBHOTO HANpPaBICHHUS OCH MPOEKUMA CHUJIbL [, CTPEMMTCA MOBEPHYTh

TEJIO OPOTUB YaCOBOU CTPE/IKU.
Axcuoma: cuia, MapayuieNbHas OCH, M CHINA NEPeceKaromas ocb, HE CO3JAK0T
BPALLIEHUA OTHOCUTENILHO ITOH OCH, TO €CTb MOMEHTbI TAKMX CUJ OTHOCUTENBHO OCU

PaBHbI HYJIHO.

Ilapa cni1. MoMeHT mapsl CUJI HA TLUIOCKOCTH

MMapoit cun HasbiBaeTcs cucTeMa ABYX cuil /W F'(puc. 3.3), NPUIOKEHHBIX K
TBEPAOMY TENY, YIOBIECTBOPAIOLIAS CISIYIOIHM YCITOBHAM:

1. JIuHuu aeicTBUA CUl napasiesibHbl.

2. Moaynwu cun pasHel (/= /).

3. HanpaBnenus AeHCTBHS CHIJI IPOTUBOMNOIOKHBI.

[lnoCKOCTb, HA KOTOPOH NEXKAT JIHHUW ACHCTBUA Mapel A

CHJI, HA3bIBACTCA MIOCKOCTBIO ACHCTBUA mapbl. PaccTosHue I L ;
h MeXIay NHHHUAMH NeHCTBHA CWT J© M [ Ha3bIBAeTCA ¢
nneuom napel. COBOKYMHOCT NMap, NPUIOKEHHBIX K Tefy, B
Ha3bIBAETCA CUCTEMOH map. Prc. 3.3

[Mapa cun, OpPUNOKEHHAA K TeAy, CTPEMMTCA COOOLIMTbL €MY HEKOTOPOE

ppailieHHe. BpamarenbHbiii  3dibekT mapbl  xapakTepu3yeTrcss €€  MOMEHTOM.

13



MoMeHTOM mapbl CHJ1 Ha3blBaeTCA NMPOW3BEACHHE MOAYJSA OJHOH M3 CUJT Mapel HA ee
NJICU0, B3ATOE CO 3HAKOM «+» HIH «—»
M=+Ih. (3.3)

MoOMEeHT mapbl cyMTaeTCs MONOXKHUTENbHBIM, KOT/A Mapa CTPEMUTCS NMOBEPHYTH
TENO NPOTHB XOAA YACOBOH CTPENKHM, U OTPULATEALHBIM - KOr4a Mo XOAY 4acoBO#H
CTPeJIKH.

Teopema 00 »kpuBaneHTHBIX nNapax. /JBe mnapbl CHAN, JEKamMe Ha OAHOW
MJIOCKOCTH W HMEWLIHe paBHble ajredpanvyeckde BeJMUWHbI MOMEHTOB,
YKBHBAJICHTHBI.

JlokazarenbCTBo:
Mycts (F, F'Y w (F, F') — naBe mapel CWJl, JIeKallHE B OJHOW NJIOCKOCTH W

UMEIOLLME PaBHblE MOMEHTH M( I, I7') =M(T;, F'). IIpoaomKuM JMHUKM AeHCTBUA

cwi miepecedenus apyr ¢ apyrom (puc. 3.4). [eperecem cumbl 5 w F' 1o THHWAM

ACHCTBUA B TOUKU A U B U paznokum kaxkayro U3 HUX Ha cocTassatowue. [lonyuum:

{F, K'Yy <=>{F, F,' F, F'}. U3 noctpoenns umeem F,=-1.', F;=-F', taKk kak F,

W [, HanpaeIeHbl IO OOHOMN mpaMoit, To {1, ') . <=>0,a {1, I'} <=> { I, I'}.

a
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JIOKakeM SKBUBaNEHTHOCTb map (7, ') u (I, I'). Ana 5TOro A0C¢TaTodHO

nokazathb, uto /=7 . [lneun nap (7, I.')y v (I, F') paBHbl; MOMeHT miapel (F, F')

\‘"

YHCIICHHO PaBeH yABOSHHOW rmomanw Tpeyronsiuka ABC, a momenT mapsr (7, 17')
— yaBOeHHOW muiomann TpeyronbHuka ABD. Ho miowaau »>THX TpeyronbHWKOB
PaBHbI, TaK KaK Yy HUX OO0LLEE OCHOBAHUE M PABHbIE BbICOTHI, OMYLUCHHBIE U3 BEPLUWH
C u D, to ectb I5h—1hy, Ho Tak Kak Fh—1'hy, To I5h—1h, cnegosarensuo, F=1",
torma (F, Iy <=> (F,, F,Yyn(F, F'y<=>(F, I").

CrneactBus U3 TeopeMbl 00 3KBUBANEHTHBIX Mapax;

1. Tlapy cHI MOXKHO NMEPEHOCHTD B JTHOO0E MECTO MIOCKOCTH €€ ACHCTBHS.

2. Jle#HcTBUE Mapbl CUJ1 HA TEIO HE U3MEHUTCA, €C/IM U3MEHUTb 3HAUEHUA MOAYA

CHJIbI U TIJIEYa, OCTABJISSA BETHUUHY MOMEHTA MPEyKHEH.
3. [Mapy cua MOXKHO MEPEHOCHTL B IUJIOCKOCTb, NapaISNbHYH MNJIOCKOCTH
NEUCTBHA.

Teopema o cnoxeHun nap cua. [lapsl cun, nexalliue B OAHOR NIOCKOCTH MOXKHO
CKJIaZbpIBaTh. B pe3ynbTare clOkKeHWs MojydyaeTcs Jiexanas Ha TOH Ke TUIOCKOCTH
napa CwJ ¢ MOMEHTOM, PaBHBIM anredpandyecKol CyMME MOMEHTOB CIIaraéMeIX nap.

JlokazaTtenbCcTBO:!

Jokaxem mis asyx map. [lyets (F, F,') u (F], F') — napsl, Jexaiide Ha OJIHOM
MJIOCKOCTH U UMerole MoMeHTol M= [ u My= ['5h;. BosbMeM Npou3BOSIbHBIIA
otpe3ok AB=/ (puc. 3.5). Ha ocHoBaHMM TeopeMbl 00 9KBUBAICHTHLIX Mapax MOMKHO

3aMEHHTb BBEAECHHbIE Tapbl SKBUBANEHTHbIMM UM napamu (5, ') u (F, '),

Co— IMll;lI"_l — |M3|

UMEIOWNMH  TITIeH0 /. F, - CnoKHB CHIBI B TOYKE A, TOIYYHM

F=F+F;BTouke B=F'=F'+F,; IF=-]".
M=Fh=(F,+F)h=Fh+Fh=M +M,.
Cnpaseanueo A 1000ro 4ucna nap:

(3.4)

i

My =M, +M, . +M,=>M,.
il
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14,] h,' 1*”,' 1"4

Fs

’ hs £y

Puc. 3.5

PasHoBecue pbiuara

Pertarom HaseIBaeTCst TBEPOE TEIO, BPAIAMOIIEECT BOKPYT HEMOABWKHOW OCH 1
HaXoAAIIeecA TMOA OSHCTBHEM CHII, JISKAIIUX B TUTOCKOCTH TEPNEHAMKYIAPHOH K
5Toi ocu. Ecnu Ha pelyar ACHCTBYET CXOMAIIAACA CHCTEMA CUJl, TO PAaBHOBECUE
pbIuara JOCTHTAeTCA, KOTJa JTUHHA AEHCTBHUS PaBHOACHCTBYIONIEH MPOXOIUT depes
Touky O (puc. 3.6), a anrcOpanuecckas cyMMa MOMEHTOB MPUIOKCHHBIX K HCMY CUJ

OTHOCHTEIBbHO Touku (O PaBH4 HYIIIO!

F.h, = Fh, (35)

PaCCMOTpHM cnyqaﬁ, KOTrda Ha pbIdar HeﬁCTByeT CHCTCMd TIapaJlICIIBHBIX CHII,
JICHKALLKMX B OJHON IJIOCKOCTH, le’lﬂo}l{eHHa}I K pbiHary CUCTCMa IapaljlC/ibHblX CHII

MOskeT OBITh TIPHBEIEHA WIH K OJAHOH paBHOIEHCTRYIOLIEH, HITH K TIape.




k n
Cnoxum BCE CHWJbI, HANPABJICHHBIE BBEPX: R=D> F, W BHU3 R'=) F,
i=1 i=1

COOTBETCTBEHHO., Halith TOUKM NPWIOKEHHsT PABHOACHCTBYIOIMX MOKHO 110

topmynmam

(3.6)

B nitore BO3MOXHBI TPH CTyvad:

|
#

R', TOrAA CUCTEMA CBOAUTCS K OJIHOU PABHOICHCTBYIOIICH.,
R

x|

' - cUCTEéMa HE UMEET PAaBHOIEHCTBYIONIEH W CBOJIMTCA K TIape CHJT.

(S
=

1)
2)
)

=R', 1 OHM HANPABJICHLL M0 OJHON NPAMOH, TOIJA CUCTEMA NPE/CTABJIAET

o

00011 ypaBHOBELIEHHYIO CUCTEMY CHIT.

Ecnn CHCTEMA NMAPAJUIEITIbHBIX CHJI,

NPpUIOKCHHAA K pbiyary, CBOJAMUTCA K nNapc, TO

paBHOBECHST phruara OBITh HE MOXKET, TaK Kak

peakuus wmapuupa O (puc. 3.7) He MokeT f,

YPaBHOBECHTH Napy. To €CTh, NPU PABHOBECHU

pplyara TpHUIOKEHHads K HeMYy CHCTEMA
mapaJuICJIbHBIX CHJ MPUABOJUTCS K Puc. 3.7

paBHOAEHCTBYIOWICH cUle, MPOXOIAlIeH Yepe3 HEMOABHKHYIO TOUKY peluara.

HpOﬂ'}BOJIbHaﬂ NnJa0CKkaa CHCTEMA CHJ

Jlemma Ilyanco. /leiicTBue Cubl HA TBEPAOE TENIO HE U3MEHUTCA, €CIM EPECHECTH

3TY CHITY NMAPAIJIEIILHO CBOEMY NIEPBOHAYAIILHOMY TTOJIOKEHHIO B JIIOOYIO TOUKY TENa,

MPpUIIOKHUB TIPpH 5TOM K TCIIY ITapy ¢ MOMCHTOM, paBHBIM MOMCHTY WCXOJHOM CHITBI

OTHOCHTEIIBHO TOH TOUYKMH.
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JokaszatensCTBo:

[lycts cuna /° mpunokeHa K Telly B HEKOTOpoi ero Touke A (puc. 3.8).

ITpunoxum B npousBosibHOH Touke O mapasnesbHO HanpaBJeHUIO JIMHUKW NEHCTBUA

cunbl I aBe cuabl F' u I paBHble N0 MOAYIIO CHAEe I©° M HANPaBiCHHbIE B
NPOTHBOTONOXHEIE CcTOpoHBI. [lonyuennas cuctema cunt {7, I'', IF"} <=> I . Dty
CUCTEMY CHJI MOXKHO CUMTATh COCTOSALUEA W3 CUNbL 7', MOJYyYEHHOM NapanieibHbiM
nepeHocoM cuitsl /B Touky O, w nmapsr (77, "), Ha36IBaeMOM TIPHCOSIHHEHHOM

napoi ¢ MOMEHTOM, PAaBHBIM MOMEHTY CHJIBI [+ OTHOCHTENTbHO TOUKH O,

Puc. 3.8

IIpuBeneHre Npou3BOJILHOH TLUIOCKOI CHCTEMBI CHJI K TOUKe (0CHOBHAA
TEOPEeMa CTATHKH AJISl IPOU3BOJILHOH MI0OCKOH CHCTEMBI CHJT)

PaccmoTpum Ha npumepe tpex cui. [lyete k Teny B Toukax A, B, C npunoxena

mockas cucrema cun {10, I, I} (puc. 3.9). Buibepem mponssonbHyo Touky O,

nepeHeceM B Hee cunbl 1, I, I;,. CornacHo nemme IlyaHco nmonyuuM cXoasaiuyrocs

cueremy eun {77, T2, FY) w cuctemy nap (F, F*), (F, Fr), (F, F) c

MOMeHTaMu M, Mo, M;, paBHBIMM MOMEHTaM Ccun /., [, I, OTHOCHTENbHO TOUYKH

0.

CnoxkuB £, F,, F, MO NpaBUly MHOTOYIOJIbHUKA, TIOYUYUM:

I3 T T T T T ' g

R =1+l =1+ + 1. 3.7)
Bektop R°, paBHblil reOMETPHUECKON CYyMME CHJT CUCTEMBI, HA3bIBAETCA INIABHbIM

BCKTOPOM JAHHOH CUCTEMbI CHJL.

Tenepb CNOXKHM MAapbl CHJT, B PE3YJbLTATC MNOJYUYHUM [Iapy CHJI C MOMCHTOM
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M,=M +M,+M.,. (3.8)
My — paBeHn anreOpaMueckoil CyMME MOMEHTOB CHJI M HA3blBACTCSA TJIABHbIM

MOMEHTOM CUCTEMBI CHJT OTHOCHTEITBHO TOYKH.
gt
— R —

F;
/ Puc. 3.9

Teopema Bapunbona. Eciiv cuctema CHJ1 NPUBOJMTCS K PABHOACHCTRYIOIIEH, TO
MOMEHT PaBHOACHCTBYIOWICH OTHOCHTEIBHO JIOOOH TOUKH paBeH CYMME MOMEHTOB
BCEX CUJI CUCTEMbL OTHOCHTE/ILHO TOU K€ TOUKH.,

ﬂ,OKaSaTG.T[BCTBOZ

H
Ilycts cuctema cun {7)', F)', F,'} HUMeeT PaBHOACHCTBYIOMYIO R = [ (puc.

’ il
3.10), npunoxennyio B HEKOTOpOo# Touke O MIockocTH AcicTeus cun. llepenecem
BekTop R B Touky O, npu 5ToM coriacHo nemme [lyaHco HeoOXoauMo A0GABUThH
napy (R', R") ¢ momenrom My, M(R). Ho My — riiaBHBIil MOMEHT CHCTEMBI CHII

OTHOCHTCIIEHO TOYKH 01 KOTOpBIﬁ paBcH aﬂre6paﬁqe(:K0ﬁ CYMMC MOMCHTOB BCCX

#
CAl CHCTEMBl OTHOCHTENBHO 9TOW TOYKM: M, => M(F,). CrnemoBaTenbHO
il

M,(R) =S M,(F,).

i={

Puc. 3.10
CaeacTBUs U3 TCOPEMDI:
|. [ naBHEIH BEKTOP R HE H3MEHHTCS TPH H3MEHEHHH [IEHTPA TIPHBEICHHS.
2. I'maBHbIA MOMCHT NPU NCPEMEHE LICHTPA NPUBEACHHS U3MCHUTCS HA BCJIMYHMHY

MOMCHTa CHIIBI Ev, l'[pH.T[O}I(eHHOﬁ B TOUKC 0, OTHOCHUTCIIBHO HOBOT'O LICHTPA.
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Yci0Bus paBHoOBeCHS
CpoboaHoe TBEpAOE TENO MO ACHCTBHCM MPOU3BOJLHOH MIOCKOM CHCTEMBI CHIl
HAXOJHTCS B PaBHOBECHU, €CITH TJIABHBIH BEKTOP W TIIABHBIH MOMEHT 3TOH CHCTEMBI
OTHOCHTENBHO JIIOO0M TOYKH paBHBI HYMO: R =0, My=0. Paznoxkum R 1o ocsam

MOJYYUM:

2 F
> F,
ZMa(Fs):o-

0,
01

(3.9)

YcioBre paBHOBECHS TS TIPOU3BOBHOMN TTPOCTPAHCTBEHHON CHCTEMBI CHIT:

[ Yr.=0,
2.1, =0,
> I, =0,

2 M (F)=0,
2M (F)=0,
| 2 M.(F)=0.

—P,

(3.10)

Jlexuun 4
KuaemaTuka

B knHEMaTHKe W3ydaeTcs JBMKEHHE MATEPHAJIBHBIX TEJT B MPOCTPAHCTRE C TE0-
METPHYECKOM TOUKH 3pEHUsA, 0€3 yueTa CHJl, ONPEACIAIOLIMX dTO ABUKCHUC.

Beskoe BrKeHHE TeT COBEPINASTCS B TIPOCTPAHCTBE H BO BPEeMeHU. J[BHKeHHE
TCN B MPOCTPAHCTBE PACCMATPUBACTCA OTHOCHTECILHO BBIOPAHHON CUCTEMbl KOOPAH-
HAT, KOTOPAsi B CBOKY OUEPE/Ib CBSA3AaHA ¢ KAKUM-JTHOO TEJIOM, HA3bIBAEMBIM TEJIOM OT-
cueTa. Temo oTcueTa U cBA3AHHAA ¢ HUM CHCTEMAa KOOPIHHAT HA3BIBAIOTCS CHCTEMOM
orcuera. [TpocTpaHCTBO B MEXaHUKE PACCMATPHBAETCS KAaK TPEXMEPHOE. 32 €IMHUILY
JIVHBL TIPH U3MEPEHHUH PacCTOSHHI MpHHUMaeTcsa MeTp. BpeMs B MexaHMKe cUHTa-
€TCA YHUBEPCAJIbHBIM, TO €CTh MPOTEKAIOIMUM OJMHAKOBO BO BCEX CUCTEMAX OTCUETA.

3a CIWHHLIY BpPpCMCHH ITPHHUMACTCA CEKYHIA.
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KunHemaTHKa TOUKH

HenpepriBuas kpuBasg, ONUCBIBacMad ABMKYLICHCA TOUKOW B IMPOCTPAHCTBE,
HA3bIBACTCA TPACKTOPUENA TOUKH,

Crnoco0bl 331aHUA ABHKEHUH TOUKH

3anark JBMKCHME TOUYKM — 3HAUMT 33/1aTh €€ TIOJ0KEHHE OTHOCHTEBHO
HEKOTOPOW CHCTEMBI OTCUETA B JIOOOH MOMEHT BPEMEHH.

EcrectBennniii cnocod 3aganusa ABMKeHMS TOYKH (puc. 4.1). 3apaTh ABHIKEHUC
TOUKH €CTECTBEHHBIM 00pa3oM — 3HAUHT:
a) 3a1aTh TPACKTOPHIO ABHIKEHHA TOUKH B HEKOTOPOH CUCTEME OTCUETA;
0) Ha Tpaektopuu BBIOpaTh Hauamo () W TONOXHUTENBHOE HAlpaBJieHHE oOTCueTa
paccroanuit S—OM;
B) YKA3aThb 3aKOH /IBMKEHHA TOUKH S—/(1), a TaK:KEe HAYAN0 OTCUCTA BPEMEHH /.

OyHKIMA S=f(t) JOTKHA OBITH OIHO3HAYHOM, HECNPEPBIBHOM,
aupPepeHUpPYEMOiA.

3aKOH ABWIKCHUA TOUKH MOKET ObITh 3aJaH rpauuecku: KPpHBOH, OTPaXKarOLLECH
3aBUCHMOCTH S OT f. 3T0 rpaduueckoe M300paKeHWEe 3aKOHA NBWKEHHS TOUKH

Ha3bIBAKOT [’pa(l)l/IKOM ABHAKCHHA TOUKH,

Puc. 4.1
Ha puc. 4.1 1 - och, kacaTenpHad K TPACKTOPHH ABMKCHWA TOUKH, HalpaBIeHHAs
B CTOPOHY MOJIOKHUTETBHOIO OTCUYETA PACCTOAHUS S, N — HOPMaJTh K TPACKTOPHH JIBH-

YKCHUS TOYKHM, HANPABJICHHAA B CTOPOHY BOTHYTOCTH TPACKTOpUU, b — OMHOpMansb,
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OEPNeHAMKYIApHA K NEPBbLIM ABYM Tak, 4T0oObl OoHAa 00Opa3oBala ¢ HMMM TPABYIO
TPOHKY. DTH OCH HA3bIBAKOTCS €CTECTBEHHBIMHU OCSIMH.

Koopaunatueii cnocob. [lonoxkeHue TOUKU B MPOCTPAHCTBE TPEX W3MEPEHHUIA
MOKHO OJIHO3HAUHO ONPE/IC/UTh, 3a/1aB TPH €€ KOOP/MHATHI B HEKOTOPOH CHUCTEME
oTcueTa. 3ajarThk JBWKEHWE TOYKW B KOOPAWHATHOW (opme — 3HAYHT 3a7aTh
KOOP/IMHATHI 3TOM TOUKM KAk DYHKUMH BPpeMeHu: x f(1), v f(1), z—f(1). DTn yparHe-

HHA HA3BIBAKOTCA YPABHCHHUAMHA ABHIKCHHUA TOUYKH.

CkopocTb TOUYKH

[IycTh ABHIKEHHE TOUMKH 3aJaHO €CTCCTBCHHBIM CIIOCOOOM, H IIYCTh B HCKOTOPBIH
MOMEHT BPEMEHM [ TOUKA 3aHMMAJIa HA TPACKTOPHM NOJ0KeHHE M, a B HEKOTOPBIA

MOMEHT BpeMeEHM {; — nonoxkenne My (puc. 4.2). Bektop MM, HA3bIBAETCA BEKTO-
POM MEPEMEIICHHS TOUKH 33 NPOMEKYTOK BPEMEHHU: Af=# —¢ . OTHOILICHHE BEKTOPA

HOEPEMEIICHHS K NPOMEKYTKY BPEMEHH, 33 KOTOPBIM NMPOU30LLIO 3TO NEPEMEIIEHHUE,

HAa3bIBACTCA BECKTOPOM cpe,z[Heﬁ CKOPOCTH TOYKH 32 ITPOMEKYTOK BPEMEHHN Af .

B, =L 4.1

BGKTOpOM CKOpPOCTH B TOYKC B MOMCHT BPCMCHH { HA3bIBACTCA MPCACI BCKTOpa

CpeaHel CKOPOCTH MPH CTPEMIIEHUH TIPOMEKYTKA Ar K HYJTIO,

v=»I>im =—, (4-2)

To ecTh CKOPOCTh MaTepHAIBHON TOYKH TP ABMKEHHWU MO TPOHU3BOJIBHOH KpPH-
BOJIMHEHHOW TPACKTOPHU HANPABJICHA IO KACATE/JbHOHW K TPACKTOPUM B CTOPOHY

JABHKCHHA.

b)
¥ (W)

M
Puc. 4.2
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Ecnu apuscenHe TOUKH 3a4aHO KOOPpAHUHATHLIM CHOCO6OM, 1 OBHMKYLIAasca TOUKa

B MOMEHT BPEMEHM { 3aHKMmaja nonoxkenne M (X, y, Z), a B MOMEHT BPEMEHU {; —

. _ MM
nonoxenue My (xtAX, yt+Ay, z1Az), ToO BEKTOP CPEHEH CKOPOCTH T, = L umeet

At

Ax Ay Az
KOOPAMHATH V,, {E;A_{;;E} , @ BEKTOP CKOPOCTH B MOMEHT BPEMEHH 7 — KOOPTHHATHI
= dx dv dz
di " di T di ]

‘ dx dy dz
[Mpoekmuu BekTOpa CKOPOCTH HAa OCH KOOpAWHAT. v, == Mmoo Vs

Moayns Haxogum no gopmye:

(4.3)

Kocunycsl yrnos, o0Opa3yeMbIX BEKTOPOM CKOPOCTH € OCSAMH KOOpPAMHAT, MOKHO

y V W

HaWTH M3 COOTHOIIEHHH cosa =—, cos S =—, cosy = —=.
v y v

YckopeHue TOUKH

Benuuuny, onpeacsionyo M3MEHECHUE BEKTOPA CKOPOCTH TOYKU B 3aBUCUMOCTH
OT BpeMeHH, HAa3BIBAIOT YCKOPEHHUEM TOUKH.

[lycTh ABMKEHUE TOUYKM 337aHO CCTECTBECHHBIM crnocoOoMm (puc. 4.3), a TpackTo-
pyieil JIBUIKEHWSI TOUKH SIBJISETCS JIyra OKPYKHOCTH. J[ONYCTHM, 9TO B HEKOTOPBIH
MOMEHT BPEMEHHU { TOUKA 3aHMMana nojoxeude M Ha TPACKTOPUM U MUMENA CKOPOCTh
v, a B MOMEHT BPeMeHH #;=t + Af — monmoxenue M; H ckopocTh v;. [lepeneceM Bek-
TOP ¥, B TOUKY M M OCTPOUM BEKTOP:

NL=AV=%-7V. (4.4)

BekTop AV HasbIBaeTCA BEKTOPOM TIPHpALIEHHA CKOPOCTH. BekTop @, paBeH oT-
HOIIIEHHIO TIPUPAMEHUS CKOPOCTH AV K COOTBETCTBYIOTIEMY TTPUPAIEHHIO BPEMEHH

Al

=2 (4.5)
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BexTopoM yCKopeHHsi @ TOYKH B MOMEHT

BPCMEHHM { Ha3bIBACTCA IMpEacl BEKToOpa _N
i

CPE/IHEr0  YCKOPEHWs [PH  CTPEMJICHUM

MPOMEIKYTKA BpeMeHH Af K HYJIIO.

— .. Ay ‘
a=lim =" (4.6)
0
Or Toukm M OTJIOKWM TIO JTHHUHA
Puc. 4.3

JIEUCTBUA BEKTOPA ¥ BEKTOP MK , PaBHBIA 110

a0COJIIOTHOMH BEIIMUMHE BEKTOPY 7. [IpUpalleHre CKOPOCTH NPE/ACTABUM B BU/IE:

AV = NK + K1 | (4.7)
Torna
7 = fim 2V = jim YKL VK i KL (4.8)
AL 0 AT AL D At A0 Af A0 AF

Breuncnum niepeeiii npenen. [ns 3TOro BBEAEM HA KacaTelbHOW K TPAaeKTOPHH
JABHUKEHHMSA TOUKU B TOUKEe M eaMHHYHBIA BEKTOP T .
NK = NKT = (MK V)T = (v, -v, )T =Av.T, (4.9)
rae Av, — IpupameHie anredpanueckoi BETHUHHBI CKOPOCTH.

lim NK = fim 2oz Doz g7 (4.10)
Ar—D A —si] A]‘ df .

@ - TaHTeHUHATbHOE (KacaTelbHOE) YCKOpPeHHE TOUKH, XapakTepH3VIOee

W3MEHEHHE aJiredPanuecKoH BEJTMIHHBI BEKTOPA CKOPOCTH.
Bropoii npeaen

im ALY g @.11)
a0 Af R

Bekrop @, nanpaenen nepneHAHKYIAPHO KACATEIbHOM K TPACKTOPUM ABHXKECHUA
TOYKH, NIPHYEM B CTOPOHY €€ BOTHYTOCTH. BEKTOP &, HOCHT HA3BAHHWE HOPMAJIBHOTO

YCKOPEHMA TOUKU M XapakTEepU3YEeT U3MEHEHUE HAMPABJICHUS BEKTOpPA CKOPOCTH.
BBemeM Ha HOpMaTM €OWHUYHBIN BEKTOP N W 3amummeM (GopMyJTy A7 TOIHOTO

YCKOPEHUS TOUKH
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a=a +a,=—<T+—T7. (4.12)

Moayne W HanpaepngrOMKMEe KOCHHYCBHI MOJTHOTO YCKOPEHWA HAWAyTed M0

dopmynam:

a=ya; +a,, (4.13)

a,

Cos = —;
a (4.14)
a

cosff =—=—,
a

rae & - yroJ MeXAY HAMPABIEHHEM BEKTOPA MOJHOTO YCKOPEHHA H €AMHHYHOTO
BeKTOpa 7, B - Yroa MexAy HanpaBlICHHEM BEKTOpa MOJHOIO YCKOPEHUA U

CAUHHYHOI'O BCKTOPA A1,

Jlexkuuda 5
Buabl ABH:KEeHHSI TOUKH B 3ABHCHMOCTH 0T YCKOPEHUS

1. TlpamonuHeiiHoe nBuxkeHue. B 3Tom cnyuae TpaekTopHs ABHUMKEHUA TOYKH — Mpsi-
Masd, OpUYEeM TOUKA ABUKETCS BAOJb ITOH NpAMOA B OJAHOM HampasicHWUW. Pa-

JNYC KPUBU3HBI MpsAMOA R paBeH 0eCKOHEUHOCTH (MPAMYIO MOKHO CUMTATh OK-

-

V
PYKHOCTBIO O€CKOHeuHO OombliIoro paauyca). Torna a, == 0, MO3TOMY MOKET

HU3MCHATHCA TOJIBKO anreranquKaﬂ BCITHYHHA CKOPOCTH TOYKH. 3T0 U3MEHEHHE

s

MOJTHOCTBIO XaPAKTEPHU3YETCA KACATENBHBIM YCKOPEHUEM o =a, = o

2. PaBHOMepHOE KpUBOJUHEHHOS ABMMkEeHME. Tak Kak MpU paBHOMEPHOM ABHKCHUH

TOYKH MOﬂy.ﬂB CKOpOCTI’I oCTacTCd MOCTOAHHBIM, TO €CTh V — C()nSf, TOroa
dv
a, :Z:O. BeKTop NOJIHOI'G YCKOPCHHUA a, CJICA0BATCJIBHO, HAMPABJACH MO IiaB-

HOIl HOpManu B CTOPOHY BOTHYTOCTH, MOAYJb TMOJHONQ YCKOPEHHS PaBeH

p-

n :E'

a=d
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3. PaBHOMepHOE npsIMONMHEIHHOE JiBUKEHUE. B 3TOM ciydae a :E:O 7|

M

dv o
a. = " =0, a 3HauuT @ — (). ENMHCTBEHHbBIN BW]T JIBHKEHHS, B KOTOPOM YCKOPEHHE
it

T

TOUKH BCE BPEMS OCTAeTCSA PaBHBIM HYJIO, - PABHOMEPHOE TIPIMOIMHEWHOE JIBU-
JKCHHE.
4. PaBHoOmepeMeHHOE KPWBOJIMHEHHOE ABW)KEHHE. PaBHOTIEpEeMEHHBIM Ha3BIBACTCA

TaKOC KpI’IBO.T[HHGfIHOG ABHIKCHHC TOYKH, IIPH KOTOPOM KACATCIIBHOC YCKOPCHHC

- - dv
OCTacTCcA BCC BPCMA BCIHMYHHOH IMOCTOAHHOWU: a, :726()&3'1. Ecmu IIPH PABHO-
7

MEPHOM KPUBOJIMHEHHOM JIBMIKEHUM TOYKM MO/JIyJib CKOPOCTH BO3PACTAET, TO
ABHKEHWE HA3BIBAETCAd PABHOYCKOPEHHBIM, a €ClU yOBIBA€T — paBHO3AMENIIEH-

HbIM,

KuHemaTuka ABMKeHUH TBEPAOro TeJia

[lpu npou3BONBLHOM JBUKEHHUU TBEP/IOIO TENA OT/EIbHBIE €r0 TOUKH JIBUIKYTCA
Mo PA3JIMYHBIM TPACKTOPHAM W HMCHKOT B Ka}I{I[BIﬁ MOMCHT BPCMCHH PA3JTHUHBIC CKO-
pocTh U yckopeHHs. OCHOBHBIMH 3aJ1auaMi KHHEMAaTHKU TBEPAOrO Tena ABIAIOTCA:
a) YCTaHOBICHME Ccroco0a 3a1aHus JBUIKCHUS TENa;
b) w3ydeHHe KHUHEMATHUYECKHUX XapaKTePHUCTHK JIBHKCHHS,
C) ONPEACNICHHUEC TPACKTOPHH, CKOPOCTCH M YCKOPCHUH BCEX TOUEK ABMIKYIICTOCA
Tena.

ITocTtynareibHOE IBHKEHHE TBEP/I0T0 TE/1a

HOCTYITaTeHbeIM ABHOKCHHUCM TBECPAOTO TCITA HA3BIBACTCA TAKOC ABHIKCHHCE, TPH
KOTOPOM OTpPC30K HpHMOﬁ, COCIHHAIOIINHA JBE IMPOHU3BOIBHBIC TOYKH TCJIA, OCTACTCA
BO BPEMS JBHKCHHS MAPAJIIC/IBHBIM CBOCMY TICPBOHAYAIBHOMY ITOJIOKCHHIO,

OcHoBHaA TEOPCMa MMOCTYIIATCIIBHOTO ABHMKCHHA. HpH MMOCTYIIATCIIBHOM OIBHMKC-
HHH TBCPAOrQ TCJa BCC CI0 TOUKHK OIIHCLIBAIOT KOHI'PYIHTHLIC TPACKTOPHH H UMCIHOT
B KaKJIBIH MOMEHT BpCMCHH OOIWHAKOBEIC IO MOOYIIIO H HAIIPABJIICHHIO CKOPOCTH H

YCKOPCHHUSL.
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Jloka3aTenbCcTBO:
[lycTe TBepaoE TENO, CORCPIIAIONICE MABHIKCHMEC OTHOCHUTEIBHO HEKOTOPOH
CHCTEMBI KOOPJHHAT, 3aHUMAET B MOMEHT BPEMeHH ! MonokeHue I, B MOMeHT ¢; —
nonomkenue 1, B Moment £, — noaoskenue Il v 1. 1. (puc. 5.1). Beibepem B Teae nse

NIPON3BOITLHBIE TOUKA A 1 B 1 nocTponm BexTop AR .

. -

Puc. 5.1

Obo3HauuMm uepes Ay, By u A;, Bz noaokenus, KoTopbie 3aHUMalOT ToUku A 1 B
B MOMEHTEI BPEMEHU [; W [, COOTBETCTBEHHO. JITHHA BEKTOpAa AB Kak PaccTosHUE
MEIKAY TOUKaMU abCOMIOTHO TBEPAOro Tena, nocroauna. Hanpasnenue AB He u3Me-
HSIETCSl B CHJIY TOTO, YTO TENO JBHMXKETCS NOCTYNATENhHO. B 9TOM  ciyuae
TPACKTOPHIO TOYKH B MOXKHO MOIYYMTh NapaniebHbIM HNEPEHOCOM Ha BEKTOP A5
Tpaektopru ToukH A. CrenosarensHo, kpusbie BB(B; v AA A, npw HajoxeHWH
COBIAJALOT.

Tak xak BekTopbl A5 M A B, paBhbl, OyayT paBHbl IEPEMEILCHNA Touek A u B, 10
ecTb AA=BB,. OTHeceM HSTH TepeMelleHHa K OTPe3KY BpeMeHH Af—tf, -t 3a
KOTOPbIH OHH TPOM30LLIH % = %. Ilepexoas B 5TOM PaBEHCTBE K OPEAEny IpH
At—0, mO1Y4YHUM B COOTBETCTBHHM € ONPEAEICHUEM CKOPOCTH TOUKHU,

7, =¥, =7 (5.1

>

7€ ¥, U ¥, — CKOPOCTH TOUeK A 1 B,
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Toukn A v B BbIOpaHbl NPOM3BOJILHO, CIE/0BATEIIBHO NPH NOCTYNATEILHOM
ABWKEHWH TBEPJOTO Tella BEKTOPHI CKOPOCTEH BCEX €ro TOUEK B JaHHBIN MOMEHT
BPEMEHH PABHbI JIPYT JIPYTY.

Tak xak pasenctBo (5.1) wmeer wmecto B JFO0OW MOMEHT BpPEMEHH, TO

v.(=7,(nN=V() . JIndpdepenuupys (5.1) no ¢ noayuum % = % = % , Wl

a,=a,=a. (5.2)
B cunmy nponzosibHOCTH BRIOOpa Touek A U B w3 pasenctsa (5.2) cneayet, 9T0
BEKTOPBI YCKOPEHHUA BCEX TOUEK NOCTYNATENbHO ABHIKYIIETOCA TBEPAOTO TENA PABHLI
MEXTY coOOM.
CaeacTBus U3 TCOPEMBI:
a) MOCTYNATEJIbHOE /IBHXKEHME TBEP/AOr0 TEjla BIOJHE ONPEACACHO JBHUKEHHEM
OIHOH H3 €r0 TOYEK,

b) ecnu CKOpOCTh HOCTYNATSABHOIO JABMKEHUS NOCTOAHHA (Vv — Cconsl), TO BCE TOUKH

TCHa COBCPIUAKOT HpHMOﬂHHeﬁHOG H PaBHOMCPHOC IBHUIKCHHC.

Bpamenue TRep10T0 TEJIA BOKPYT HENOABHKHOH OCH

BpamarenbHbiM  JIBUKEHAEM  TBEPJOTO  TEJA HA3BIBACTCS  JIBUKCHHUE, TIPH
KOTOPOM ABE €r0 TOUKH A H B ocTaroTca HeMOABMKHBIMA. Tak Kak Tero adCONIOTHO
TBEPJIOE, TO BMeCTE ¢ ToUKaMHi A ¥ B Oy/lyT HENMOABHKHBI BCE TOUKH, JISKAIUE HA
npaMoi AB. Dta mpAaMas Ha3piBaeTcA OCBKO BpameHus (puc. 5.2). Bee Touku Tena
NPU BPAIIATESIbHOM  JIBUKEHUHM ONIMCHIBAKOT JIYTM OKPYHHOCTEH ¢ NEHTpaMH B

OCHOBAHHAX IICPIICHIUKYILAPOB, OIIYVINCHHEIX M3 3THX TOUCK | B
Z_

HA OCh BpalleHUA.
[lpoBemeM uepe3 och BpalleHHsA OBE MOMYIUTOCKOCTH,
OJIHY U3 KOTOPBIX 3aUKCUPYEM, a APYIYIO CBAKEM C TCIOM.

JBYTpaHHBIH YTOa1 ¢, VYTOM TMOBOPOTA, MEKIY ATUMH M

MOJYINIOCKOCTAMH 6yz[eT OOdHO3HaAYHO OIpCaciIATb

MonoKeHWe Tenma. 3afgaBasd 3HAueHWE YIia (¢ B KayKIbId Puc. 5.2
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MOMEHT BPEMEHHU {, MOIKHO TEM CaAMbIM ONPEACIUThH MONOXKEHUE Tena Ana adoro /.
YpagHeHue
p= /() (5.3)

HOCHUT Ha3BAaHWE 3aKOHA BPaAIIATENBHOTO JBWXKEHWA Tena. @yakmua (5.3)
npeanoiaaracTea Apaxasl quddepeHumupyeMoi.

[ 1aBHBIMU KUHEMATUUYECKMMM XaPaKTEPUCTHKAMM BPALIATENLHOIQ JIBHIKEHUS
Tena GyiyT YIJIoBas ckopocTb ® (¢) M YrioBOe yckopeHue € (¢7).

[IycTh 33 HEKOTOPbIA NPOMEKYTOK BPEMEHM Af=f, —f Yrol () MOJYYUT

A . "
npHpamcHue A =@, —¢,. Bemuumna o, = A—@ Ha3bIBACTCH CPEOHCH YITIOBOI
: ¢

CKOPOCTBIO Tejia. [Ipenen, K KOTOPOMY CTPEMHUTCSI CPEIHAS YTIJIOBas CKOPOCTH TIpH

At—0, HA3BIBACTCSA YIIIOBOW CKOPOCTHIO TENIA B JAHHBIA MOMEHT BPEMEHH /.

o = lim 22 _ 49 (5.4)
A0 Af di

Ecnuv Teno cosepluaeT BpallaTebHOE ABHKEHHUE MO MPOH3BOIBHOMY 3aKOHY, TO
YIJIOBasA CKOPOCTb ABISAETCS (DYHKUMEH BPEMEHU: o = (7).

[Tycts 3a HEKOTOPBIH NPOMEKYTOK BPEMEHH Al ={(, —{ VYIJIOBas CKOPOCTh

Ao
MoAy4usiaa TpHpaAlIEeHHE Aw =a, —o,. BenuduuHa £, :T HA3BIBACTCS CPEIHHM
f

VIJIOBBIM yckopenueM. llpenen, k kOTOpOMY CTPEMHTCA CpPeaHEe YCKOPEHME NpU
At— (), Ha3bIBACTCA YITIOBBIM YCKOPCHUEM B IAHHBIA MOMCHT BPEMCHU t,

g_lim&_d(o _dp

- - , 5.5
AU AF Jdt dt° ( )

CBs3b YIJI0BBIX XAPAKTCPHCTHK BpPallaoieroca TBCpaoro 1e¢Jia ¢
JUHEHHbIMU KHHEMATHYSCKHMHU XAPAKTCPUCTHKAMMH BPALIAKILICIOCH TEJ/1A

Kak yxe oTMeuamoch, TpaekTopued moOGoH Toukd M Bpamaromeroca Tena
SBJISIETCA  Iyra OKPYKHOCTH, JIEXKAIAA B IUIOCKOCTH TEPNEHIMKYIJSIPHON OCH
BpameHua. Paguyc 3TOM OKpPY/KHOCTH pPaBeH pACCTOSHHIO OT TOYKH OO0 OCH.

PaccMOTpUM TPaekToOpuid JIBUKEHUS HEKOTOPOM Touku M Teia, BPaI@RIIErocs
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BOKPYI' OCH, MNEPNEHAMKYJSIPHOW NJIOCKOCTH PUCYHKA M NPOXOAALIEH YEPE3 LEHTD

OKPYXKHOCTH (puc. 5.3).

Puc. 5.3

Ecaun orcumThiBaTh JyroByK KOOPJAMHATY S TOUKM M OT €€ Ha4ajlbHOro noJoxKe-

Hua My B HaNPaBIEHUU BO3PACTAHUA YINIA (p, TO 3aKOH ABUKEHUA TOYKA M no ayre

OKPYKHOCTH OyJIeT UMETh BUI s(/) = Rp(7). B 31OM cityuae anrebpanueckoe 3HAUCHAE

CKOpPOCTH onpeaenierca no gopmyne:

‘7d57d(R_) d(p

ve—=—I|Rp)=R—=Ro .
df dt di
Ha¥kinem yckopenne Touku M:
o odv, _ v
a-a,+a,-——T+—H.
dt R

[Mpomudpdepenumporas  (5.6) 1O BpeMeHH, ONPEISITHM
BCITUUHHY KAcaTelIbHOTO YCKOPCHHS

fdvad_@fR@:

L =—= — = Re
df dr~ di

4}

HopmaneHoe yckopeHue noslydum, nojacrassist (5.6) B

HOpMAJIBHOT'O YCKODPCHHA:

Ciie10BaTe/IbHO, /U1 BEKTOPA YCKOPSHUS MMEEM
a=ReT +o R .

Jlns moayas yckopeHus Touku M umeem gopmyny:

a=+VRe +R 0 =RJeg" +0"*.
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H3 seipaxennii (5.6) u (5.10) cneayer, uTO JIMHEHHBIE KMHEMATHUECKHE
XapaKTEPHCTHKN TOWYEK 3aBHCAT OT YIJIOBBIX XapaKTepPHCTHK BpaIlarolerocs
TBEPAOrO Tena, a KodOPUUMEHTOM NPONOPUMOHATIBHOCTH SIBJISETCA  PAJIMYC

BPALLICHUH.

CJ103KHO0€ IBHKEHHE TOUKH
Jlo CHX TOp ABHJKCHHE TOYKH PAaCCMATPHBAIOCH IO OTHOIICHMIO K HETIOABHIAKHOH
CUCTEME KOOPMHAT, HO B PAAE CIY4acB LCASCO00Pa3HO M3YUaTh JBHIKEHME TOUKH
OTHOBPEMCHHO B IBYX CHCTCMaxX OTCUETA, H3 KOTOPBIX OQHA SBJIACTCA HEIOABIKHOM,
a Jpyras - NOABHKHOH, COBEPLIAIOIICH ONpPeACNEHHBIM 00Pa30M JIBHMKCHME
OTHOCHTEIBHO NICPBOM. [IBH)KEHHEC TOUKH, B 3TOM C/Iy4ae, HA3bIBAIOT CJIOJKHBIM.

Ha puc. 54 wu3o0paxeHbl jBe

YAl

CHCTEMBI  KOOPJWHAT. HETOIBHKHAS
Oxyz 4 [NOABMIKHAS O1x1v171.

JlBr>xeHue, copepiacMoe Toukoii M no

OTHOLCHUID K TOJBHKHOHM CHCTEME

X1 KOOPJAMHAT O1x1y1z HA3bIBACTCSA
/ OTHOCHTEJTbHBIM JIBUKEHHEM .

O
JBuxKkenue MOJABUKHOMN CUCTCMBI

orcuéra O(X1y1Z;y W BCEX TOUYEK

Puc. 5.4 TMPOCTPAHCTBA € HeH CBA3aHHBIX II0
OTHOIIIEHWIO K HEMOJBWIKHOW crcTeme XYz HA3BIBAETCS TIEPEHOCHBIM JIBHIKEHHEM.,
JpmkeHne Toukdn M OTHOCHTEIBHO HEMOIBIDKHOH cHCTeMBl KoopauHat Oxyz
HA3BIBACTCS aDCOJTFOTHBIM
CkopocTh TOUkH M 10 OTHOIIEHHMIO K HEMOABIKHON CHCTEME KOOpAWHAT
Ha3bIBACTCA a0COMIOTHON CKOPOCTLIO TOUKH.
CkopocTh TOYKH M 110 OTHOIICHHIO K TOABHKHOH CHCTEME KOOPAMHAT

HA3bIBACTCA OTHOCUTCIIbLHOH CKOPOCTBKY TOUKH.
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[lepeHocHOH ckOpocTblO TOUKM M Ha3blBaeTCA CKOPOCTb NOABUMKHON CHCTEMBbI
OTHOCUTEJIBHO HENOJABUKHOH, B KOTOPOW B JAHHBIH MOMEHT BPEMEHH HAXOJAUTCS
ABHOKYIIAdgCA Touka M.

TecopemMa 0 CKOPOCTH TOUKH B CIOKHOM JIBHXKCHHH,

Bekrop a0COMOTHOW CKOPOCTH TOYKH B JAHHBIH MOMEHT BPEMEHH PaBEH
rCOMETPUYCCKOH CYMME BEKTOPOB OTHOCHUTECILHOH M NEPEHOCHOW CKOPOCTEH B TOT
e MOMEHT BPEMEHH,

JloKa3zaTenbCTBO.

[Tycte Tenmo S, HEW3IMEHHO CBA3aHHAsA ¢ HWUM NOABWKHAS CHCTEMa OTCUETa
O:1x1y1Z; ¥ Touka M; 3aHHMalOT B MOMEHT BpPEMEHH f; mojoxkeHHe | (puc. 5.5)
OTHOCHTENbHO HeNmoABHXKHON cucTeMbl Oxyz. IlycTb B MOMEHT BpeMeHH f(,=f;— At
Te10 S 1 cuctema Oyx1v;2; 3aiiMyT onoxkenne I, a Touka M, miepeinér B8 Touxy M,.
byksoii M' 0003HauUMM NOJIOKEHUE TOH TOUKH Te€la S, B KOTOPYIO MEPEMECTUTCA 3a

Bpemsa Af ero TOUKa, coBnaaaroiaa B MOMEHT £; ¢ M.

NN

V4

Puc. 5.5

Bektop MM, uszo0paxkact aOCOMIOTHOC MEPSMCIICHUE TOUKH, BEKTOD MM,
OTHOCHTEIBHOE TepeMeEIIeHNe, BeKTOp MAM' TepeHOCHOe TepeMelneHre TOUKH 3a

Bpemst Al. J1 9TUX BEKTOPOB COPABSATIHBO CACAYIOLIEE PABCHCTBO

| (5.11)

MR, = M N3 T

(=]
L

32



Pazgenws (5.11) mouneHHO Ha Af, TOITYUHM
VP =T ¥, (5.12)
rad4 HIH‘-‘ ~
rae v =—== - CpeHsisl adCoMOTHAs CKOPOCT®;

=—cp Hlﬂ .
v CPe/IHASA NEPEHOCHAS CKOPOCTh,

= CpCAHAs OTHOCHTC/IBHAA CKOPOCTh,

ITepexons B (5.12) k npeaeny npu Af CTPEMSILEMCS K HYJIKO, TIOJIYUUM

imv* = lim V¥ + im v¥ , KIKL V, =V, + ¥, (5.13)

VAN A= At
TeopeMa JOKd3dHA.

CornacHo J0Ka3aHHOH TeopeMe BEKTOp a0CONMIOTHOH CKOpPOCTH ¥, H300paaeTcs
JAMArOHANbK) MAPANNIEIOrPaMmMa, NOCTPOSHHOrO HA BEKTOPAax NEPEHOCHOH ¥, M

OTHOCUTEJNIBHOW ¥, CKOpocTel. Moayab v, BBIUKMCIACTCS O TEOpPEME KOCHHYCOB

v, = J‘J +v? +2v. v, cosy, (5.14)

CAE Y - YIOJI MEKAY BEKTOPAMU IEPEHOCHON U OTHOCUTEIIbHON CKOPOCTEH.

[TonsiTHe o ITOCKONaApaaLIcJIbHOM IBHIKCHHHA TBEPpIAOro T¢/1a

JIBHMKEHHE TBEPJIOTO TEJIA HA3KIBACTCH TUIOCKONAPAJUIETBHBIM, €CJTH BCE TOYKH
Tena NEPEMEILAIOTCA B IUIOCKOCTAX, MApajuIe/ibHBIX HEKOTOPOH (pUKCHpOBAHHON
TJIOCKOCTH (OCHOBHOH TIJIOCKOCTH).

ITycts HekoTOpOE Teao V COBEPIIAST TUIOCKOE JIBMKEHWE, T - OCHOBHAS THIOC-
KocTh (puc. 5.4). 3 onpeaenenus miockonapaiieabHOro JBMKEHHS U CBOMCTB a0-
COJIFOTHO TBEPAOTO TeNa CleqyeT, uTo Ar000# oTpezok npaMoit AB, meprneHIukysp-
HBIH TUTIOCKOCTH T, OY/IET COBEPINATh MOCTYNATEIRHOE JIBHKEHHE. TO €CTh TPAEKTO-
PHH, CKOPOCTH M YCKOPEHHS BCEX TOUEK oTpeska AB Oyayr oaunakoswl. Takum 00-

pasoM, ABHMKCHUC KaXJ0H TOYKH CCUCHHUA S napauie/ibHOr¢ IJIOCKOCTH T, OIpCac-
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naeT cOO0M NBUKEHUE BCEX TOUEK TeJa V, JIEKAIIMX HA OTPE3KE MEPIEHIUKYIISIPHOM
CEYEHHIO B JAaHHOW TOYKE.

[Tpumepamu MJIOCKONAPAIIEIIBHOTO JIBUKEHHUS SIBJISIFOTCSI: KQUEHUE KOjieca [0
MPAMOJTMHEHHOMY OTpe3Ky, TaK KakK BCE €Tr0 TOUKH TePEMEMaoTes B TUIOCKOCTSX,
Mapavie/ibHbIX MJIOCKOCTH, NEPNEHANKYIAPHOH OCH KOJieca, YacTHbIM CIydyaeM Ta-
KOTO IBIKEHUA SABJISETCSA BpPAIeHUE TBEPAOTO Tella BOKPYT HEMOABIIKHOM OCH, B Ca-
MOM €€, BCE TOUKHM BPALLAIOLIECroCcs Tejla IBHIKYTCS B IJIOCKOCTAX MapasenbHbIX

HEKOTOPOU NEPNEHAMKYJIAPHON OCH BPALLIEHUA HEMOABUKHOMN IJIOCKOCTH.

v A%

Puc.54

Teopema 0 BO3MOKHOCTH NIPEACTABIICHUA IOCKONAPAIUIETIBHOTO ABUIKEHHS B
BH/JIE COBOKYIMHOCTH JBYX JABHIKEHHUH : MOCTYMATEILHOTO W BPAIIATEIbHOTO.

[Iycte  HEkOTOpPOE TENO  COBEPUIACT  IUIOCKONMAPAJUIEIBHOE  JBUIKEHHE.
PaccMOTpUM HEKOTOPOE CeUEHUE ITOro Tea NapaieIbHOe OCHOBHOM TJTIOCKOCTH.

[Ipon3BonbHO  BBIOPAHHYKD TOYKY CEYEHMsS WJIM IUIOCKOCTH, KOTOPOWM
NPUHALIEKUT CEUYEHHE M KOTOpas HEW3MEHHO CBSA3aHA C CEYEHUEM, HA3bIBAIOT
MOJIKOCOM.

Teopema. Besikoe mepemenieHne TUIOCKOH (DUTYpPHI B €€ TUTIOCKOCTH MOXKET OBITh
MPEACTABICHO B BHUJAE COBOKYMHOCTH [IBYX JIBJKCHUN: MOCTYNATENIbHOTO W

BpamaTeIIbHOTO.

JlokazarelsibCTBO.
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[lycte nnockas ¢urypa 3a
HEKOTOPBIA TPOMEKYTOK BpeMeHn A
nepeMecTHiIach W3 TOJiokeHus [ B
nonoxenue I (puc. 5.7). llonoxenue
MPOU3BOJIBHO  BBIOPAHHOTO  OTpe3Ka

HEM3MEHHO CBA3aHHOrO ¢ (hUrypoH,

ONPEAEISIET NOJIOKEHUE BCEH (DPUTYPHI B

Puc. 5.7

mobol MoMenT BpeMend. Bribepem aBe
NPOU3BOJILHBIE TOUKH GUrypsl Ay u By u npumenm touky Ay 3a nomoc. Orpesox A1By
yepe3 MNPOMEKYTOK BpemeHu A7 3aiimMér nonaoxkeHue AjxB,;. TloctynarenbHbiM
nepeMenieHueM (GUIYpel COBMECTHM TOUKH Ay B A;. Touxka By mpu >ToM 3aiiMEér
nonoxxerne B';, a cama dwurypa mepeiinéT B MomokKeHWe, OTMEUEHHOE TYHKTHPOM.
[MocTymarensHOe TiepeMeriene (Uryphl ONPEIENTATCA BEKTOPOM AA,. W OTPE30K
A1B, Oyner mapamrenen otpe3ky A;B';. Ecniu Terepp moeepHYTH (PUTYPY BOKPYT
nooca A, Ha yron A=< B'2A; B, To otpe3ok A,B'; 3aiiMér monoxkenne A,B,, a
cama ¢urypa - nonmoxkenne 11, uro u TpeboBaIOCh TOKA3ATh.

TeopeMa paccMaTpuBaeT He peanbHoe, 4 BO3MOKHOC IBHXKCHHE TOUKH.

Caeacteue U3 TeOpeMbl: YTJIOBas CKOPOCTh IJIOCKOH (PUIYpbl HE 3aBUCUT OT

BLIOOpA MOMIOCA.

CKopocTh TOUKH TUIOCKOI (purypbi

Teopema. Ckopocts v, moOol Toukd B mnockoi (hurypel B JaHHBIH MOMCHT
BPEMEHH €CTh TE€OMETPHUYECKasl CYMMa CKOPOCTH ¥, HEKOTOPOTO MOJIKCA U CKOPOCTH

¥,,, BOBHMKAIOIIEH BCJIC/ICTBUE BPAIEHUSA (PUI'Yphl BOKPYT NOKOCA, TO €CTh

Vg =V V. (5.15)

JlokazaTenbCcTBO

35



ITycth urypa S (puc. 5.8) copepluaet miockoe Apuxkenue. Jlrodoe nepeMellieHue
3TOH (PUTYPbI MOXKET ObITH COCTABJICHO U3 NOCTYMNATENILHOTO MEPEMEIICHUS BMECTE C
MOMMOCOM A U TTOBOPOTA BOKPYT ATOTO MOJKCA.

y
[Ipeacrapum ABMKEHUE NPOU3BONBLHOH TOUKU B

NN

KaK CJIIOJKHOC! 34 MEPCHOCHOC MmpuMeM

NOCTYMNATC/ILHOC ABHMMKCHMC CHUCTCMBI KOODIHHAT

AX(y;, 3a OTHOCHTEJIbHOE - JIBHIKEHHE,

COBEpLIaeMoe TOUkOH B mpH BpallleHUH TITOCKOH 0 777
duryper  Bokpyr mnomoca A, Ha ocHoanum

Puc. 5.8
TEOPEMEI O CKOPOCTH TOYKH B CIIOJKHOM HBHKEHUH
HMCCM V, =V, +V,.

B »stom BBIpaxkenunm ¥, =v,, ¥,=7v,, TaK Kak TMEpeHOCHOE MABIKCHHE

MOCTYNATENBHOE, A ¥y =V,,, TAK KAK OTHOCHTEJIBHBIM OVJIET ABHKEHHE TOuKHA B 1o

okpyxHocTu paauyca AB. CnenoBarenbno v, =v, +7

V.., YTO U 1OKA3bIBACT TEOPEMY.

vy, —wbA

MrHoBeHHbI LHEHTP CKOpoCcTeit
MrHoOBeHHBIM TICHTPOM CKOPOCTEH Ha3BIBaeTCA Takas TOUKa
MI0CKOH (PUTYphl (MW HEM3MEHHO CBS3aHHOU ¢ 3TOH QUTrypoi
TUTOCKOCTH), CKOPOCTb KOTOpPOH B JAaHHBEI MOMEHT BpeMeHH

paBHA HYITIO.

[Tycts urypa S (prc. 5.9) coBepimaeT MIOCKOMApaITEIEHOE

Puc. 5.9

ABHIKCHHC, IIPUUYCM ¥YIJI0BAA CKOPOCThL JTOr0 JABHMMKCHHA HC

paBHa Hymo. [IpmMem MpoW3BONBHYIO TOUKY A ¢uTYpH S 3a momoc. [loBepHém
BEKTOP CKOPOCTH TOUKH A BOKDPYT €r0 HaJajia B CTOPOHY BPAIEHHs HA Yroa /2 n

V4

OTJIOXHM B TIOJTYYEHHOM HAIPAaBJIEHHH OTPE30K AP:H. HewicreuresibHo U3 (5.15)
()

WMEeM Vv, =V, +7,, mupuuem v, =lp|AP=v, a nHanpasieHue BekTOpa 7,

npoTuBoTonokHO v, . CnegoBaTeNsHO, v, = -V, H v, =0.
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IlpuHsaB 3a nNOMOC MrHOBCHHBIA LEHTP CKOPOCTCH,

NOJIYYUM BBIPAKEHHUE /ISl CKOPOCTH MPOU3BOJIbHON TOUKH A B

BUJIE. 7, =V, +V,, HO ¥, =0, Torna ¥, =v,, v, =|o|AP, 1O
eCTh CKOPOCTH TOYEK TUTOCKOUW (PpHTYypBI B JIAHHBIH MOMEHT Puc. 5.10
BPEMEHU PacnpeAC/iCHbl TAaKUM 00pa3oM, Kak €cjii Obl 9Ta (urypa Bpauianach
BOKPYTI MTHOBEHHOIO UEHTPa CKOPOCTEN ¢ YITIOBOH CKOPOCTBIO .

Ecmn A u B - npousBofibHbIC TOYKH Tena, P - MFHOBEHHBIH LCHTP CKOPOCTCH

(puc. 5.10), To mockomeKy v, = v, =|o| AP, v, =v,, = |o|BP, momyunm
Ya_ AP (5.16)
v, BP

Taknm 00pa3oM, CKOPOCTH TOUEK TUTOCKOH (PUTYPHI IPAMO TIPOTIOPTIHOHATTBHBI X

PAcCTOAHUAM 0O MTHOBCHHOI'C HCHTPA CKOpOCTeﬁ.

Jlexkunsa 6
Jlnnamuka

HAuHaMuka — pasjaen TeopeTHUYeCKOH MEXaHUKH, U3yYalolui JABUKCHHE MAaTepH-
anbHbIX 0OBEKTOB U NPUYUHDBI €O BbI3blBAOLIMUE.

JABH:KEHHE TeNna CYUTACTCA U3BECTHBIM, €CJIM HU3BECTHO ABHIKEHUE KAKAOH €ro
TOUKH;, MOITOMY H3YUYEHUE JIMHAMUKM HAUMHAETCA ¢ H3YUCHMS JIBUKEHHS MATEPH-
anbHOM TOUKM. lloa MatepUanbHOH TOYKOH NOHUMAIOT TENO, Pa3sMephbl KOTOpPOro Ta-
KOBbI, UTO PA3JIMYMEM B NEPEMEIICHUAX OT/ISJbHBIX €r0 YaCTHIl MOXKHO NpeHeOpeyb.,
MarepuajbHyIO TOUKY MOXKHO PaccMaTpPHBaTh KaK T€OMETPHUYECKYIO TOUKY, HMEIO-

LILYIO KOHEYHYIO MACCY.

3akonnl I'annnes - Horotona

3akon uHepuun. M301upoBaHHas MAaTEPUANIbHAS TOUKA JIBUXKETCS C HYJIEBbIM YC-

KOPCHHCM.



[lepBbiii 3aKOH yKa3blBa€T HA OJHO U3 BAXKHEHLIUX CBOHUCTB MaTepUU — UHEPT-
HOCTh, CBOHCTRO MHECPTHOCTH MPOSIBIACTCA B CMOCOOHOCTM TENla COXPAHATb CBOC
ABHKEHUE TIPH OTCYTCTBHU BHEITHUX BO3AEHCTBHH, a TaKiKe U3MEHATH €ro noj Aeh-
CTBHUEM CHJI HC MTHOBCHHO, 2 MOCTENCHHO. DTO U3MCHCHUE MPOUCXOAUT TEM MEI-
JIeHHEee, ueM OOJTBITIE BEIECTRA COASPIKUTCS B TETIE.

Bennuuna, apndiomascsa MEpoil MHEPTHOCTU Tela U ONPEACIAIIAA KOJIUYCCTBO
BEIIECTBA, CONEPHKAIIETOCH B TEJIE, HA3BIBAETCS MHEPTHON Maccoi Tena.

OcHOBHOH 3aKOH AWHAMHUKH. MoOynb CHIIBI, OSHCTBYIOIIHH Ha MaTepHATBHYIO
TOYKY, PABEH TIPOU3REJICHHIO MACCHl TOUKH Ha MOJVJTh €€ YCKOPEHMUS, a HaTIPaBJICHHE
CHUIBI COBMAAAET C HAMPaBIEHHEM YCKOPEHHS.

F=ma. 6.1)

Takum oOpa3zomM, MPUUUHON BOSHUKHOBEHUS IBHIKEHUA ABIAETCA CHIIA.

3aKOH paBCHCTBA JCHCTBMA M NPOTUBOACHCTBUA. JIBC MaTepUanbHbIC TOYKH
ACHCTBYIOT APYT Ha ApYra ¢ CHJIAMH, PaBHBIMH MO MOIYJIIO W HAMPABJICHHBIMH IO
OPAMONA, COSAMHAIOLICH YTH TOUKH, B IPOTHBONONOKHBIE CTOPOHBI.

b= 71,_‘2 = ma, =m,a,. (6-2)

Cneacreue. IlycTh Kk TOUKe Macchl 1 OpUIoKeHa cuctema cun {F, F,, F,,... F }.

1

Kaxnas cuna F, coolmaer Touke YCKOPEHHE a, , VCKOPEHUE 7, ONPEIEsIeMoe BCei

CUCTEMON CUJI, PABHO:

a=>a,. (6.4)

[Mpuaoun Janamoepa. CHibl HHEPUHHA

H}/CTB MAaTCpHAIbHAA TOYKd M maccel M, Hd KOTOPYH) HIOMKCHBI HCKOTOPBIC

CBA3H, COBCPIIACT ABHIKCHHC, BBI3BIBACMOC HpI/IJTO}I(eHHOﬁ K HeH aKTHBHOH CHIION ]?a .

OcBoOOAMM TOUKY OT CBSI3€H M 3aMEHUM WX JIEHCTBUE PEAKLHAMH R | CJIOXKHB CHJIBI

F u R, nojyunm cuiy F

a

- +R, (6.5)
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MO JOEeHCTBUEM KOTOpPOW Temneph yXe CBOOOAHAsS TOUKa COBEPIIaeT JBUKEHUE

(puc.6.1).

Puc. 6.1

Ha ocHosanuu Broporo 3akoHa HeroTona:

ma=F=F, +R, (6.6)

Beeaem obo3naucHue —ma = @, TOraa

F+R+®=0. (6.7)

Bektop @, HanmpaBIeHHBIH B CTOPOHY TMPOTHBOMOIOXKHYIO YCKOPEHHIO TOYKH, W
o MOAYJIK) PABHBLA MPOU3BEASHHIO MACChl TOYKH HA MOAYJb €€ YCKOPEHHM, HA3bIBA-
€TCSI CUJIOH MHEPLUU MAaTCPUATIbHON TOUKH.

[Tpunumnn HanamOepa. Ecnu k meficTBYIOILIAM Ha TOUKY aKTUBHBIM CHJIaM H pe-
AKUMAM CBSI3¢H A00ABUTH CUTY WHEPLMH, MBICJICHHO MPWIOKCHHYIO K TOYKE, TO B
KOKABIH MOMEHT BpPEMEHH MOIYyYeHHAsd CHCTeMa cHI OyJeT YPaBHOBEIICHHOM.
IHpuuuun Jlanambepa npeacrapisaet codoit hopMaabHblii MATECMATUUCCKUIA MpUEM,
yAOOHBIM JUTS PEISHUS 33/1a4 JHHAMWKH, TaK Kak IMO3BOJISET JIMHAMUUYECKHE yPaB-

HCHUA JBHXKCHHUA 3aMUCHIBATh B JOPME YPABHEHUI PaBHOBECHS.

Padora

B kauecTBe XapakTCpUCTHUKM ACHCTEBUS CUIbl HA MATCPUATLHYIO TOUKY (Mad
TEN0) MOKHO paccMaTpuBaTh paboty cunbl. Pafora — 310 Mepa OeHCTBUA CHIBI TTO
OTHOUICHUIO K PAcCTOAHUIO, NPOHACHHOMY TOUKOH e mpuamkenus. Touka npuno-

JKCHHUS NIOCTOAHHOM CUNIbL ' ABUIKCTCS [0 NPAMOH, COBNANAIOUICH C JIMHUCH NCHCT-
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BUs cuiibl. PaboTa 3To# CHJIbl paBHA NPOU3BE/ICHUIO €€ MOyl /7 HA JUIMHY MYTH S,
MPOHACHHOIO TOUKOH MPHIMKCHHUA CHIIBI, B3ATOMY €O 3HAKOM «+» HIH «—».
A==%Fs. (6.8)
3HaK «t+» Oepercs B Cllyyae, KOI'la HANPaBJICHUSI CUJIbI U MEPEMELICHHUS COBIA-
JAKOT, 3HAK «—» - KOr/1a 3TH HANPABJICHUA POTHUBONOJIOKHbIL.

PazmepHocTh €auHuIbl padoThl B MexayHapoaHoil cucteme eaunmi, (CH) —
mxoyme (JIx). OmH pKOyITE — 3T0 paboTa, coBepiaemMas CHIOH B OJWH HBIOTOH Ha
OPAMOIMHEHHOM YYACTKE MMYTH AJTHHON OAWH METP.

[1pu 3TOM cuuTaeTCs, UTO TUHHAS ASHUCTBUS CHJIBI COBMAIAET C TPAMON, MO KOTO-
PO ABMKETCA TOUKA €¢ MPHIOKCHHA.

Eciin TouKka NpuioKEHUs CUJIbl TAKKE NEPEMELIIAETCA 110 NPIMOM, COBIAJIAIOIICH
C JTMHHEH OCHCTBUA CWIIbL, HO MOAYJb CHIbl I €CTh BeNMHUKMHA MEpPeMCEHHAs, 3aBHCA-
wast OT TOUKU MNPUAOKEHHSA CHIIbl, TO ISl TOrQ, YTOObl HAMTH PadoTy NEePeMEeHHOH
CWJIBI Ha OTPE3KE MYTH MTHHOH /, pa3o0beM 3TOT OTPE30K HA AOCTATOYHO OONBIINOE
YUCIO N MabiX YYacTKOB Asy, As, ... As,. Toraa MoKHO cuMTaTh, UTO B mpeaeiax As;
MOAYJb CUJIbI MOCTOSHEH M PAaBEH HCKOTOPOMY CBOCMY 3HaueHUIO F B kakoi-1udo
TOUKE OTPE3Ka. IIeMEHTApHYIO padoTy cvitkl F Halijiem 1o gopmyrne:

Ad=FAs. . (6.9)

Brraucnsas cyMMy 3lieMeHTapHBIX paboT U mepexoad K mpeaeny, Haiaem padoTy

NEPEMEHHOA CUMbL /* HA OPAMOJIUHEIHHOM YYACTKE:

As,—=0

" )
A= lim > FAs, = [ Fds . (6.10)
=1 a

ﬂ‘HH TOr0 4uToOBI B34Th 3TOT HHTCTpA1, MOOYIIb CHIIBI CIICAYCT BBIPA3HTL KdK

(yHKUMIO nepeMeHHOH §; [ f(s).

PaGora cuJibl HA KPUBOJIMHEIHHOM YYaCTKe
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PaccmoTpum oOmmit cnydail HaxOKAEHWA PabOTHI MEPEMEHHON CHIIBI, TOYKA
NPUIOKEHUA KOTOPOH ABUKETCA NO KPUBOJIMHEHHOW TpaekTopuu. [lycTh Touka M

NPUIOKEHUA MEPEMEHHON CUAbL /7 JABUKETCA MO NPOM3BOJAbHONM HENPEPbIBHON KpH-
BoH. O003HAUMM 4epe3 ¢ BEKTOP OCSCKOHEYHO MANoro NMEPEMEIIEHHS TOUKH M.

DTOT BEKTOP HaMpaBJeH MO KacaTeJibHOH K KPUBOH B TY € CTOPOHY, UYTO H BEKTOP
CKOPOCTH.

OneMeHTapHOW paboTOW MEPEMEHHON CHIIBI /7 Ha OECKOHEYHO MajoM Tepeme-
IICHAH d5 HA3BIBACTCA CKAIAPHOE TIPOW3BEICHHE BEKTOPOB I+ H (5 !
dA = Fdscosa , (6.11)
rOe o - YTON MEKIAY BEKTOpaMH /7 W o .

To ectb ’nemeHTapHas paboTa CWJibl paBHA MPOM3BEAEHUIO MOJAYJIEH BEKTOPOB
CUMbl U OECKOHEYHO MANOro MepeMelleH!s, YMHOKEHHOMY Ha KOCMHYC YIJia MEKIy
3THMH BEKTOPAMH.

Pasznoskum BekTOp Cuiibl /° HA JIBE COCTABJSAKOLLKE. F, - HAMPABJIEHHYIO MO Kaca-

TEJIbHOH K TPAEKTOPUU — U F,

H

— HaIpaBJIEHHYIO N0 HopManu (puc. 6.2). Jluans neii-

CTBHA CHITBI [/ TIEPNEHOAWKYIAPHA KAcaTebHOM K TPAeKTOPHH, TIO KOTOPOH IBH-
JKETCs TOUuKa, U €e paboTta paBHa HyJo. Toraa:

dA=I.d5 . (6.12)

Hna  Toro, uToObl  BbIUKMCIWTL  padboTy

NepeMEHHOM CUIbl © Ha KOHEYHOM Y4acTKe

KPWBOH OT @ 10 b, cneayeT BBHIYWCINTE WHTErpas

OT 3MEMEHTApPHOK PaboThI;

A= id/l = T!‘dﬁ'cosa = iﬂdﬁ‘ (6.13)

41



Teopema. Pabora paBHOASHCTBYIONMIEH CHCTEMBI CHJI HA HEKOTOPOM MYTH pPaBHa

CYMMC pa60T COCTAB/HAKOIINX CHIT HA TOM KC ITYTH.

JloKa3aTeabCTRO:
IlycTs Touka M mpuiokenus cucreMsl cun {7, I, I,,... I} nepeMemniaerca u3
nonokeHus My B monoxkenne M|, kpome TOro, nycThb
R=F+F +. +I, (6.14)
TO €CTb R — PaBHOJEHCTBYIONIAsA CHCTEMEI CHiI (pHc. 6.3).
BBIMHCITHM 2JIEMEHTAPHYIO padoTy CHABl R . g 5TOro yMHOXKHM PAaBEHCTBO
(6.14) ckanspHO Ha d5 :
Rds=F ds+ I, ds+. +F ds, (6.15)

TO €CTh 3NEMEHTapHad paboTa PaBHOACHCTBYIOIIESH paBHA CyMMeE 3JIEeMEHTAPHBIX
padoT COCTARSIIOLIUX.,
[Mpencrasnas moxynw 1), Iy, I, ... I, kak PyHKITHH S U UHTErPUPYS BHIPAKEHUE

(6.15) B COOTBETCTRYIOIAX MPENIENAX, MONYUHM

112

erdS_jErdS+jF:z_dS'+...+le ds . (6.16)

HT

h b h
Mockobky A= [Rds, 4 = [Fds, ... 4, = [F,ds, OKOHUaTENEHO HMEEM:
a a [y

A=A +A,+. +4, (6.17)

qTO B TPeOOBAJIOCH JIOKA3aTh.

Puc. 6.3
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Jekuns 7

MouHOCTL

JBe pa3sTuYHBIE CHITBI MOTYT COBEPIIATE OAHY W Ty k€ paboTy 3a Pa3sHbIE MPOME-
KYTKH BPEMEHH. XapaKTepUCTUKOMH, 03BOAILIEH OLIEHUTh ObICTPOTY COBEPIIEHHS
padoTeIL, ABISETCA MOLIHOCTD.

MouiHocThO Ha3biBaeTcs paboTa, Npou3Be/ieHHas B €AUHULLY BPEMEHH:

p=M o pom M (7.1)
A Ao A df

Ecan B niobbie PaBHEIC MNPOMCKYTKH BPCMCHH [MPOM3BOAWUTCA OJHA KW Ta KE

padoTa, TO MOLLHOCTb MOKET ObITh BbIUMCIEHA 0 GopMyne:
pP==. (7.2)

B MexayHapoaHoilt cucteme eauHuy (CH) B KauecTBe €AMHMLUbLI MOLUHOCTH

’l

NPUHAT BATT — padoTa B OAMH JOKOYJb, NPOU3BEACHHAA 33 OJHY CEKYHAY Bm =
Ecom B dopmyne (7.1) BMecTo anemenTapHoit paboTsl AA TIOACTAaBHTD €€ BBIpa-

kenne u3 (0.12), monydnum eue 0gHO COOTHOLIEHHWE [T BBIYHCICHHS MOLIHOCTH:

Ids s _py (7.3)
R VIR

[Tpu skcnayarauuy 000W MalMHBl 4acTh NOTPEOsAeMOR €10 MOLHOCTU Tpa-
TUTCA Ha MPEOAOJICHUE PA3TUUHbIX COMPOTUBICHUNA, TO €CTh HA COBEPLUCHUE MONE3-
HOH paboThl pacxoayeTcs TOJbKO YacTh noTpebnseMoli MorrHocTH, OTHONIIEHUE MO-
JE€3HOH MOIUHOCTM (paloTbl) KO Bced n0OTPednsaeMOH MOWHOCTH  (paboTe)
Ha3biBaeTCs koddunmnentom nonesHoro nedicteus (KI1/1) Mmarmnsb:

P A .
? — jiet] — jiet] . 7 .4
== (7.4

KIIJ] xapakTtepu3yeT pauHOHAIBHOCTb HUCNOJIb30BAHUA MOTPEONsieMOl MOUIIHO-
¢TH. [ocKONBKY MOMHOCTBIO W30aBHUTHCA OT TIOTEPh MOLWIHOCTH NPH IKCIITyaTalWuH

MaLUXHbl HeBO3MOKHO, KITJ] nro00H MaliMHbl MEHbLUE €AMHULbI,
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PatoTa ¥ MOIHOCTDL MPH BPALIATE/IbHOM ABHKEHHUH

Haiinem pa®oTy M MOLUHOCTb CHUJbl, MOPUICKEHHOH K TENY, HUMEIOLLIEMY
HEMOABMKHYIKO OCb BpalleHus. [TycTh k TBEpAOMY Tesly, HMEIOIIEMY HEMOABHIKHYIO

OCb BpalLEHUsA, MPUIOKEHA (B TOYKE HE JieXaued Ha OCH BpalleHHs) cuia |

TpaekTopUe TOUKH NPUACKEHUA ABJIACTCA OKPYKHOCTb ¢ paauycom R.

Pasnoxmm BekTOp /7 Ha Tpm cocrammmomme: [, I, . (puc 7.1).

[ 1

DnemenTapHas paborta canel /° OyaeT paeHa:
dA = Fdscosa = I.dscos B + I dscosy + I.dscos A = F.ds , (7.5)
TIOE O - YTOJT MEKAY BEKTOPOM CHITBI /° W BEKTOPOM MepeMemmeHns o5 , P, v, A -

YTITBI MEXKIOY COOTBETCTBYFOIIHMH TTPOCKIHAAMH CHITBI /7 W BEKTOPOM df5 .

DneMeHTapHble paboThl COCTABMAIOIMX 7, W [. paBHbI HYMO, B CUly
OPTOFOHANILHOCTH ~ 3THX  COCTAaBJAIOIIMX  NepemeuleHuio o5 . IlpeoOpasyem

BbipaxeHHe (7.5) ¢ yueToM Toro, uto ds — Rdg.

dA = F.ds = I Rdp = M .dg . (7.6)

Pa
A= ".M:dq)) (77)

@
Ecnn M, — const, to A=M (p, —9,).
Jlna onpeneneHus MOMHOCTH CWIBI F moacTaBuM BEIpakeHHE 3IEMEHTAPHOM
pabothl (7.6) B hopmyny (7.3). Ioayuum:

WA 2w, (7.8)

P=22-Mm,
di - dt

d .
TaK Kak 7? - €CTh anreOpandyecKoe 3HAYSHHE YIIIOBOH CKOPOCTH ) BPALIAKLICTOCH

TENA.
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Puc. 7.1

Ilonsitue o Tpenun. TpeHue CKoOIbKEHHUSI

ConpoTtuBlieHHEe, BOZHUKAIOLIEE MTPU CKOJIBKEHUH OJHOTO Teja MO MOBEPXHOCTH
JIPYTOro, Ha3bIBACTCA TPEHHEM CKONbXKEHMs. Ecnm  compukacawommecss Tena
JIOCTAaTOYHO TBEPABI U XOPOLIO OTHOJMPOBAHBI, TO CUJIA TPEHUSA HE3HAUYUTEIIbHA U B
NepPBOM MPUOTHKEHUH €10 MOYKHO MpeHeOpeyb; HO MPH TEXHUUECKUX pacueTax CHTy
TPEHUS BCErAa NPUXOJAUTCS NPUHUMATH BO BHUMAHUE.

PaccmoTtpum crienyromuii OnbIT: HA HEMNOABUIKHYIO TOPHU30HTAIBHYIO TIOCKOCTh

nosoxeH opycok Becom G (puc. 7.2). IIpuiioskumM K 3ToMy OpyCKy FOPH30HTAILHYIO
cuny O . Ecmu Obl peakuus HEMOABUIKHOM IJIOCKOCTH CBOJAMJIACH TOJIBKO K
HOPMaJIbHOM cuiie N , TO TOpH30HTajbHas cuia O , Kak Obl Maja OHa He Oblja,

OCTaBasACh HEYPABHOBEIIEHHOH, 3acTaBiiia Obl OPYCOK CKOJIB3UTh IO TUIOCKOCTH. Ho

B JICHCTBUTENILHOCTH OpPYCOK OCTaeTcss B MOKOE A0 TeX MOp, Moka cuia O He

JIOCTUTHET HEKOTOPOH ONPEAECTIEHHOMN N
BEJIMUMHBI. _ O
! F mn -
Cuna TpeHus, MNPOABJAOILAACA [pPU

avae VANV VAV avd
IMMOKOEC TCJIa, Ha3bIBACTCA CHJION TPCHHUA B

]

[MOKOE WJIK CTAaTUUYECKON CHIION TPEHU, CHIIA ]
TPEHUS, BO3HUKAIONIAS TPU CKOJIbKCHUH
Tena, HashIBaeTCA  CHJIOH  TpEeHHs B Puc. 7.2

JABHKCHHH.
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HccaenoBanvemM siBjicHUs TpeHUs 3aHuMmascs emnie Jleonapao na Bunuu, Beuay
3HAUEHWS, KOTOPOE WMeeT SBIIeHWe TPEHWd B TEXHHWUECKOW TNpaKkTHKe, W3yUeHHe
SABJICHHS MPOJIOKAIOCh H NPOA0IKAETCS B HACTOAIISE BPEMsi. BO3HHKHOBEHHE CHJIbI
TPEeHUsT CKOJIbKEHWUS OOBACHIETCA, TIPEXKIe BCETO, T€M, UTO TIOBEPXHOCTH Tell He
ABIAIOTCA adCOMIOTHO TIaakuMH. [l Toro, 4ToOBl 3aCTABHTH OQHO TEIO CKOIB3HTD
MO TIOBEPXHOCTH APYTOTO, HEOOXOANMO TIPEOAONIeTh BO3HWKAKOIIEEe TIPH 3ITOM
COMPOTHBIICHUE MHKPOCKOMUYCCKUX BBICTYIIOB, UMCIOIIHMXCA HA COMPHKACAIOILIHUXCS
MOBEPXHOCTAX, KPOME TOIr0, MPH 3TOM IMPHXOAMTCA NPEOJAOASBATh €IS CHJIbL
MOJIEKYJIAPHOTO  B3aUMOACHCTBUA MEKAY YacTULAMM [OBEPXHOCTHBIX CJIOCB,
COIMPUKACAIMXCS TEJL,

Takum oOpa3oM, BOZHUKHOBESHHE CUIIBI TPEHUA OOBACHACTCS ABYMA MPUUYKMHAMH:
1. ITepoxOBaTOCTHIO MOBEPXHOCTEH.

2. TlposBreHHEM CHIT MOJEKYIIIPHOTO B3aHMOJIEHCTBHS.

Ha ocHOBaHWHK ONBITOB YCTAHOBJICHO, UTO MAKCHMAa1bHASA BEJIMUMHA CHIILL TPEHUS

B TIOKOE TIPSIMO TPOTIOPITHOHAITbHA HOPMAJTBHOMY AABIIEHHIO OJHOTO Tejla Ha APYToe,

TO €CTh HOPMAJIbHOW PEAKLIUMU:

Frprs = IN (7.9)
riae f — ko3 PHIMEHT TPEHHUA CKOTBKEHHS B TIOKOE.
OueBuano, 4yto KOMpPHUMEHT TpeHHs CKONBKEHWUSA B IOKOE — BeIMYHUHA
Oe3pazMepHasl.

OTHOCUTENLHO TPCHHA CKOJBMKCHHA B ABHKCHHH YCTAHOBJICHO CIICOYIOIICC!
1. Cuna TpeHHUsI CKOJIbKEHUS B [BUMKCHUU HAMPABJICHA [IPOTHBOIOI0KHO CKOPOCTH
CKOJIBKCHHA OOHOTO TCJId OTHOCHTCIIBHO OAPYTOro.
2. Cuna TPeHUS CKOJIbKEHWA B JIBUKCHUW MOPOMNOPUMOHAILHA HOPMAJIbHOMY
JABJICHHK) OAHOTO TCJIa HA APYTOC:
= f'N, (7.10)

rae f — kodhPUIHEHT TPSHUA CKOIBKSHHA B ABHKCHHH.
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3. Ko>¢pduuuent TpeHMS CKONLKEHMA B ABHMIXKCHUM  HECKOJALKO  MCHBILC
KOMPPHUUMEHTA TPEHUS CKOJILKEHMS B TIOKOE H 3aBUCHT OT MATEPUaANA, COCTOSIHUSI

MOBCPXHOCTH H OT OTHOCHUTCIBHON CKOPOCTH TPYIIHUXCA TCII.

Tpenue kKaueHus

TpeHueM KkaueHHA HA3BIBACTCA COMPOTUBICHUES, BO3HHKAIOWICE MPH KAYCHHM
OJIHOTO TeJla 1O TOBEPXHOCTH APYTroro. PaccMOoTpM NMIWHAPWYIECKHWH KaTOK Ha

rOPM3OHTAIBLHOM m10ckocTu (puc. 7.3). Tlycrs Bec kKatka G , 1 nycTh B €ro ueHrpe O
npuIoKeHa cuia O .

OnbIT NOKA3bIBAET, YTO I0KA CHAA (0 HEBEJIMKA,

KaTOK HaxoIAuTCA B PABHOBCCHH. Crnenon arcJIbHO,

—_— —_— FFTHJ
JEVCTBYOIIHE Ha KaTOK CHJTBI G H QO

YPABHOBEIIMBAKOTCSA  CONPOTUBJIEHUEM  HETOJIBUKHOH

Puc. 7.3

TUTOCKOCTH. B TOuke A BO3HHUKAET HOPMAIBHAA PEAKITHSA

N W cwia TpeHus F,_, paBHas MO MOAYIIO CWi€ (), HO HAaNPaBICHHAs B

np 9

MPOTHUBOITOICAHYIO CTOPOHY. OI[HaKO, eclin OBl COIMPOTHBJICHHC HCIIOABILKHOMN

IIITOCKOCTH CBOIHIIOCH TOJILKO K CHIIAM N u I, , TO KaTOK He MOT Obl HaXOOHTLCA B

nip ®

paBHOBeCHH, Tak kKak mapa (O ,F,) ocrasamack Obl

o]
HeypaBHOBEIIGHHOH. [loyromMy HEOOX0JMMO JONYCTIHTh,

qTO pCcaKIHuH HCMOJBHKHON IIJTIOCKOCTH IIPHBOOATCA HC

TONTBKO K CHMaM N H F

Hr ?

HO W K HEKOTOPOH Mape Cwil,

KoTOopas ¥ ypasHOBemwmBaeT mapy (O ,F ). Dra mapa,

Fp

o

OPENATCTBYIOLAA  KAYCHUIO KATKA, HA3bIBACTCA Napoi

Puc. 7.4
TPEHHUA KaueHHA. BO3HUKHOBEHWE 3TOH mapbl 00BACHASTCA
TEM, 4YTO BCICACTBUEC HE aOCOMIOTHOH TBEPAOCTH pacCMaTpUBacMBble Tela
HCTIBITHIBAIOT AehOpPMAITHIO, TaK YTO KATOK HECKOJBKO BJABJIIMBAETCS B OMOPHYIO

MOBEPXHOCTE MO HEKOTOPOH MAIOH ITUIOMAAKE OKOJIO TOUKH A (puc. 7.4).
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M3 onbITOB M3BECTHO, YTO MOMEHT 3TOM Maphl HE MOXKET MPEBbILLIATL HEKOTOPOTO
OMpPeENIEHHOrO 3HAUEHHS, B YCIIOBHAX JAHHOrO OMbITA, TO MAKCHMAIIbHOE 3HAYEHHE
napbl TPEHUs MOPAMO MNPOMOPLMOHAABHO HOPMalbHOMY AABACHMKD KATKa Ha
MJI0CKOCTb

Mo = N, (7.11)
rae f; — k03(pPUUUEHT TpeHUs KaueHUs.

U3 ananmza dopmynsr (7.11) caeayer, uto ko3pduuMEeHT TpPeHHS KayeHHS
U3MEPAETCS B €AMHMLAX J/THHbI.

CoBpeMeHHbIE UCCIEA0BAHMS MOKA3bIBAIOT, YTO KO3(DPUIMEHT TPEHUS KaueHHs
3aBUCUT HE TOJAbKO OT MaTepUaia KOHTAKTUPYIOLIUX TEJl M UX YIOPYTHX CBOMCTB, HO

TAKKS U OT Paanyca KaTKa.

TeopemMbl AMHAMHKH TOUKH

Teopema 00 H3MEHEHWH KOJMUECTBA JBMKEHHs. KOIHYECTBOM JIBHIKEHMS
MATEPHATbHOW TOYKH HA3BIBAETCS BEKTOPHAs BEIWYHHA §, PABHAA MPOH3BEICHUIO
BEKTOPA CKOPOCTH ¥ Ha Maccy TOUKH 711,

g=mv. (7.12)

Envnviie wW3MepeHHs MOAYJIA KONWYECTBA JBWKEHWS B MexkayHapoaHoi

Ke - M

cucteme equan (CH) seasercs
C

[lycTs Ha MaTepuanbHylo Touky M geiictByer cuna 7/~ (puc. 7.5). B
_ = = dv
COOTBETCTBHH C OCHOBHBIM 3aKOHOM OWHAMHKHU UMEEM ma =], O = 5 Toraa

v = .
—=F 7.13
n =T, (7.13)

av d . _ =
TaKk Kak m Cconst, TO m;z;(nw):ﬁ , YMHOXXKUM 00e
It

YacTH Ha df, TONYyYHM:
d(mv) = Fdr = dS . (7.14)

[IpousBeaeHHe CMALL /7 Ha Maloe MpPUpalleHUe
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BPEMEHH df, B TEUEHHE KOTOPOro 7Ta CHjA AEHCTBYET, HA3bIBAETCH 3JIEMEHTAPHBIM
AMTTYITBCOM CHITHI (S .

Ecnn touka M aBMkeTcs noa  AeCTBHEM CWilbl < 1O HEKOTOPOIi
KPHBOJIHHEWHON TPAaeKTOPHH, TO HMEET MECTO 3aKOH KOJIHYECTBA IBMIKEHHS:
M3MEHEHHUE KOJMUECTBA JBHXKEHHUA MATEPUATIBLHOM TOUKHM 3@ HEKOTOPbIM KOHEUHbIH

MPOMEKYTOK BPEMEHH PABHO HMMYJIbCY MPHUIOKEHHOH K TOYKE CHIIBI 33 TOT Ke

NPOMEKYTOK BPEMEHU

Im'dv = Il*'dl =>my—v,)=3S5. (7.15)

T

IMondATHE 0 MOMEHTE KOJIHYECTBA ABHKECHNA

HHoraa npu M3yueHUH ABMIKEHHUA TOYKH BMECTO U3MEHCHHSA CAMOrQ BEKTOpa §
(mVv) OKa3blBA€TCA YAOOHBLIM paccMaTpuBaTb M3MEHEHUE €ro MOMEHTa. MOMEHT
BEKTOPA § OTHOCHUTENbHO Kakoro-nudo uneHtpa O wnm ocu z oGo3HauaeTcs M (mv)
i M,(#7v) U Ha3bIBAETCA COOTBETCTBEHHO MOMEHTOM KOJIMMECTBA JABHKEHHUS WJIH
KHHETHYECKUM  MOMEHTOM TOYKH OTHOCWTENIBHO JTOrO UEHTPA HIW  OCH.
Brluncnsercsa MOMEHT KOJIMUECTBA ABUKEHUA TAK K€, KAK U MOMEHT CHJIbI.

[IpouseoaHas mo BPEMEHH OT MOMEHTA KOJIMYECTBA ABWIKEHHS TOUYKH, B3STOrO
OTHOCUTENIbHO  KAKOrQ-HUOYAb  HENOABMIKHOIO  LCHTpPa, paBHA  MOMEHTY

JEACTBYFOWIEH HA TOYKY CHIIBI OTHOCHTEIIBHO TOTO K€ LIEHTPA
d -
Z[M,,(mv,)]=MO(I*). (7.16)

AHAJOTHYHAS 3aBHCHMOCTE HMEET MECTO A1 MOMEHTOB BEKTOPa § ( mv )U CHITBI

/¥ OTHOCHUTENBHO KaKO-THO0 OCH Z.

49



Jleknna 8

Kunernueckas Heprusi

KpOMe KOJIMUECTBA JBHKEHHUS OCHOBHOM Mepoﬁ MCXAHHYCCKOTO JOBHAKCHHA
ABIIACTCA KHHCTHHCCKAA SHCPrHA. Kunnetnueckoi BHGPFHGﬁ M&TGpH&J’[bHOﬁ TOYKH

HA3bIBACTCA CKAMAPHAA BCJIHYWHA, PaBHAA

- (8.1)

Kunernueckas sHeprus — €CTh BETHYHMHA MOJOKUTEIIBHAA MPU TI00BIX 3HAYCHUAX
CKOpOCTH, 1IpU v = 0. Eciin v =0, TO TOUKA MOKOUTCH OTHOCUTEILHO UHEPLIMAILHON
CHCTEMBI OTCUETA U €€ KHHETHYECCKAA YHEPrisd paBHA HYJIIO.

Teopema. M3MEHEHME KHMHECTHUECKOW SHEPrUM  MATEPHAJILHOH TOYKH 34
HEKOTOPBIH MPOMEKYTOK BPEMCHH PaBHO paboTe NPUIIOKCHHON K TOUYKES CHIBI 34 TOT
KE NPOMEKYTOK BPEMEHH.

JlokazarenbcTBO:

nra—ﬁ‘zm%—ﬁ:mdv—#dt_

YMHOXKHUM 00¢ 4aCTH CKATAPHO HA V, MOJTYUYHM:
vmdv = Fycosaedt, THE « - YroJd MeXIy HalpaBjeHWeM BEKTOopa CKOpPOCTH W
HanpaBJieHHeM JIHHUN AeHcTBusA cvtbl. [1omyueHHYTO 3aITUCh TIPeICTaBAM B BHJIE

e’

d[Tj = Fvcosadt .

[IpaBasg wacTh 3TOro PaBEeHCTBA NPEACTABRISICT CO0OH 3MEMEHTAPHYIO padorty

cunel F. MHTErpHpyd TONYUYEHHOE BBIPAKEHHE B COOTBETCTBYIOIINX TpeAenax,

NOJIYYUM
2 2 t
MY [ Fycosaudt
2 2 ’
i (8.2)
my: mvy
2 2
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IToTeHuHaibLHAS dHEPrus

YacTh (OorpaHuueHHas WKW HEOrpaHWu€HHas) MPOCTPAHCTBA, B KaX/OH TOuke
KOTOPOTO Ha HAXOTALLYOCA TAM MATEPHAIBHYI) TOUKY ACHCTBYET HEKOTOpas CHWNA,
3aBUCALLAA TONbKO OT MOJNIOIKEHUA STOH TOUKM, TO €CTb €€ KOOPAMHAT X, V, Z,
Ha3bIBAETCA CHIOBBIM nonieM. [Ipoexkunun X, Y, Z cunsl mons Ha KOOPAWHATHBIE OCH
ABJIAKOTCA HEKOTOPbIMM OIHO3HAUYHBLIMH U HEMPEPLIBHLIMU PyHKUMAMH OT X, ¥, . To
ectb X = f{x,y,2), Y =f.(x.p.2), Z=f(x,y,z). JlonyCTUM, UTO CYLIECTBYET TaKas
dbyHkuusa koopauHat U/(x, ¥, z), 4acTHbIE NPOM3BOAHLIE KOTOPOH MO KOOpAUMHATAM
PaBHbI MPOEKLIUAM CHJIbI TIOJIE HA COOTBETCTBYIOLIHE KOOPAUHATHBIE OCH

: cl/ 8 .
Uy, (8.3)

ox cy Cz

X

Takaa ¢yakuns (/ HaszeiBaeTca cHoBOH ()YHKOWEH NAHHOTO CHIIOBOTO TIONA, a
CWJIOBOE TOJIE B ITOM Clyvyae Ha3blBaeTcs MoTeHUMalbHbIM. Halinem BbipakeHue

SMEMEHTAPHONH PadOoTHl CHITBI MOTEHUWAIIEHOTO TONS:

dd = Xebe+ Yy + Zde = Lo+ Ly + L e = avr
ox cy cz

TO ©CTb SJIEMEHTapHas padoTa CUJbl MOTEHLUMANbHONO MOASA paBHA MOAHOMY
anddepeHunany curoBoi (PyHKUNH.
CnenoparenbHo, paboTa Ha KOHEUHOM MYTH, KOTJa TOUKA MPHIOKEHHUA CHJIbI

nepememaercs u3 nonoxkenns My B monoxxenne M, BeIpa3nuTes Tak:

(A1)

A= [du=U-U,, (8.4)

(A1)
TO ecTh padoTa CHIBI MOTEHUWATBHOTO TIONA PaBHA Pa3HOCTH 3HAUYECHWH CHIOBOW
({YHKUMH B KOHEUHOM U HAYANbLHOH TOUKAX MYTH W, CASAOBATENbHO, HE 3aBUCHUT HU
OT BHJA, HA OT JUTHHBI TPAEKTOPWH, MO KOTOPOH TMepeMENIaeTca TOYKa NMPATOKEHN A
CHUJIbl U3 NonoxkeHus My B nonoxkeHue M.

Otcrona cneayer, YTO B Ciyyae OJHO3HAYHOU cunoBoii pynkuun [/ paboTa cubl

NOTEHLUHMABHOTO NOMA HAa BCAKOHN 3aMKHYTOH TPACKTOPUU PaBHA HYJIO,

o1



[Mycte Touxka Myfxy, )y, zo) Oyner kakas-TuO0 TIPOW3BOJBFHO BHIOpaHHAAS

HEMOABWIKHASA (HyJeBad) TOUKA, B KOTOpPOH cunoBad dyukuma umeet 3Hadenune [/(x,

Yo, Zo).
Pabora, nponszBoaumas CWI0H NpH NEPEMELICHUHM MaTepUalbHONR TOYKH M3

nojaoxeHnuss M B «HyNEBYHO TOYKY» My, HA3bIBACTCS MOTCHIMAJIbHOH IHEPruci B

Touke M.
I=U,-U. (8.5)

OueBnIHO, UTO B HYJIEBOI TOuke M MoTeHIIMalTbHASA SHEPTHS PaBHA HYJIO.

3akon COXPAHCHHH YHEPIrun

Ilyete M; u M; Oyayr AByMsS pas/IMYHBIMM MOJOKCHUAMH MaTepHAIbHON

B MNOTEHUMAJIbHOM cHjaoBoM mnoje, u U, u U, -

TOUKH, JBHKYIIEHCS

COOTBETCTBYIOIINE 3HAUCHUS CHJIOBOH (yHKOIMM B 3TUX Toukax. Hamumem

YPABHEHUE, BbIPAKAIOIICE TEOPEMY O KHHETHYECKOH IHEPIUM;

mv;  mvy

- >

2 2

TAE V; U V> — CKOPOCTH ABHXKYymIeHcs Touku B niojoxenuax My u M;. Ho Tak kak

padora A paBHa Pa3HOCTH 3HAYCHH CHUI0BOK (PYHKIIMM B KOHCUHOM W HAYAJILHOM

MOJIOKECHUAX ,[[BH)KyU_IeﬁCH TOYKH, TO
' . (8.6)

Toraa noreHumansLHas JHCPI'HA B TOYKAX M 1 le GyHeT BBIPAKaTbCA TAK:

" =t,-u,
n,=U,-U..
Orcrona
U1 :Un _Hl.
u,=U,-1,.

IMoacrassas moyueHHBIE 3HAUEHWS B BRIpaXenne (8.5) momyaum

[

,
Hrv s
- — = Hl 7H29
2 2
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HIIA

TO SCTh

v’

+1I = const . (8.7)

Cile10BaTENIBHO, TIPH JIBUKEHUH MATEPUANIBHOH TOUYKH B MOTEHIMAIIBHOM CHIIOBOM

IMoJIe CyMMa KHHETHUECKON W MOTEHIHAITLHOH SHEPIHH OCTACTCA MMOCTOSAHHOH.

Kuneruuyeckan JHEPIrHA MAaTCpHUHANBHOI0 TEJIAa B PA3/IH1HbIX BHAAX JBHKCHHA

MarepuaibHOE TENO0 €CTh COBOKYMHOCTb OTACAbHbIX MATCPUANIBHBIX TOYEK.
KuHernueckas 3Heprusi Tena, COBEPIIAOWIECTO IMOCTYNATENBHOE JIBHKEHUE PaBHA
MOJIOBUHE NPOU3BEACHUA MACChl TE1Aa HA KBAApaT CKOPOCTH €ro LEHTpa Macc:

7o mv
2

[{eHTpOM Macc cucTeMbl Ha3biBaeTCs ToUuKa C, KOOPJIMHATH KOTOPOH HAXOMATCS

no dopmMynam:

_ > omx, L > my, o > m,z, (8.8)
5 m e S, T Ym, '

HYCTB TCIIO BpPaAIIacTCAd BOKPYT HEMOABUKHOM OCH Z C yFHOBOﬁ CKOpPOCTBIO (D

X

(puc. 8.2). [1pu BpareHnn Tena abCoOMOTHAS BETHUYHHA CKOPOCTH MF000# TOUKH Tena

paBHa v, = ®R,_, TOTJAa KHHETHUYECKAA YHEPTHUA paBHA:

]. - ]. ] 1 3 )
T==Ymv, ==>mo R == > mR;.
2 2 2
Benvuwna, paBHas CyMMe NPOW3BEIACHHIT MAacChl KaXJIOH TOYKH HA KBAJApaT

pacCcTOAHUA OT OCH BpallCHHA, HA3BIBACSTCA MOMEHTOM HHCPIHHH [z TCIIa

OTHOCHTCILHO OCH Z. ]z — MCPa HHCPUHH TCJIa BO BpAallaATCIbHOM NBHMKCHHH
1 5
T :51_19“. (8.9)

OceBOi MOMEHT MHEPIIMH MOXKHO NPEICTABHTH B BHJIE:

I.=Mp:, (8.10)
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r7ie p,— paanyc WHEPIMK Teja oTHOCuTeNnbHO ocu Oz, M — macca Tena.

Teopema  Kenwra. Kunernueckas YHEPrus TeNa, COBEPILIAKOMIETO
MIJJOCKOTMApajuieIbHOE  JIBMOKEHHWE, PaBHA CYMME  KHMHETHYECKMX  JHEPrui
MOCTYNATEIbHOrO ABHIKEHHUA Tela CO CKOPOCTBIO LIEHTPA MAcC W BPallaTesibHOro
JNBHIKEHUS BOKPYT OCH, IMPOXOAALIEH Yepe3 LIEHTP Mace:

p P Sl (8.11)
2 2

MowmeHT uHepuuu /, TBEpAOro Teaa OTHOCUTENIBHO z
KaKOH-JIMOO OCU Z paBE€H MOMEHTY WHEpPUHH [. 3TOrO
Tela OTHOCHUTENIBHO OCH, NPOXOJALIECH uepe3 LEHTP
Macc Tella W Napajuie/IbHOW OCU Z, CIIOKEHHOMY C @
NPOU3BEACHUEM MACChl Tejla HA KBAApPAT PACCTOSHUSA
Mexay ocamu d
I.=1,+md". (8.12)
Puc. 8.2

MomeHTBI HHEPIHHH HCKOTOPBIX IMPOCTLIX 0JHOPOAHBIX TEJI

1. OxpyxXHOCTb. BBMUHCIUM MOMEHT HHEPIUH MaTEPHAIBHOW OKPYKHOCTH
paguyca R m maccer M otHOcuTensHO ee neHTpa O (puc. 8.3). [list aToro pazo0pem
BCIO OKPYXHOCTh Ha OECKOHEYHO Majibie 3JeMEHThl Maccoii m. Bce anmemeHTsI
HaxomaTcea oT ToukH O Ha OTHOM PacCTOAHUM R, m03TOMY HCKOMBIH MOMEHT PaBEH:

1,=>"mR*=R*Y m=MR". (8.13)

2. Tonkui pguck. MOMEHT HWHEpPUMH [HCKa

paauyca R u Mmaccel M oTHOCHTENBHO ero neHtpa O

(puc. 8.4) BblUMCIUM CHEAYIOUM  00pazom.

Pa3o0beM MuCK KOHIIEHTPUYECKUMHU OKPYKHOCTAMH
Ha DJJIEMEHTApHbBIE IUIOCKME KOJIbLIA paauyca I,

mupuHOH - Ar. Maccy konbma o0o3HaYMM  m.
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HICKOMBI MOMEHT MHEDLMH PABEH CYMME BCEX MOMEHTOB HHEPLMHU HIEMEHTAPHBIX
KOJITCIT:
1,=> mr

O003HaYUM NOBEPXHOCTHYIO IJIOTHOCTb YEPE3 ¥, TOrAQ

s

I1nomaap JJNICMCHTAPHOT0 KOJIBLA ITPCAOCTABHM B BHAC!

s, =2,
TOoraa
m=2mwAr,
g TR MR’
1, = 2mrir = J'ZJTJ/I‘SdI‘ === (8.14)

Ar

3. Kpyrnwlii uunmunnp paauyca R, maccoi

M. Pa3o0beM BeChb LMJIHHAD HA TOHKHE %

JACKH, MOMEHT WHEPTINA THCKa

_mR R

] od >
2

rae m — Macca JUcKa. Puc. 8.4
HCKOMBIH MOMEHT HHEPIHH I1HJIMHJPA PaBeH CYMME MOMEHTOB HHEPIMH BCEX

JUCKOB

mR- -

R =72m=MTRZ. (8.15)

4. [lap. Bbluucium MOMEHT uHEpuMM miapa maccoi M u paamycom R
OTHOCHTENBHO €ro wHeHtpa. (J003HAYMM MIOTHOCTh, MPUXOAAMIYIOCA Ha €OUHUILY

oObpema p.

rac V — o0bem Lapa.
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TOT 1A

_3M
Pram

Pazobbem map koHmeHTpHYecknMH cepaMi Ha OECKOHEYHO TOHKHE ceprueckue
CITOU pamuyca r W TonmmwHoN Ar. Tak Kak BCce uacTHUBR CIIOS HaxOJATCS Ha
OIMHAKOBOM PACCTOSHWH OT 1leHTpa O, TO MOMEHT WHEPIINH CITOS PaBeH
1= mr.

O61BeM ceprl paBeH:

I =dmr’Ar,
Macca cephr:

m=4dm Arp

TOrja MOMCHT HHCPIOHUH LIapa PABCH:
R 4 )
1, = 4mpr*tr = [ 4mprdr = TR
0

Ioncrasnsas 3HaUeHNE P, MOTYUUM:

I, = MR, (8.16)

JAnppepeHunanbHoe yPAaBHEHHE BPALIATEILHOTO [IBUKEHUH TEA

Teépaoe Teno MOXKET COBEPILATH /IBA MPOCTHIX JIBUIKECHUWS: MOCTYNATEIbHOE W
BpaIllaTe]TkHOE BOKPYT  HenoJiBvxkHOW  ocu. JlnddepennmaneHoe vpaBHEHHE
MOCTYNATENBHOTO ABMKCHHUS UMEET BUA:

7:0 —
M—<=I
=T, (8.17)

rac M — macca Tena, v, - CKOPOCTb JIBHIKCHUA LICHTPA Macc, /7 - TNABHBIA BEKTOP

BHEITHHX CUJI, AEHCTBYIOIINX HA TENO.
[lo ananorun MokHo 3anucath AudrpepeHuuanbHOe ypaBHESHHE BpallaTEIbHOTO

ABHUKEHHA TCIIAd B BUAC!

do
I —=M
2 z, (8.18)
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rae [, — MOMEHT WHEPUHH TBEPAOTO Tea OTHOCHTENBHO HEMOABMIKHON ocH Z, M, —
[JaBHbIA MOMEHT BHEILHUX CUJI, AeHCTBYIOLMX HA TENO.

Hetpyano 3ametnth, uTOo audpepeHunanbHOe VYpaBHEHHE BpalaTeNbHOTO
ABM:KEHUA Tejla noxoxe no ¢opMe Ha auddepeHUUanbHOe  ypaBHEHUE

MOCTYNaTreNbHOro JpuxkeHud. [Ipu BpallleHUM MOMEHT MHEpLHH Tejla Urpaetr polib

dw
MAacChl TMPH TOCTYNATEIbHOM JBUXKEHWUH, VIJIOBOE YCKOPEHUE 8:7 - PoJlb
!

J —

YCKOpPEHUA & = d;‘ , & MOMEHT BHELUHUX cUa M, — poab cuiibl /7, ACUCTBYIOLUEH Ha

TEJO.

Jlekuus 9
KonebatenbHoe ABH:KEHHE MATEPHAJIBHOH TOUKH
CpoGoanbie Koe0anns 6e3 ydyeTa CHJI CONMPOTHBJIEHHS

PaccMotpum Touky M, ABHKYLIYIOCS MPAMOIWHEHHO TMOA AEHCTBHEM OIHOM
TOJIbKO BOCCTAHABJIMBAIOLUEH CHIIbL 7, HANPABAEHHOM K HEMOABUIKHOMY LeHTPY O n
MPONOPUHOHANBHON PACCTOSHHIO OT 3TOro wHeHTpa. [Ipoekuuns cunbl 77 Ha ock OXx

(puc. 9.1) Gyaet pasHa;

F.o=—-cx. (9.1)
0 r M
HupdepenunanbHoe  ypaBHEHHE  ABWIKECHHUSA ¥
Touku M uUMeeT CleayoLmnii BUA Puc 9.1
d’x
m—= —cX, 9.2
dt~ ©:2)

rae ¢ — KoXppUUMEHT KECTKOCTH TIpyKuHBI [H/M], OH mokasbiBaeT, Kakyw cwiy
HEOOX0AUMO MPUIOKUTh K MPYKUHE, UTOObl PACTAHYTb WM C3KATb €€ HAa €AUHULY

AJTHHEBL.
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[ 3
Paznenup 3To ypaBHEHME HA M U BBOAA 0003HAUECHWE — =4°, NPUBEAEM €ro K
nt

BUIY:

d*x .
— +k'x=0. 93
dt- T (©:3)

Vpasuenne (9.3) npeacrasnser coboit  audpepeHumanbHoe  ypaBHEHHE
cBOOOIHBIX KONeOaHMH MPHU OTCYTCTBUM COMPOTUBNICHUs. PellleHre 3Toro JTHHEHHOTo
ogHOpoaHOTO Ju(pEepeHUNaTBHOTO YPAaBHEHHA BTOPOTO MNOPAAKA WILYT B BHIE!
x=e". Tlonoras B ypaBHeHuu (9.3) x=¢”, noayuuMm IS OMHCAHHA H TakK
HA3bIBAEMOE XAPAKTEPUCTHUECKOES YPaBHEHHWE, UMerlee BUa: »° +4° =0. Tak kak
KOPHH O3TOT0  XapaKTEPUCTUYECKOIO YPaBHEHUsA ABIAKOTCA UYHCTO MHHMBIMH
(n; >,—#ik), TO, KaK U3BECTHO M3 Teopuu Au(PepeHLUaNnbHBIX YpaBHEHWH, olliee
pellcHUE ypaBHEHUS (9.3) UMEET BUA;

x = sinkt +(’, coskt, (9.4)
rae (' n (’5 — NOCTOAHHBLIC MHTCTPHPOBAHMA,

Econ BmecTto moctosHHABIX (; W (> BBECTH TIOCTOAHHBIE ¢ W «, TaKHe, UTO
(', =acosa, (', =dasina , TO NIOJYUUM:

x = asin(kf + ). (9.5)

VYpasHenue (9.5) ecTh ypaBHeHME TrapMOHHYecKoro kojebaHus. To ecTh, B
cliydae MPAMOJIMHEHHOTO OBHIKEHHA NOI OEHCTBHEM BOCCTAHABIWBAIOLUEH CHITBI,
NPONOPLMOHATBHON PacCTOAHUIO OT UEHTPA, MaTepualbHas TOYKa COBEpLIACT
rapMOHHYeCcKoe Konebanue.

Bennunna a — Hanboablwee OTKNOHEHHE TOuku M oT ueHtpa O, HaszbiBaeTcA

aMIIMTYA0H KojeOaHWs, apryMeHT (kf/+«) HasbiBaeTcs hazoii konebaHus, a

BEITHUMHA (f HA3bIBASTCA HAYANbHOH (pazoi konebaHms.

CKOpOCTb TOUKH NPH rapMOHUUYeckoM KonebaHuu onpeensercs no dhopmyne:

y :%:ak cos(kl +a). (9.6)
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[TpomexxyTOK BpeMEHU 7, B TEUEHHE KOTOPOre TOUKa COBEPLUAST OAHO MOJHOE
konebaHue, HazbpiBaeTCd MNepuoaAoM kojebaHuii. [lo wucreueHuum nepuoaa daza

M3MeHseTCa Ha 27, creaoBatebHo k17 2, OTKy/1a neproa

27
== 9.7
2 9.7)

Bennuuna v, oOparHaa nepuoay W onpeaenswolas 4ucio konebaHui,

COBEpLUACMBIX 32 OAHY CEKYHAY, Ha3biBACTCA HaCTOTOM KONeOaHU:

| k m '
—— =7 /_, 0.8
Y 7 2r d c ( )

Beauuuna k OTNIHYACTCA OT V TOJBKO NNOCTOAHHLIM MHQXKUTCIICM 277.', TO €CThb 2Ta
BCJIMUHHA ONpeACc/IACT YHCJIO I10JIHBIX KOﬂe6aHHﬁ, KOTOpPLIC COBCPLUACT TOYUKA B
TeueHue 277 CeKyHA. DTa Be/IMUMHA & HA3blBAETCA KPYTOBO# UacTOTOM KoaeGanus.

3HaueHUus @ U ¢ - onpeacjJaoTCa NO HadajdbHbBIM YVCJIOBUAM OBHMKCHUA, Cuuras
mpy {—0 x—0 n v—vy, nonyauM u3 (9.5) u (9.6) x, =asina, v, =akcosa, OTCIOMA

Haxo0JHuM:

(9.9)

HUrak, cBoOogHele KonebGaHWA NPH OTCYTCTBHH COMPOTHBJICHUA 001aaar0T
CJCAYIOWMUMH CBOHCTBAMU:
l. ammuTyna v HavaneHada pasza konedaHWi 3aBUCAT OT HAYAIBHBIX YCIIOBHIA;
2. Kpyropas 4acToTa k, a CNeIOBaTENbHO, U mepuoa 7' konedaHuil OT HauajbHbIX
VCTIOBHI HE 3aBHCAT W ABJISIOTCA HEW3MEHHBIMH XapaKTEPHCTHKAMH AaHHOH

KONEOMOLEHCA CUCTEMBL.

BangiHue nocTogHHOI CHJIbLI HA CBOOOAHDBIE KOJIE0AHHA TOYKH

[Tycth Ha Touky M, KpOME BOCCTAaHABIUBAIOWEH CUIIbL /', HAMPABJIEHHOHW K LEHTPY

O, neHCTBYET €1e W NOCTOSHHAS MO MOAYJIO W Hanpasnenuio cuna P (puc. 9.2). B
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ITOM cllyuyae MoJoKeHHeM paBHOoBecHs Toukdu M Oyaet ueHTp Oy, oTcToAmii ot O
Ha pacctosHun O01=4,,, KOTOPOEC OMIPEACNACTCSA PABEHCTBOM ¢§,, = > Win

s I (9.10)
&

oim

Bemauna 4., HA3BIBASTCA CTATHYESCKIM OTKJIOHEHHEM TOUYKH.

ITpumem tenTp Oy 33 HAUallo OTCYETA, KOOPJMHATHYIO OCh O1x HanpasuMm B

CTOPOHY JCHCTBHA CHIIBI P, TOrga NONyduM: F =-—c(x+§6 ). YUWTBIBasA, 4TO

cd,, =P, monyuuM auddepeHuanbHOe ypaBHEHHE TBHKEHAS B BHIE!

d*x d*x

— = —cx WA +k°x=0.

it

To ecTh MOCTOAHHAS CHJIA P HE W3MEHAST XapakTtepa KonedaHui, COBEPIIagMbIX
TOYKOA MoA ACHCTBMEM BOCCTAHABIMBAIOILCH CHILI F, 8 TOJLKO CMEILAET LEHTP

ITUX  KOJIEOAHWH B CTOPOHY JIGHCTBUSA CWIB P Ha BEIMYWHY CTAaTHUYECKOTO

OTKJIOHEHUS Oy,

C y4erom ToTO0, uTO £° = r , Beipaxkernne (9.7) npuver BU:

ma.,
T 2x % (9.11)
0 OO F M P «x
. 50/71" p
Puc. 9.2

Jaryxaromue Konebanus

Ilycth matepuanbiaa touka M aBuikeTcs npsamonuneinno no ocu X. Ha touxy

IPH €€ JABUKEHUHN JEHCTBYIOT BOCCTAHABIMBAKOIIAN CHWIA £ W CWIA CONPOTHBIICHUS

R (puc. 9.3). CuMras, 4yTO CUla CONPOTUBICHHS NPONOPLUMOHAILHA NEPBOH CTCNEHH
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: =MV =—H— - T o=—cx
ckopocTH: R=—uv=—pu > M~ KOO(hdUUHEHT conpoTuBaeHUs, F, , NONy4YuM

audpepeHUNanbHOE YpaBHEHUE ABH)KEHUA B BUE:

-

d x dx
mM—= X — ft—. 9.12
dr’ Wi ©.12)
= = c 2 I
Pasznenue 00e wacTH ypaBHEHUS HA M W BBOJIA OOO3HAYECHHS —=k" W —=2h,
m mn
NpUBENEM YpaBHEHHE K BHOY:
d* d s
20 k=0, (9.13)
dt- dt ‘

Ypasuenue (9.13) npeacrasiser codoi m

auddepeHIIHATEHOE YpaBHeHHE CBOOOM- Ir R — X
HbIX KOJ‘leﬁaHI/IFI npu CONpoOTHUB/ICHHUH IIPO- () M
MOPIMHOHAIIEHOM CKOPOCTH. Ero PCIICHHUL, Puc 93

KaK ¥ peuieHue ypasHenus (9.3), mmyt B
Buje x=e¢" . [loacraeisisi 370 3HaueHWe X B ypaBHeHue (9.13), nojyuum xapakrepu-

CTHYECKOC YPABHCHUE 11° +2bn+k° =0, KOPHU KOTOPOro OyayT
., =-btb -k . (9.14)
PaccmoTpuM ciyuaii, korma k& > b, To ecThb KOTHJa COMPOTHBIICHHE Malo TIo
CpPaBHEHHIO ¢ BOCCTaHABJIHMBAIOIIEH cunoii. BeegeM o6o3HaueHme:
k =Ak* b, (9.15)
nonyunm u3 (9.14), uro  m,=-btik,, TO €CTb KOPHH XapaKTEPUCTUYECKOrO

ypaBHEHHA SBIAIOTCA KOMIUIEKCHBIMH. Toraa pemreHue ypaBHeHHs (9.13) Oymer
HNMCTbL BUA.

x=e"(C, sink+C, coskt) (9.16)
WM, TTI0 aHAJIOTHH C PaBEHCTBOM (9.5),

x=ae™ sin(kt+a). (9.17)
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BeTHauHEl ¢ 1 o ABIAIOTCA TTOCTOSTHHBIMHA 7,

HHTCTPpHPOBAHUA W OTNIPCACTIAOTCA  TI0

-

HAYAJIBLHBIM YCIIOBHAM. ~
Konebdanusi, npoUCXOIsIME MO 3aKOHY ~~.

-

(9.17), Ha3pIBAIOT 3aTYXAIOLIMMH, TaK Kak
01aroapss  HaAMYMIO  MHOMKMTES e \/ . ,\/- b t

BenmmumHa X = OM ¢ TeueHuWeM BpeMEHH .

yObIBAET, CTPeMsCh K HyO. I'paduk s31ux .
Puc. 9.4

kosieOaHui 1oka3aH Ha puc. 9.4.
[IpoMeKyTOK BpeMeHM /), paBHBIH mepuony sin(kf-+o), HA3BIBAIOT NMEPUOIOM

3aTyXarmmx KoneOaHuii:

A - (9.18)

ki Wkt

Ecmm yuects paBeHcTBO (9.7), dhopmyny (9.18) MOxHO NMpeACTaBUTL B BUE:

7 :2_”3:;&:@ '/‘[Ho,sz—;}_ (9.19)
kJ'lfb,, J'pbﬁ
k- '

U3 nonydeHHBIX 3aBUCMMOCTEH BWAHO, 4TO 1;> 1, TO €CTb NpU HAAUYMKU

COMPOTUBICHUS mepuoa konebanmnii  Heckonbko —yeenuumBactes. o  ecnn

-

COMPOTURICHUE MaNo (h<< k), TO BENUUUHOR M0 CPABHEHUIO C €IMHULIEH MOMKHO

2

npeHedpeyb U cuurath 12 7,

IIpoMemKYTOK BPEMEHU MEKAY JABYMA MOCIEAOBATCIbHBIMU OTIJIOHEHUAMHA
KOIeOmoLelics TOUYKH Takke paBeH /;. CneJoBaTeNbHO, €CITH MEPBOE MaKCHMAaITBHOE
OTKJIOHCHUC X; MNPOUCXOAUT B MOMCHT BPEMCHH {;, TO BTOPOC OTKJIIOHCHHC X)
HACTYIOMUT B MOMEHT {; — {;+ Ty u T. 0. Toraa, yuutsiBas, uto k7 =27, u3 QOPMYJILL
(9.17) nonyuum:

x, = ae” sin(k,t, +a),

—B(1,+T, b7,

X, =ae 'sin(kf, + k1 +a) = xe”
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BT,

AHANOTHUHO JyIsl  JIKOOOrQ  OTKIIOHEHMST X, ; OyaAeT X, = Xx,e Takum

00pazoM, abCOMOTHBIC 3HAYCHNS OTKIOHCHUH Konebmoeiica Touku M ot uentpa O
yOBIBAKOT 10 3aKOHY NEOMETPUUECKOH MPOrpeccuy, 3HAMEHATENb ITOM NMPOrpeccuu
e”"" HA3BIBACTCSA JCKPEMEHTOM 3aTyXalOMX KoneOaHnui, a HaTypanbHblid Jorapuhm
AeKpeMeHTa — BeTHunHa H 1, Ha3pIBAETCS JTOTAPHPMHUSCKHM TEKPEMEHTOM.

W3 nony4eHHBIX pe3yAbTATOB CICAYET, YTO MANoe CONPOTHBICHHE MOYTH HE
BJIMSICT HA NEPUO/] KOJEOAHMI, HO BbI3bIBAET UX MOCTCNEHHOE 3aTYXaHHUE.

B cayuasx, koraa b>k vwiu b— k, ABUKEHUE TOUKM SIBJSACTCS ANEPUOJIMUECCKUM,

TO €CTh OHO YiKC HC MMCCT XAPAaKTCPa Konedare/IbHOro JABHKCHHWS.

IlonsiTHE 0 BHIHYK/AEHHbBIX KO/IE0aAHHUAX

ITycre na T1Oouky M, JABMWKYWYIOCA [0 OCHA X, KPOME CHIIbL F,
NPOMOPLMOHANGHON — PACCTOAHMIO X, H CHJIBl  CONPOTHBICHHA Cpemsl R,
NPONOPUHOHAIBHOA CKOPOCTH, JACHCTBYET €UIE WM NEPUOJMYECKA H3MEHAKLIAACA

cuna Q (puc. 9.5), mpoekuus KOTOPOH Ha OCh X paBHa

Q.= Hsin pt. (9.20) 5
Cuny () Ha3bLIBAIOT BO3MYIIAIOLIEH CH- . F R _-} 7, fc; JIOH,
a KoneGaHus, NPOMCXOJAIME INOA  Acii- 0O M
CTBUEM JTOW CHWJIbI, HA3bIBAKOT BBIHYKJICH- Prc 9.5

HeIMH. Bennunza p B paBedcTBe (9.20) ABndeTca yacToTOH BOIMYIIAIOWIEH CHITHL.

Huddepenmanbroe ypaBHeHHE ABWXECHUS TOUkH M mmeeT BH:

-

X dx :
= —cx— yu—+Hsin( pt). 9.21
M= X + H sin( pt) ( )

H
Pazgenus 00¢ yactu HTOro ypapHeHUs Ha M U 0003HAYMB — = F, IPUBEIACM
m

ypasHenne (9.21) k Buay:

%+2b%+k2x=hsin(pl). (9.22)
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D10 ecTb nuHeHHoe auddepeHUManbHOE YpPaBHEHHUE BTOPOro Mopsaaka c
NOCTOSIHHBIMKU KO3 dulMeHTaMu U ¢ NPaBOi YacTbio OTNHUHON OT Hyna. Obuee
PELUEHHUE 3TOrO YPaBHEHUA MOKHO MPEACTABUThL B BUAC:

X =X, + Xy,
rae x; — obuiee peuieHue ypasHeHus (9.22), Ho 6e3 mpaBoii 4acTH, TO eCcTh nMpu A< k
3T0 pewieHne umeer Bua (9.17), a x; — kakoe-JIMOO YACTHOE PEIlIEHHUE JAHHOTO
ypaBHEHHA. PelueHue x> Myt B BAIE:
x, = Asin( pt — ).

Toraa, oOwee peweHue AUPPEPESHUMANLHOrO YPaBHEHHUSA, AAKOLLETO 3aKOH
JBWXEHUA MaTepHaNbHOH TOUKH NPU HAJIMUYWK BO3MYLIAKOWIEH CHIbI, OYJAeT UMETb
BUJ;

x =ae " sin(k,t+c)+ Asin( pr — B), (9.23)
T d U O ABNSIOTCA MOCTOSHHBIMU MHTEIPUPOBAHHA W ONMPEASAIOTCA N0 HauallbHbIM
YCIIOBHAM, a 3HaUEHHA A ¥ [ onpeaenatorca no popMyam:
h
\/(kz —p ) +abipt (9.24)

2bp
{ =
&b =1 e

A=

W3 ananuza ypasHeHwuii (9.24) cneayer, uTo HauboblIEro 3HAUYEHUA aMILINTYAa
BbIHYKACHHbBIX KOJCOAHUM AOCTUTAET NpU 2k, TO €CTh B TOM Cllyuae, KOrja uactora
BbIHYXKJEHHbIX KojebGaHWii paBHa 4acToTe CBOOOAHBIX KONEOAHWH TOUKH,
COBEPLIAEMBIX MOJA ACHCTBHEM TOJBKO BOCCTAHABJIMBAKIMICH CHIBI. 3TOT Ciydai
COBMAAEHHUA YAaCTOT BbIHYXKJIEHHbIX M CBOOOJHBIX KONe0aHUl HOCHUT Ha3BaHHUE
pe3onanca. SBieHne pe3oHaHCa XapaKTEPHO TEM, YTO B 3TOM Cly4dae aMmIuTHTyaa

KoJIeDaHHUI TOUKH AOCTHUIa€T 3HAYCHHNA, 6JIN3KOro K MAKCHMAJIbLHOMY .

H o
O003HauuM A"=— - CTAaTMUECKOS CMEIUCHME MATCpUATIbHOH TOUYKM NoA
[&

ACHCTBHEM TOCTOAHHOH cunbl. Torma 7 - kod(pPUUHEHT OMHAMHYHOCTH MOXKHO

onpcacinTE U3 BbIPAKCHHA!
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p=do_ 1 (9.25)

iEh)

BolHy:kaeHHbIE KoneDaHug 001aJal0T CASAYIOWHMMUA BaXKHbIMHU CBOMCTBAMM,

OTJIMYAKIHUMH UX OT COOCTBEHHBIX KOJIEOaHHH TOUKM;

l.
2.
3

AMIUTHTY 1a BBIHYXICHHBIX KOJTeOaHHIT OT HaJabHBIX YCITOBHH HE 3aBHCHT.

BblHY)KHEHHble KOﬂe6aHl/lH MMpH HAJTHYHHK CONMPOTHBJICHHUA HC 3aTYXaroT.

UactoTa BBEIHY)KICHHBIX KOJIeOaHWIT paBHA HACTOTE BO3MYIHAFOIICH CHIIBI W
OT XapaKTEPUCTHK KoNebmoluelics CHCTEMbl HE 3aBHCHMT, TO €ecCTh
BO3MYIIAKOMIAA CHITA «HABA3BIBACT» CHCTEME CBOIO YAcTOTY KoneOaHWii.

Jaxke Opd Manoi BO3MYLUAWOLIEH CUJIE MOXKHO MOAYUUTb WHTECHCUBHBIE
BBIHYKICHHBIE KOJIeOaHHWs, €CITH COTPOTHBIIEHHE Mallo, a 4acToTa p» ONH3Ka K
k (pe3oHaHc).

Haxe mpw OONBIINX 3HAYCHHSAX BO3MYILAMOIIEH CHITBI BBIHYKIACHHBIE
Kone0aHua MOKHO CIENaTh CKOMb YFOAHO MAaJlbIMM, €CIM 4acToTa p OYyAeT

MHOTO MeHblle £,
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