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BBEJIEHHUE

N3yueHne TeopeTHIecKol MEXaHHKHA KaK OAHOH W3 (DYHIAMEHTAIBHBIX
(U3HKO-MATEMATHUYECKAX JUCLUIUIMH HIPACT BAXKHVIO POJIb B MOATOTOBKE
CHECIMATUCTOB O  MCXAaHMKO-MATEMATHUYCCKUM W HHIKCHCPHBIM
MCXaHMUICCKUM HampasiacHusIM. OHO mo3BOMsIeT OYAYIIMM CHCLHATACTAM
HC TOJBKO TOIYUHTE TIYOOKHC 3HAHHS O MPUPOIC, HO W BHIPAOATHIBACT Y
HUX HCOOXOAWMBIC HABBIKA IS PCIICHHUS CIOKHBIX HAYYHBIX W
TEXHUUYCCKUX 33424, A1 KOTOPBIX TPEOYeTCsl MOCTPOCHUE MATCMATHUCCKUX
MOJENCH Pa3HOODPA3HBIX MCXAHUUCCKAX CHCTEM, Pa3BHBACT CIIOCOOHOCTH K
HAy4IHBIM 00OOIICHHSIM H BBIBOJAM.

JUT 3aKpericHUs. HABBIKOB CAMOCTOSATEIBHOIO PEIICHUS 3aJa4 MCXAHUKH
BO BTOPOM CEMCCTPC M3VUCHHSI TCOPCTHUCCKON Mexanuku ctyacHTel CITAY
BEITIOJHSIOT  KYPCOBYIO paloTy, B KOTOPOM HEODXOANMO TIPOBECTH
KOMTIJICKCHBIH aHATH3 JABMDKCHHS CHCTCMBI C JBYMS CTCIICHSIMH CBOOOBI,
TOJTE3YACH PA3THYHBIMHA MCTOAAMH TCOPETHUCCKON MEXAHUKH,
TeopeTnueckass MEXaHHKA, KAaK 4YacTh CCTCCTBO3HAHMSI, HCIIONB3YHOIIAS
MATEMATHUECKHE METOABI, HMMEET ACI0 HE C CAMHUMH MATE€PHATbHBIMU
OOBEKTAMH, a HX MATEMATHYECKUMH MOJCIIMH. TakMMH MOICISIMHU
SIBJITFOTCS. MATCPUATBHBIC TOUKH, CHCTEMbI MATCPUATBHBIX TOUCK, TBEPABIC
Tena u  achopMupyemast  CriomHas  ¢peaa. B kypcoBoi  pabote
PACCMATPHUBAIOTCSI MPOCTCHINNE CHCTEMBI, KOTOPBIC COCTOSAT M3 TBEPABIX
TCN, COBCPIMAIOIIHX MPOCTCHINAC MBIKCHUA, W TICPEMEIIAOIICHCS IO TETY
MaTEPHUATBHOH TOUKH.



1. UCCJIEAOBAHUE OTHOCUTEJILHOI'O JIBMKEHU S
MATEPUAJIBHOW TOUKHU

[lepBrlii  3Tam  KypcoBOM  paOOThl  TMOCBSIICH  HCCIACAOBAHHIO
OTHOCHTENIBHOIO JABHKCHHS MaTepuanpHOH ToukH. Ha sTom 3rtame
HEOOXOIUMO:

HAUTH 3aKOH OTHOCUTENBHOTO JABIDKEHHSA MATEPHAIBHOM TOYKH IO
3aJaHHOMY 3aKOHY TMEPCHOCHOTO JBIDKCHHS M HM3BCCTHBIM  CHIIAM,
JCHCTBYIOIIUM HA TOUYKY,

ONPEAETUTh PEAKLUH CBA3€H, HATOKEHHBIX HA ABHKYLIYIOCS TOUKY,

MOCTPOUTh TpPadHUKH HM3MCHCHHS KOOPOWHAT, CKOPOCTCH H pPCaKLUH
CBSI3€H, JEHCTBYIOLIMX HA ABIKYLIYEOCA TOYKY, HA 33JaHHOM HHTEPBAJIEC
BPEMEHH,

B 3aBHCUMOCTH OT KOHKPCTHOTO BApPHAHTA MCXAHWYCCKOW CHCTEMBI
pCIIUTh  APYTHUC 3aJa4H, HAOpUMEp, TMPOBECTH CHHTE3  (BBHIOOP)
MapaMETPOB MCXAHHUICCKON CHCTEMBI ISl OOCCIICUCHUS 33JaHHBIX CBOWCTB
CHCTEMBI, BBINIOJHUTH CPABHUTEIBHBIM AHATHU3 MAPAMETPOB ABHKCHMS
MAaTEPHAIBHON TOYKHU MPU ASHCTBHH CUI TPEHUS U UX OTCYTCTBUMU.

1.1. JduddepeHumanpHbic ypaBHCHAS
OTHOCHUTCIIBHOI'O ABUXKCHH A

JBM>KCHHC MATCPHATBHONW TOYKH B TIOABIKHOM CHCTCME OTCUCTA
onuchBacTCS  AU(PBEPCHIHAIBPHBIM  VPAaBHCHHEM  OTHOCHTEJIBHOTO
TBHKECHHASI

mw =F+R+®,+®,, (1.1)
rac F - TmaBHBIA BCKTOP AaKTHBHBIX CHII, NPWIOKCHHBIX K
PacCMATPUBAEMOH TOUKE,
R - rmaBHBIA BEKTOP pPeakIUii CBA3CH,
@, =—mw, - NCpcHOCHAs CHUIA HHEPLIHH,

@, = —mw, - KOPHOIHCOBA CHJIA HHCPLHH.

Vpapnuenue (1.1) oTauyaercs OT OCHOBHOTO YPABHCHHS TUHAMHKH TEM,
YTO K ACHCTBYIOIIMM HA TOYKY AKTHBHBIM CHJIAM M PCAKLHUSAM CBS3CH
J00ABISIIOTCSL [ICPCHOCHAS M KOPHOJIHCOBA CHITbI HHCPLIMH, CBSI3AHHBIC C
nBkeHHEM TOUYKH. CIe10BATEIPHO, OTHOCHTEIBHOS IBHKCHHE 3ABHCHT HE
TOJIBKO OT ACHCTBYIOIMMX HA TOYKY CHJI, HO M OT IBHMIKCHHUS TIOABHIKHOM
CHUCTCMBI OTCUCTA.



IlepenocHass U KOpPHOJIMCOBA CHIIBI MHEPLMH PaBHBI [POU3BEACHUIO
MacCchl TOYKH Ha COOTBETCTBVIOIIEE YCKOPEHHWE W HamNpaBICHBI
MPOTHBOMNOI0KHO YCKOPEHHUIO 2, 3, 9]:

@, =—mw, =—m[w, +@, x (@, xF)+&, x7|,

O, =—-mw,=-2mo,xV, .
rae W, - YCKOPECHHE TOUKH, MPUHATOH 3a IOTIOC, HAMpHUMeEp, Havaga
HO,I[BHH(HOﬁ CHCTCMEBI KOOPOHHAT,

@,, &, - YIIoBasg CKOPOCTb H VIJIOBOE VCKOPCHHC TMOABYIKHOU

e e
CHUCTECMBI KOOPAMHAT,
¥ - paguyCc-BEKTOP TOYKH B MOABIIKHOM CHCTEME KOOPIHHAT,

V. - oTHOCHTEIBHAS CKOPOCTS.

PaccMoTpuM  ¢riocoOBl  ONPEACTCHUS CHJI WHEPLMH B HEKOTOPBIX
YACTHBIX CTYYasX MEPEHOCHOTO ABHKEHHUS.
1. Ecnu nepeHOCHOE IBHKCHHE MPCACTABISICT COOOHM BPALICHHE BOKPYT

HCTIOABIKHOM OCH, TO CHJIA HHEPLHUH B ICPCHOCHOM JABIDKeHHH @, paBHa
CYMME LEHTPOOCIKHON U BPAIIATCABHOM CHJI MHEPLIHUU
O, =0+D7",
ric @F=—mw* - uenTpobe:kHas cuna mECpUME (W - ICPEHOCHOE
HEHTPOCTPEMHUTETBHOE YCKOPEHHE),
@% =—mw® - ppamatcnbHas cuna HHEpUHH (W7 - [ICPCHOCHOC

BPAIIATEIBHOE YCKOPEHHE).
[To MOIYITEO COCTABISIFOLINE CHITBI HHCPLHH PABHBI COOTBETCTBECHHO
&' =mho.,  ©F =mhe,,
rae b - pacCTOSHHE OT MATEPHAIBHON TOUKH 0 OCH BPAIICHHS,
@, U &, - VINIOBAs CKOPOCTb M YIJIOBOE YCKOPEHHE NOJBHMKHOH
CHUCTCMBI KOOPAWHAT.
HpI/I PaBHOMCPHOM IICPCHOCHOM BPAILICHHH BOKPYT HeHOﬂBH}KHOﬁ OCH

— p _ D -
g,=0, @®=0, u O, =0"
2. Ecau mepeHOCHOE ABMKCHHE MPSACTABIICT COOOH MOCTYIMATCIBHOC
ABMJKCHHC, To cuia nHepimu Kopuomanca @, paBHa HyIO, Tak Kak paBHA
HYIK VIJIOBask CKOPOCTb TOABMKHOH cucrembl @ ,=0. Ilpu

NOCTYIIATCIAbHOM ABUXKCHHH YVCKOPCHHA BCCX TOMUCK HO,Z[BI/I}KHOI‘/II CHCTCMBI



OTCUETA PABHBI MCXKAY COOOI, MO3TOMY TICpeHOCHAs cuia uuepiun @

e
HE OyICT 3aBUCCTH OT MOJIOKCHHSA TOUKHA B MOABIDKHOH CHCTEME OTCUCTA U
A €€ OIPEACICHUS A0CTATOYHO BBIYHUCIUTH YCKOPEHHUE 000N TOYKH
JBHKYILIETOCS TENA.

B ofmem ciayuac, Korga mOCTYMATCIbHOC TCPCHOCHOC MABHIKCHHC
AB/LICTCS HCPABHOMCPHBIM M KPUBOIMHCHHBIM, MIEPEHOCHASL CHUja
unepuun @, npeacrasiasier coboH CyMMy KacaTenbHOH W HOPMAJbHOM

CHUJT HHCPLIHUHA
@e = @er + men b

rac @, =—mw,_-xacateibHas CHIA HHEPLIUH,

S

= —mwen - HOpMaJdbHaA CHJIa HHCPITHH,

- IEPEHOCHOE KacaTenpHoe yekopenue ( W, =),

e

=

T
2

- IEPECHOCHOE HOPMAIIBHOE VCKOPEHHE ( W, =——),

=|

en
V, - ckopocTh NOCTYNATEIBHOTO ABUKCHHS T/,

£ -paguyC KPUBU3HBI ETO TPACKTOPHUH.

Ecnu mepeHOCHOE ABHXKEHHME NPSAMOIUHCHHOS W PABHOMEPHOE
(moxBIOKHAS CHCTEMA OTCUCTA SBISCTCS HHCPLHAIBHOMN), TO NCPCHOCHOE
VCKOPECHHE U MEPECHOCHASL CHUIA HHEPLIUK PABHBI HYIIO

W, =0, ©&,=0.

bonee moapoOHBIC CBEACHUS MOMKHO MOMYYHTh B OJJHOM K3 YICOHHUKOB
Mo TEOpeTHUCCKOM MexaHuku ( Hanpumep [2], riasa VI, [9], raasa V).

PexomeHayeTcst  caeayiomas — MOCICAOBATENBHOCTh — BBIINOIHCHHS
JAHHOTO 3TAIa KypCoBoH padoTh:

1. H3zoOpazute HA PHCYHKC CXCMY MCXAHHYCCKOW CHCTCMEI.
OmpeaenuTe Kakoe  ABIDKCHHE  MATCPHABHOM  TOYKH — ABJIACTCA
OTHOCHUTCIBbHBIM, KaKOC - ICPCHOCHBIM.

2. BeiOpath W H300pa3uTh HEMOJBHKHYK) W TOJBHKHYK) CHCTEMBI
orcucTa. PCKOMCHAVETCS MOIB30BATHCS CICAVIOIUMHA THIIAMH TTOABHKHBIX
CUCTEM:

- €CIM OTHOCUTEIBHOE ABMXKCHHE MPSIMOIHHEHHOE, TO BbIOHpaETCH
MPAMOYTOJIbHAA CUCTEMA KOOPAMHAT, OJHA W3 OCCH KOTOPOH HaIpaBliicHA
TI0 BEKTOPY OTHOCHTEIBHOM CKOPOCTH TOUKH;



- €CIIH OTHOCHUTENIBHOC MABHMKCHHE IPOHUCXOIUT IO OKPYKHOCTH, TO
LEIECO00Pa3HO UCIOIB30BATh CCTECCTBCHHYIO CUCTEMY KOOPIMHAT,

- CCJIM TPAacKTOPpHA OTHOCHTCIBHOIO ABHXKCHHA TOYKH 3apaHCe
HCHU3BCCTHA, TO MNPHUMCHACTCIA, KAK IMPAaBHIIO, MNPIMOYTOJbHAsA CHUCTCMA
KOOPJIWHAT, HAIMPABICHHE OCCH KOTOPOH OMPEACTICTCS  VA0OCTBOM
HPOCKTHPOBAHUS CHIIL.

3. Jns Toro, 4troOBl HE OWMOWUTBECH B MPOCKTHPOBAHWUH CHUL,
3ABHCAINUX OT MOJOXKCHH: TOYKH HJIHM €C CKOPOCTH, MATCPHAJIBHYH) TOYKY
CIEeNyeT HU300pa3UTh B MPOMEXKYTOUHOM TIOTOKCHHH, COOTBETCTBYIOIIEM
IMOJOKHUTC/IbHBIM KOOpIHUHATaAM 3TOH TOYKH, H IPCAINOJIONKHUTE, UTO TOUYKA
ABHMKCTCA B CTOPOHY BO3PpaCcTaHHA 3THX KOOPAHUHAT.

4. OnpeacanuTe AKTHBHBIC CHIIBI F u pCakuMu CBA3CH R ,
JCUCTBYIOIIHME HA MaTepHAAbHYIO TOUKy. M300pas3uthk gaHHBIC CHIBI Ha
pucyHke. Jlag aKTHBHBIX CHJI  3amuAcaTh  BCKTOPHBIC  (OPMYIIHL,
ONPCACISAIOIINEG UX BEIMYHUHBI U HAIpaBicHUA. Peakuum CBA3CH, eCnu UX
HAIPABJICHHUC TPOU3BOIBHO, PA3IOAKNUTDH HA COCTABISIOLIHC.

5. OmnpexenuTe YCKOpPEHHE MATEPHATBHOH TOYKH B TEPEHOCHOM

OBIOKCHHH W, . yckopeHHe Kopmommca W,, HaWTH CHIy HHEPLUHU B

nepeHocHoM  aBmwkennn @, xopwommcoBy cuny uHepumn @ wu

e’ c
HM300pasuTh UX Ha PUCYHKE.

6. 3amncate BCKTOPHOC VPAaBHCHHC OTHOCHTCIBHOIO JBMIKCHUS
marcpuanpnoil Touku (l.1) U cmpoexkTupoBaTP Ha OCH BBHIOPAHHOU
MOABHKHOH CUCTEMBI KOOPAUHAT.

7. Haiitm oOmee aHamuTHUeCKOe pemeHHe AU HEePeHITHATHEHOTO
VpaBHEHUsSI  OTHOCHUTEIBHOTO  JBHIKEHHMs, ONPEICIHB  IIOCTOSHHBIC
HHTCIPUPOBAHUA C  IIOMOIIBK)  HAYANBHBIX  YCIOBHUH  JBHIKCHMS.
PekomeHayeTcd MOMYYEHHBIE TOUHBIE PELIEHUSI CPABHUTBH C PE3VIBTATOM
YHCIEHHOrO HHTerpupoanus Ha OJOBM. B cayuae, ecnu pemenus
auddepcHINANBHBIX VPABHCHUH AHATUTHUCCKH IOIVUHTH HEBO3MOXKHO,
MPOBECTH YHCJICHHOE HHTCIPUPOBAHUC TOIBKO HA IBM.

8. Ha ocHOBaHMHM NOMYUEHHBIX PELIEHUH BBIYUCIUTh BETUYHHBI,
VKA3aHHBIE B 3aJaHHH.

9.  IlpoaHanu3upoBaTe  MOJYYCHHBIH  pe3v/abTaT,  HAIPHUMED,
ONPEACTUTh XAPAKTEP ABMIKCHHS MATCPHUAIBHON TOYKH (ANEPHOIUICCKUI
WIH  KONeOATENbHBEIM), COMOCTABHUTH  PE3VIBTATHl  MOACTUPOBAHHS
JOBIZKEHUS ¢ (PU3HIECKON KapTHHOM SBICHHUS H T. .



10. TIpoBecTH KaUEeCTBCHHBIM aAHAIU3 MMOJAYUYEHHBIX PE3YyJbTATOB, a
TAKKE PEIHUTh 3aJady CHHTE3a (BHIOOpA) MapaMETPOB MEXAHHUICCKOH
CHUCTEMBI, HAaMpUMEP, MoA0OPaTh JKECTKOCTh MPVIKHH, OOCCIEUMBAIOIIHX
konedaTEeTPHOE IBHKEHHE MATCPHATBHOH TOUKH.

Cneayer uMeTh B BHAY, YTO €CIM B KAaKOW-TO MOMEHT BPEMCHH
ACUCTBHE CHIT HA MATEPHAITBHYIO TOUKY M3MEHSIETCS HITH MPEKPALIACTCSI, TO
JUTSE OMUCAHUS TOCICAYIONICTO JABMKCHUS TOYKH HAJA0 COCTABUTh HOBBIC
audHepPeHUUATBHBIC YPABHCHUS €¢ ABHKCHHS. HavyalbHBIMH YCIOBUSIMHA
HOBOT'O JBIKCHHMS TOYKH OVAVT €€ TOJIOKCHHC U CKOPOCTb B KOHLC
NPCAIICCTBYOIICTO ABMIXKCHHS, 1aK, HANPUMEP, MOPHU HCCICAOBAHUU
ABIDKCHHS MATCPHATBHOM TOYKHA TPH HATHYHH CHJIBI KYJIOHOBA TPCHHA
HEOOXOUMO YYECTh, YTO, BO-TICPBBIX, CHJIA TPCHHUS BCEIJA HAMPABICHA
MPOTHB JABIJKCHUS W, BO-BTOPBIX, CYIICCTBYET TAK Ha3bIBacMas '30HA
3acTOs", MPU MOMAJAHHH B KOTOPYIO MATCPHAIBHAS TOUYKA MPEKPATUT
TBHKCHHC.

[Tpumepel pemeHus 3a7ad HA COCTABICHUEC W WHTCTPUPOBAHHC
aud hepeHITHATEHBIX YpaBHEHUH OTHOCHTEIBHOTO JBHKCHHUS
MATCPUAIBHONW TOukH TmpuBeAcHel B /7, 3amanue J1.4/. Tlpumep
HCCJICIOBAHHS ABHKEHHUS ¢ VIETOM TPEHHA JaH B /1, 3agada 8.35/.

B pacyeTHO-MOSCHUTEIBHOM 3aMHUCKE K KyPCOBOM PadOTC HECOOXOTUMO
NPUBSCTH PHCYHOK CXEMBl MCXAHHYCCKOM CHCTCMBI € BBIOPAHHBIMH
CHCTCMaMH KOOPAWHAT W JACHCTBYIOIIUMH HA MATCPHATBHYIO TOUKY
cunamu. BeiBox aupdepeHUHATBHBIX  YPABHCHHH  OTHOCHTEIBHOTO
OBIDKCHHS MATEPHATBHOH TOYKH, WX PEHICHHS, PE3VIIbTAThl AHATH3A,
CHHTE3a,  JAO/DKHEI  OBITh  CONPOBOXKIACHBI  COOTBETCTBYIOIIMMH
noscHeHUAMU. [lomyaeHHBIE pe3yIpTaTel HEOOXOOUMO OQOPMHUTE B BHAC
tabmuny  w  rpadukoB. B cayuae, ecnm pe3yabTaThl  PEIICHUSA
G EepeHIUATPHEIX ~ VPABHCHUHM  MOMYUCHBI  MYTEM  YHUCICHHOTO
uHTerpupoBaHnud Ha IBM, To HeoOXOAMMO NMPOBECTH HX CPABHEHHE C
AHATUTHICCKUMH PELICHHSIMH B TPEX KOHTPOJIBHBIX TOUKAX - B HAYAIbHBIN
MOMCHT BPEMCHH, POMEKYTOUHBIH U KOHCUHBIH.



1.2. Tlpumep nccnenoBaHus OTHOCHTEIBHOTO ABHIKEHHS

PaccMOTpHM MEXaHHUCCKYIO CHCTEMY, COCTOSIIYIO U3 OJHOPOIHOH
Tpyoku CD, obpasyromieii ¢ OChr0 BpaICHUS MPSIMOH YrolI, H mapuka M,
MIPUKPETICHHOTO K KOHITY FOPHU30HTATBHON TIPYKHHEL (puc. 1.1).

T'Il\
A
N
yn i wc
W' Fom| o,
C T Z X
/ ® i1k
z N
11 Vone
Q“)Mm
A

Puc.1.1. Cxema MCXaHUYICCKONM CUCTCMBI H ACUCTBYIOIINC HA MIAPUK CHIIBI

B monokeHMH paBHOBECHSI IMAPHK HAXOAUTCS B TPYOKE Ha
paccrosaun a = (0.1 M ot BepruxanpHoit ocn. Koaddumment xectroctn
npyxkunbl ¢ = 3 H/m. muaa tpyOku L = 0.25 m. Macca mapuka m = 0.01
kr. [lox geficTBeM BHEIIHETO MOMEHTA TPYOKa BpaIIAEcTCS BOKPYT
BEPTHKAIBHOH OCH ¢ MOCTOSHHOUM YIJIOBOH CKOpOCcThIO () = 10 paa/c.
ITpenebperas TpeHHEM W MACCOM MPYKUHBI, ONPEIACTUTh HA HWHTEPBAJIC
Bpemenu 0 - tl (t1 =2 ¢):



- 3aKOH OTHOCHUTEIBHOIO JBUKECHHS MATCPHAIIBHOMN TOUKH,

- peaKLmu CBA3EH, JEHCTBYIOIINX HA ABHXKYIYHOCS TOUKY.

ITo pesyapTaTaM pacdeToB MOCTPOHUTh TrpadUKH  HU3MEHEHHS
KOOPAHWHAT, CKOPOCTEH M PEAKIIUK CBA3CH, ACUCTBVIOMMNX HA ABMKYINVIOCS
TOUKY, HA 3aJAaHHOM HHTEPBAIC BPEMEHHU.

CespxeM nmoaBrKHYIO cucteMy ortcueta (CXyz ¢ Bpalaroleics
TpyOKOH, BRIOpaB HaUAI0 KOOpAHHAT HA ocu BpawmeHus. Oce Cx nmpoBeaeM
B10Ib TPYyOkH, ock Cy - BIomb ocu BpameHus, ock Cz Tak, uToObl OHa
JOTIONHSTA CHCTEMY KOOPAMHAT A0 Tipasoit (puc. 1.1).

Bpamenne tpybku B™mecTe ¢ cucteMod koopauHaT CXyz BOKPYT
ocu An ( Cy ) sBEICTCS NCPCHOCHBIM JBIDKCHHECM [UIS IIAPHKA.
OTHOCHTETBHBIM JBMXKCHHEM IHAPHKA SIBJSIETCS €r0 JABHIKCHHE BOJb
TPYOKH.

HuddepeHmmaapsHoe YPaBHEHUE OTHOCHTEIBHOTO ABMIKCHHS IS
paccMaTpUBAEMOro CIIydasi PABHOMEPHOTO BPALLICHHS TPYOKH, UMEET BUJ,

— _ e — = —u =
mw, =G +F, +N+@D'+®, , (1.2)
rae m - Macca MaTepHaIbHOU TOUYKH,
W, - YCKOPEHHE TOUKH B ITOJBHKHOH CHCTEME OTCUETA,

G =mg - cuna THKECTH LIAPHKA;

F,, - cuma ynpyroctu NpyKWHBI, MOJY/]b KOTOPOH MPOMOPLMOHAICH

BenuauHe Achopmaunu, F),  =cA=—(x-a);

N - HOpMajbHas peakius CTCHKH TPyOKHW ( Ha puc. 1.1 uzobpakeHbl c¢

coctasagawomuec N , B N.);

@) u @, - nepeHOCHAS IICHTPOOEKHAST H KOPHOIUCOBA CHITBI HHEPITHH.
— —
Cunpl unepuuun @ u @, HamnpaslIcHB NPOTUBOINOICKHO

MEPEHOCHOMY LEHTPOCTPEMHUTEIBHOMY W,! W KOPHOIHCOBY YCKOPEHHIO
W, coorBeTcTBeHHO. HarpaBieHue yCcKopeHHsT W, MOKHO OIIPEICTHTD I10

MPaBUJY BEKTOPHOTO MPOM3BCACHUA WA HU3BECTHOMY  TIPABUIY
AKyxosckoro |2, 3, 9], npeanonaras, 4To OTHOCHTEIbHAS CKOPOCTh V, =x

HIaprUKa IOIOKHTCIbHA. B sTom CIOy4vac KOPHOIHCOBA CHIIa HHCPLUHUH D

C
HAanpagpIcHa napannenbHo ocu Cz MOABHAKHOU CUCTEMBI KOOPAUHAT.
Mozaynu culI HHEpUHH ONPEACIIIOTCS 10 hopmynam

u o o 2
D' =mw] =mo °x,

10



O.=mw,=2moV, = 2ma)|)'c| .
CrpoekTHPYEM BEKTOPHOS VPABHEHHE OTHOCHTEIIBHOIO JBHIKCHUSA
mapuika (1.2) Ha ocu MOABHIKHON cHCTEMBI KoopauHaT Cxpz
mi=—c(x—a)+mo’x,
my=N, —mg=0, (1.3)
mZz=N_+2mox=0.
Hemwxkenne mmapuka M Bmome ocu  (Cx  onmchiBaeTcH
mudepeHIHATBHBIM YPAaBHEHHEM
X+kx=cgm, (1.4)
rae k=c/m-o0-.
OO0imge pemeHUe TMOJYYEHHOr0 JIHHEHHOr0  HEOJTHOPOIHOTO

quddepeHIMATBHOTO  YPABHEHHSI BTOPOTO TIOPSAKA C  TOCTOSHHBIMH
koadpurmentamu (1.4) Oyaem UcKaTh B BUJC

X=X +Xx,,
rac X, - ofmee pEIICHHEC COOTBETCTBYIOLIETO OAHOPOIHOTO
YPaBHCHHUS,

X, - YaCTHOE pPeuIeHue HeoAHOpoaHOoro ypasHeHus (1.4).

OaHOPOHOC YPABHCHUC HMCET BH/

¥+kix=0, (1.3)
KOTOPOMY COOTBETCTBYCT CIICAVIOIICC XAPAKTCPUCTHICCKOS VPABHCHHE
a’+k?=0

Tax KaK B paccMaTpPUBAEMOM ciayyae BEJIMYHHA
k?=c/m-o’ =200pao’ / ¢’ - cCThb BCIMUMHA TIONOXKHUTCIbHAA M,

CIICIOBATEIBHO, KOPHH XaPaKTCPHCTHUECKOTO YPABHEHHUS - THCTO MHHMEIC
qycaa: a;,=tki,, TO Oo0MKM  pPELICHHEM OJHOPOIHOTO

muddepeHnmanbHoro ypapaeHud (1.5) Ovaer sasaarbes QyHKIHS
x,=C,coshkt+C,sinkt,
rae C, u C, - NOCTOSHHBIC HHTETPHPOBAHUS.
YacrHoe pecHue vpasuenus (1.4) Haxoaum B opme
x,=8.
YuuteiBas, uto X, =0, X, =0, NOACTaBILL UCKOMOEC PCLICHUC B

muddepeHnanbHOe ypaBHeHHE (1.4), momayaum
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X, =B=cg/mk’.
Torma o0mee pemecHue AUPPEPEHUUATEHOIO  YPABHCHHS
OTHOCHTENBHOTO ABM)KEHUA mapuka (1.4) mpuHUMaeT BUA

x=C, coshkt+C,sinkt +Caf/mk* .

(1.6) CkopocTh 3TOr0 ABHIKCHHS PABHA
x=—C ksinkt +C,kcosht. (1.7)

[loctosunpie €, u C, omnpegenuM, HCHONb3YA HAYAIbHBIC
yCIOBHs

t=0,x,=a,x,=0.

3anumem ypasueHust (1.6) u (1.7) qnst t = 0:

2

x, =a=C, +ca/mk )

x,=0=Ck,
OTKyJa TOIYy4acM, 4TO

2 (2 _

C,=-0’alk?, C,=0.

OxoHuarenmbHO  pemeHue — auddepeHITHanbHOTO  YPaBHCHHS
OTHOCHTCITBHOTO JBIKCHHS LIAPHKA TPHHAMACT BH,T

X =ca/mk2 — (0’ a/kz)coskt .

a CKOPOCTb OTHOCUTEIBHOIO JBUKEHHS [IAPUKA pABHA
x=(w’alk)sinkt. (1.8)
Urak, mapuk M coBepmact rapMOHHYECKOE KOICOATEIBHOE

ABIKEHHME C KPYroBoW wactotoli k =4c/m-o0° = 1414 pag/c u

avrmty ot A=’ a/k? = 0.05 M OKONO NMOTOKCHHS OTHOCHTEIBHOTO
paBHOBecHs X = ca/ mk2 = 0.15 wm. Tlepuon komebanuii mapuka M
pasen T'=2x/k = 04443 c.

Cocrasnstomme peakuun creHkd Tpyoku N, u N onpeaenum us

BTOPOTO U TPETHETO ypaBHEHHS cucTeMBI (1.3)
N,=mg,
N_ =-2mox.

Moayas oTHOH HOPMATIBHOH PEakIUH CTCHKH TPYOKH paBeH

N =N+ N =myg’ +40°%7,
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¢ CKOPOCTh OTHOCHTCNBHOTO [BIDKCHHS IMAPUKA X  ONPEACTICTCS
BhipaxkcHueM (1.8).

Hasnenue mapuka M Ha CTCHKY TPYOKH O YHCJIOBOMY 3HAYCHHIO
pPaBHO HAWACHHOM peakuuu N U HANPaBICHO B MPOTHBOIOIOKHYIO
CTOPOHY.

PeayibTaTel YHCICHHOTO pacueTa 3aBUCUMOCTEH NEPEMEIICHHS X
, CKOPOCTH X, & TAKIKC PCAKUMH CTCHKU TPYOKH N H peakuuu npyKHUHBI

F,,, or Bpevcnu mpuscachbl B Tada. 1.1 mna puc. 1.2 - 1.5

Tabmuna 1.1.
3aBHCHMOCTD TIEPEMEIIEHHS X H CKOPOCTH i IIAPHKA,

HOPMAaIbHOH peakimi N 1 peakunu npyxuusl £, 0T BpCMCHH

np

t, ceK X ,M X ,M/C N.H F,, . H

0 0,1000 0,0000 0,0981 0,0000
0,1 0,1422 0,6985 0,1707 0,1266
0,2 0,1976 0,2178 0,1073 0,2927
0,3 0,1726 -0,6305 0,1598 0,2179
0,4 0,1095 -0.4145 0,1284 0,0285
0,5 0,1147 0,5012 0,1403 0,0442
0,6 0,1795 0,5708 0,1505 0,2385
0,7 0,1945 -0,3232 0,1175 0,2834
0.8 0,1344 -0,6716 0,1663 0,1031
0,9 0,1007 0,1137 0,1007 0,0020

1 0,1502 0,7071 0,1721 0,1507
1,1 0,1994 0,1068 0,1004 0,2983
1,2 0,1652 -0,6738 0,1667 0,1955
1,3 0,1053 -0,3169 0,1168 0,0159
1.4 0,1209 0,5749 0,1511 0,0627
1,5 0,1856 0,4963 0,1396 0,2569
1.6 0,1902 -0,4202 0,1292 0,2706
1,7 0,1269 -0,6273 0,1593 0,0808
1.8 0,1026 0,2245 0,1079 0,0078
1,9 0,1583 0,6973 0,1705 0,1749

2 (0,2000 -0,0070 0,0981 0,3000
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MIANAWAWA
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Puc. 1.2.
3aBUCHMOCTD ICPCMCIICHHS IIApUKa X OT BPEMCHH t
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)
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0

Puc. 1.3.
3aBHUCHUMOCTD CKOPOCTH MIAPHUKA X OT BPCMCHH t
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N,H 02
0,15

2

0,1

0,05

2

0 02040608 1 12141618 2 ¢c

Puc. 1.4. 3aBHCHMOCTDb PEAKLIHUH CTEHKU TPYOKH OT BPEMEHHU

F,H 0,4
03
02 |
0,1 f
0
0 0,5 1 1,5 2 ¢ c

Puc. 1.5. 3aBUCHMOCTD CHIIBI YIIPYTOCTH OT BPEMEHH
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2. ITPUMEHEHHWE OBLIMX TEOPEM NTMHAMHWKHU
K AHAJIM3Y ABWXKXEHHMA MEXAHUYECKHUX CUCTEM

2.1. O0wmue 3ameuanus

MexaHuueckoll ~ CHCTEMOHM  HA3BIBAETCS  Takasi  COBOKYIIHOCTB
MAaTEPHAIBHBIX TOYEK, B KOTOPOH IMOMOKEHHE M JABIDKCHHE KAXKIOM TOYKH
3aBHCHUT OT MOJOKCHHUA U ABHXKCHHS OCTANbHBIX Touck. [loayuaemeie mms
CHCTEMBI MATCPHUAJIBHBIX TOYEK TCOPEMBI M COOTHOLICHUS MOXKHO
pacIpoOCTPaHUTh U HA CUCTEMBI, COCTOSINME M3 OAHOIO MM HECKOMBKHX
B3aMMOCBSI3aHHBIX TBEPABIX TEIN.

IIycTh MexaHM4YECKas CHCTEMa COCTOHMT M3 N TOUYECK ¢ MaccaMH  Hiy (

k= 1,2, ...,n), NOJ0OKECHHEC KOTOPHIX OTHOCUTCIBLHO HCIOIBHIKHOTO
uerrpa O , ompeznensiercss paguycamu - BeKTOpamHu 7y . JlaHHBIE TOUYKH

uMeroT ckopoctn V), m yckopenus W, OTHOCHTEIBHO HEIOJBIKHOH

cuctembl otcueta. Ha Hux aciicteytor BHewHue F)” w BHyTpeHHue F)
cunsl (puc. 2.1).
VA

Puc. 2.1.

OI‘paHI/I‘leHI/IH, HaKIaaAbIBACMBIC Ha ABHUKCHUC TOUCK U TCI
MGX&HH‘IGCKOﬁ CHCTCMbI, HA3bIBAKXTCA CBIA3AMI. HCXO,Z[SI Hu3 HpI/IHL[I/Il'[a
0CBODOKIAEMOCTH OT CBSI3CH, ABHKCHHC KAXKIOH TOYKH CHCTCMBI MOKHO
paCCManI/IBaTb KAaK AOBHXCHHC CBO60,Z[HOI>1 TO4YKH, CCIH 3aMCHHTD
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JEUCTBUE CBA3CH peakiusIMHU STHUX CBa3eil. Torama i KaXKAOH TOYKH
COIJIaCHO OCHOBHOMY VPABHCHUIO JUHAMHUKH MATCPHAIBHON TOUKU UMECM
mkVVk = er + Fkl
rA¢ BO BHCIIHUEC W BHYTPEHHHUEC CHJIbl BKIKYCHBI W PEAKIUH

COOTBCTCTBVIOLIMX CBA3CH.

OO0mpe TCOPEMBI IUHAMHKH MCXAHHYCCKOH CHCTEMBI. TCOPEMBI O
JBIDKCHHH TIEHTPA MacC MEXAHUYCCKOM CHCTEMbI H 00 H3MCHEHWH
KOJIWUICCTBA ABHMKCHHS, TCOPEMBI 00 M3MCHCHHUU KHMHCTHICCKOTO MOMCHTA
W KHHETUYECKOM JHCPTHH , -IBIIIOTCS CICACTBHEM OCHOBHOTO YVPABHCHHSA
AUHAMUKH. JaHHBIE TEOPEMBI PACCMATPUBAIOT HE ABMIKEHHUE OTACIbHBIX
TOUEK MW TEA, BXOAAMMX B MEXAHUYECKYVID CHCTEMY, A HEKOTOPBIC
MHTCTPATBHBIC XAPAKTEPUCTUKH, TaKHE KaK JBMKCHHE LCHTPA Mace
MCXAHHYCCKOM CHCTCMBI, €C KOJHYCCTBO JBHJKCHHS, KHHCTHYCCKHH
MOMCHT W KHHCTHUCCKYID SHCPTHI0. B pe3yapraTe W3 pacCMOTPCHUS
HUCKIIOUAKOTCA HECU3BECTHBIC BHYTPCHHHUE CHIBI, 4 B PAAC CAYYAcB U
pEaKIMH CBA3CH, UTO CYLIECTBEHHO YIIPOIIACT PEIICHUS 3aJa4H.

2.2. Teopema 0 IBHIKCHHU LICHTPA MAacC MCXaHUUCCKOH CUCTCMBI

LleHTpoM Macc MEXAHHYECKOW CHCTEMBI HA3BIBASTCS TEOMETPHUUCCKAS
TOUYKA, MOJOKCHHC KOTOPOU XapaKTCPHU3VET PaCIpCICICHUC MAacC B 3TOH

cucteme. Paamyc-BekTop Té( Xe: Yoo ZC) , 3aJAr0IIMH MONOKCHUE LICHTPA

MAace, OMPCACTIIACTCS CACAVIOmUM odpaszom ( puc. 2.1 ):

n n
T=>mT% /> m;
k=] k=]

HJIH B IIPOCKIIHUAX Ha OCH HpHMoyFOHbHOﬁ CHUCTCMBI KOOPOHWHAT

Z mX, Z my Z mgz,
=/ e k=7 - _ k=1

=" YT o LT (2D
2., 2. 2.,
k=1 k=1 k=i
rac 7,'('( X Yo Zk) -  PaAuyCBI-BEKTOPBI, ONPCACSIOIIHNE ITOT0XKCHUS

OTACIIEHBIX TOYUCK U LICHTPOB MACC TCII ,Z[aHHOﬁ CHCTCMHBI.
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Ilpu pemenun 3a7a4 CACAYET HMETh BBHUAY, YTO ISl M3MEHSIEMOM
MEXAHUYECCKOH CHCTEMBI TMOJIOXKCHHUE LIEHTPA MAcC HE CBiI3aHO ¢ KaKOH-
1100 KOHKPETHOU TOUKOH TeIa, BXOISIIETO B CHCTEMY.

Teopema O ABWKEHHH LEHTpa Macc (POPMYIHPYETCH CIEAYIOLUIHM
o0pazoM: LEHTP MAacC MEXAHHYECKOH CHCTEMBI [BIDKETCS TaK, Kak
ABUragachk Obl MaTepuadbHas TOYKA C MAacCOW, PaBHONM Macce BeeH
CHCTEMBI, O ACHCTBUEM CHIIBL, PABHOM I'JTABHOMY BEKTOPY BCEX BHEIIHUX
CHJI, IPUJIO’KEHHBIX K JAHHOW CHCTEME

Mw,.=R° (22)
rae M - macca CHCTEMBL,
I/VC - YCKOPEHHUE LEHTPa Macc,
n —_—
Re:Z er - TJIaBHBIA BEKTOP BHCIIHHUX CHJI, BKITFOUAKOIIHH B ceOs
k=1
H PCAKLMH BHEIIHUX CBSI3CH.

Teopemoii 0 JBMKEHHUH LIEHTPA MACC MEXAHUYECKOH CHUCTEMBI CIEAYET
MOJIB30BATHCS 151 PCHICHUS 331a4 MCXaHUKH, B KOTOPBIX TPEOYETCS:

- HO CHJIAM, MPHIOKECHHBIM K MEXaHHYCCKOH CHCTEME ( Jallne BCEro K
TBCPAOMY TEITY), OMPECACTUTD 3aKOH ABHUIKCHHUSI IICHTPA Macc,

- II0 33JaHHOMY 3aKOHY JABHKCHHS TEJI, BXOASINUX B MEXAHUYECKYEO
CHCTEMY, HAMTH PECAKLIMU BHEIIHUX CBIA3CH,

- 00 33JaHHOMY B3aUMHOMY JBIDKCHHIO TE€JI, BXOJAIIUX B
MEXAQHUYECKYK) CHCTEMY, OMPEACTUTh 3aKOH JBHKCHHUS JTHX TN
OTHOCHTEIbHO HEKOTOPOU HEIMOABHKHOU CHCTEMBI OTCUETA.

C moMOWBKO 3TOH TEOPEMBI MOXKHO COCTaBHTh OJHO W3 VPABHCHHH
JBHZKEHHSI MEXAQHHYCCKOH CHCTEMBI ¢ HECKOJBKHUMH CTEIIEHIMH CBOOOIBI.

Ilpu pemeHun 3agau 4acTO UCMONB3VEOTCA CICACTBUS U3 TECOPEMBI O
JBIKCHHU LIEHTPA MACC MEXAHUYECKON CUCTEMBI.

Cneacreue 1. Eciau rnaBHBIN BEKTOP BHELIHHUX CHJI, TTPHJIOKCHHBIX K
MEXAHHUYECKOM CHCTEME, PABEH HVIK), TO LEHTP MACC CUCTEMBI HAXOAUTCS
B MOKOC WU ABHUAKETCI PABHOMEPHO U MPAMOIHUHECHHO.

Cneacreue 2. Eciou mpoekuus riIaBHOrO BEKTOPA BHEIIHHX CHII HA
KaKVIO-HHOYb OCh PaBHA HYJIIO, TO LICHTP MACC CHUCTCMBI HTH HE H3MEHSET
CBOCIO MOJIOKCHHUS  OTHOCHTECIBHO JAHHOM OCH, HJIH JABHKETCH
OTHOCHUTEIBHO HES PABHOMEPHO.
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2.3. Teopema 06 U3MCHCHUH KHHCTHICCKOTO MOMCHTA

Kunernueckui MOMEHT MEXaHUYECKOH CUCTEMBI

K, orHOCHTENBHO HemoaBmkHOTO HeHTpa O SABISIETCS MEPOM JBIDKEHHS
CHCTEMBI BOKPYT 3TOro neHTpa. [lpu pemenuu 3axad 0OBIYHO MPHMEHSITCS
He caM BekTop K,. a €ro mpoeKkiHH Ha OCH HEMOABHKHOH CHCTEMBI

KOOPAHUHAT, KOTOPBIC Ha3bIBAKOTCA KHHCTHUYCCKHUMH MOMCHTAMH

OTHOCHUTCIIBHO OCH. HaanMep, K B KHHETHYECKHUH MOMEHT CHCTEMBI

OTHOCHTEIBHO HENOABHXKHOH ocu Oz .

KunHeTHuecKknit MOMCHT MEXaHUYCCKOU CUCTCMBI CKIAABIBACTCS U3
KHHCTHUCCKHX MOMCHTOB TOYCK H TCN, BXOOIIIHUX B 3Ty CHCTCMY.
PaccmotpuM  crmocoObl  ompeAeneHHsT — KUHETHYECKOrO  MOMEHTa
MATCPUANBHOH TOYKH W TBCPAOrO TCNA MPH PA3NMHYHBIX CIIVIAIX HX
JBUKCHHS.

s MaTepuaIpHOM TOUKH C MAcCOH M, , UIMEIOLICH CKOpocTh V),
KHHCTHYCCKHI MOMCHT OTHOCHTCIBHO HCKOTOpPOH ocu Oz ompeaemseTcs
KaK MOMEHT BEKTOPA KOIHYECTBA ABMIKCHHA 3TOM TOYKH OTHOCHTEIIHHO
BEIOPAHHOH OCH:

K. =m (mV,)=rx(mV,).

KuHeTHyecknii MOMCHT TOYUKHM CUHTACTCS IIOJIOKHUTCIBHBIM, CCIIH

CO CTOpPOHBI TIOJOKUTEIBHOTO HANPABJICHUSA OCH JBWKCHHUE TOYKH

MPOUCXOAUT NPOTUB YACOBOH CTPEJIKHU.
Ecan Touka COBEPIIACT CNOKHOC ABMKCHHE, AT ONPEACICHUS €€

KHHCTHYCCKOIO MOMCHTA CIACAYCT BCKTOP KOIHUYCCTBA ABUXKCHHA mka

paccMaTpuBaTh KaK CYMMY KOJIHYCCTB OTHOCHTCIBHOTO H TMECPCHOCHOTO
aBrokeHuH ( puc.2.2 )

mV, =mV, +mV, .
Torna
Kz=mz(mka)=mz(mkar)+mz (m.V,, ) (2.3)
Ho V,,=w h,, rac h, - paccrosiHue OT TOMKH 10 OCH BPALNCHUSL,
H

m; (mV,)=maoh,-h=mho.
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Puc. 2.2. OnpenencHue KHHETHYSCKOTO MOMEHTA TOUKH, COBSPIMAOINCH
CII0’KHOC ABMKCHHC

BTropyro COCTaBIAOIIYVIO BEKTOpa KHHETHYECKOTO MOMEHTA

m,(m,V, ) MOXKHO ONpPEJEAUTb TaK OKE, KaK M MOMEHT CHJIbI

otHocuTenbHO ocu. Kak m ama momenta cuiel, BemwumHa m, (m, V), )

paBHA HYIK, €CIM BEKTOP OTHOCHTEIBHOM CKOPOCTH JIEKUT B OJHOU
IJIOCKOCTH € OCBIO IICPEHOCHOTO BpaIlCHUS .

Kunernueckuii  MOMEHT  TBEpPAOr0  Tela  OTHOCHTEIBHO
HCMOJABMIKHOTO  LIEHTPA  MOMKHO  ONPEACIMThL  Kak CyMMYy  JBYX
COCTaBIAIOIINX. TICpBad M3 HUX XapaKTCPHU3YET MOCTYNATCIBHYIO 4YacTh
ABHZKCHHS TEla BMECTE € €T0 LHEHTPOM Macc, BTOpasl - ABHYKCHUE CUCTEMBI
BOKPYT LICHTPa Macc:

K, =m,(MV. }K ..

Ecim Teno coBepmmaer mOCTYNATEIbHOE OBHXKEHHE, TO BTOpas

COCTABISIOLIAs PABHA HYJIIO

HanbGomee mpocTo BRIYHCIACTCS KHHECTHHUCCKOW MOMCHT TBEPAOTO
TEA TIPH €r0 BPAIICHHH BOKPYT HCMOABHKHOH OCH
K =10,

rac 1 ; -~ MOMCHT HHCPLHMH TCIa OTHOCHTCIbHO OCH BPAalICHHA.
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OcHoBHbie (OPMYNIBI IS BBIYKUCICHHS MOMEHTOB HHEPLIHH
MIPOCTEHINUX TEI OTHOCHTEIBHO INIABHBIX LICHTPAIBHBIX OCCH MPHUBEICHBI B
Tabmuue 2.1.

Tadbmuna 2.1
MoOMEHTEI HHEPIIHHA HCKOTOPHIX OAHOPOAHBIX TCJ OTHOCHTCIIBHO
LCHTPAJIBHBIX OCEH

Ix Iv Iz
O gHOpPOIHBI /1% /
i crepaxens | = i 2 ml’
Tonkoe <
KOBIIO ﬁ %J’ mr- mr’ mr’
X —r - 2 2
O gHOpOHBI N
et 2] =
X
[Tpsivoyrons 0 /24 L a.,
Hasl b > C - ma- mb*® | m(a® +b°)
IUIACTHHA v T e 3 3 3
TpeyronsHa z a
s IJTACTHHA ! ’/%////y md mb | m(3a’ +b°)
6 18 18
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[Ipoxomxenne Tabmuisr 2.1

Kpyraeiii -
—
1505051 2 2
P TE ™
c Yy H 2
X A==~
\‘_
Konyc <
3m (H® 3mr’
— | —r
20 4 10
[ y
[ A=\
X r
[ap
2

Ecau ocek BpamieHus £ HE MPOXOAWT 4YEpe3 LEHTP Macc Tena, TO
MOMCHT WHEPIHH TElIa OTHOCHTCIBHO 3TOH OCH MOKET OBITh OMPEICICH O
teopeme LlTeitHepa

2
I, =I§I+md ,

re m - Macca Teja,

HO OPOXOSIICH Yepe3 LICHTP Macc Teaa.

Ecnu ocek Bpamenus & oOpa3syet ¢ rmaBHbeIMH ocavu Ox, Oy u Oz
HEKOTOPBIE VIIBL O, B H Yy, TO MOMEHT HMHEPLHH OTHOCHTEIBHO OCH
BPAIICHUA MOYKHO BBIPA3UTh YEPE3 MOMEHTHI OTHOCUTEIBHO IJTABHBIX OCEH

o opmyie:

d - paccrosiHue MexAy OChIO & U Ochio &1, mapasaieabHOH CH,

2 2 2
I. =1.cos"a+1,cos” B+1 cos”y
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Teopema 00 M3MEHEHHH KHHETHUYECKOTO MOMEHTA MEXAHHYECKOH
CUCTEMBI NOpPH €€  JABHKCHUH  BOKPYI  HCMNOJABHIXKHOTQ  LIEHTpaA
dhopMyIHpYETCA CISAYIOMUM 00pa30M: IOTHAS MPOU3BOIHAA IO BPEMEHH
OT BCKTOpPA  KHHCTHYECKOIO  MOMCHTA  MCXAHHYECKOM  CHCTEMBI
OTHOCHTCIBHO HCKOTOPOTO HEMOABIKHOTO TicHTpa O Mo BeAWMYHMHE H
HAIIPABICHHUIO PAaBHA IIIAaBHOMY MOMEHTY BHEIIHUX CHII, IPHIOKEHHBIX K
MEXAHUYECKOH CUCTEME, OMPEACICHHOMY OTHOCHUTEIIBHO TOTO K€ LICHTPA

Ko 51
=M¢,
dt
_ " _ n _
roe o0 =2.m,(F)=>r xF’ - rnaBHi MOMEHT BCeX
k=1 k=1

BHCIMHHUX CHJT OTHOCHTENBHO LieHTpa O.

Ilpm pemecHum  3amad, B KOTOPBIX PACCMATPHUBAKOTCS TEnA,
BPaIAIONINCCI BOKPYT HCHOABMIKHOM OCH, HCIIONB3YIOT TCOPEMY 00
H3MCHCHUH KHHETHYSCKOTO MOMEHTA OTHOCHTCIBHO HEMOABHKHOH OCH

dK 4 —
dtz =Mf=kZ::1mz(er). (2.4)

Kak w ams TCopeMsl O JBWDKCHHMM IICHTPA Mace, Teopema o0
H3MCHCHHH KHHETHYSCCKOTO MOMEHTA HMECT CJICICTBHAL.

Cneacteue 1. Ecam rmaBHBIH MOMCHT BCEX BHCIIHHX CHII
OTHOCHTCIBHO HCKOTOPOTO HCTMOABHIKHOTO IICHTPA PABCH HYIKD, TO
KHHCTHYCCKHH MOMCHT MEXAHHYCCKOM  CHCTEMBI OTHOCHTEIBHO 3TOTO
IICHTPA OCTACTCS HCU3MCHHBIM.

Cneacreue 2.  Ecaum rIaBHBIHE MOMCHT BCCX BHCIIHHX CHII
OTHOCUTEIIBHO HEKOTOPOH HEONOABMKHOW OCH  PAaBEH HYIIO, TO
KHHECTHYECKUH MOMCHT MEXAHUYCCKOH CHCTEMBI OTHOCHUTEIBHO 3TOH OCH
OCTaCTCA HEH3MEHHBIM.

Teopema 00 HM3MCHCHMH KHHCTHYCCKOTO MOMEHTA TMPHUMCHSICTCS
JAs  PCUIICHUS 33734, B KOTOPBIX  PacCMATPUBACTCH  JBHIKCHHC
MEXAHWYECKOH  CHUCTEMBI, COCTOAIEH M3  IEHTPAJIBHOTO  TEIa,
BPAIIAIOMICTOCS BOKPYT HEMOABHKHOW OCH, W OJHOTO WU HCCKOIBKHX
TCN, JABWKCHUC KOTOPBIX CBSA3aHO C LCHTpanbHbIM.. CBf3b MOMKCT
OCVIIECTBIITECS TPH TOMOIMA HHUTEH, TEla MOTYT IEPEMEIIATHCS IO
MOBCPXHOCTHU TICHTPANTBHOTO TCIA WK B CTO KAHANAX 3a CUCT BHYTPCHHUX
cun. C mOMOIMBIO JAHHOM TEOPEMBI MOYKHO OIPEACTIHTHh 3aBHCHMOCTH
3aKOHA BpAIICHHS LCHTPAIBHOTO TEAA OT IMMOJOKCHHS HIIH JBHIKCHUS
OCTAJIBHBIX TCII.
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2.4. Tecopema 00 U3MCHCHUM KHHCTHUCCKOH SHCPTUHU

Teopema 00 M3MEHEHHH KHUHETHUYECKOH SHEPTHH MEXAHHUECKOMH
SHCPTHU CBS3BIBACT MEXKAY COOOH KHHCTUYCCKYIO HECPTHIO, SBILTFOLIYIOCS
WHTCTPATBHON MEpPOW JABIDKCHHS CHCTEMBI, B PabOTy TPHIOKECHHBIX K
TEAaM CHCTEMBI CHIL.

Kunernueckad 3HEprust MaTepHAIBHOM TOYKH ONPEACISIETCS IO
HU3BCCTHOM (hopMyTc

Caenyer oOpaTuTh BHUMAaHHE HA TO, UTO B 3TOH (POPMYJIIC UMEETCA B BHIY
CKOPOCTb TOUKH B HECMOABIDKHOM CHCTEME OTCYETA, MO3TOMY B TOM CIydac,
KOIJd TOYKA COBEPIIACT CIOXKHOE JBIDKCHHE HAAO YUHTHIBATh 00¢€
COCTaB/IFOIIHE CKOPOCTH:
V=V+V, V=V +VZ+2V V. cos(V,"V,).

Kunernueckas 3Heprus MEXaHHUECKOH CUCTEMBI ONPEACTISAETC KaK
CyMMa KHMHETHUYECKHUX 3HEPrHM BCEX TOYEK H TElI, BXOMIIIHUX B
paccMarpuBaeMyr0 cHcTeMmy. [lo ompeaencHui0 KUHETHYECKas JHEPTHs
€CTh BCIMYHMHA HCOTPULIATEIbHAS.

[1py BEIYMCIEHHH KMHETUYECKOW SHEPIHH MEXaHHYECKOH CHCTEMBI
U TBEPAOrO Tela  HacTO  OKa3plBacTCs MONE3HOH Teopema Kenwra:
KHUHETHYECKAsd  JHEPrus  MCXaHUYECKOM  CHCTEMBI  paBHA  CyMME
KHHETHYECKOM 3HEPTHH, KOTOPOH 007aJaeT MaTepHaibHAsT TOYKA C
MacCcOM, paBHOH Macc¢ BCECH CHCTEMBI, H CKOPOCTBIO, PABHON CKOPOCTH
LIEHTPA MAacC CHUCTEMBI, M KHHECTHYECKOH 3HEPruH, KOTOPYIO HMEET
CHUCTEMA B CBOEM JBIJKCHHH BOKPYI LIEHTPA MACC

2
Ay

CrocoObl BBIYHCICHHS KHHCTHYCCKOH HHCPrHH TBCPAOTOo TEa
3ABUCAT OT BUAAd ABUAXKCHUA.

1. TlocTynaTensHOC ABMKEHUE TENA

mV’
2

rac V - CKOpPOCTb MOCTYNATEABHOIO IBUXKCHHUSL.

2. BpatngHue T€1a BOKPYT HEMOABHXKHON OCH
I,0°
5

T =

b

T=
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rae Iz - MOMEHT HHEPIHH TETAa OTHOCHTEIIBHO OCH BPAIICHHS,

@ - YIJ0Bas CKOPOCTH BPALUCHUS.

3. Ilnocko-napanienpHoe JBHKCHHC TCAa, KHHCTHUCCKAS
SHEprus omnpeacaseTes mo teopeMe KeHura, kak cymMMa KHHCTHUCCKOM
SHEPIUH MOCTYIATEIBHOTO JBHKCHHS BMECTE C LICHTPOM MAaCC U JHEPTHH
BpAIICHHAS BOKPYT OCH, MPOXOAIIICH Yepe3 CHTP MACC!

3 mV; N I (Zc)a)z

r ;
2 2
rac Ve - cKOpoCTh LICHTPA Macc TEna,
I(ZC) - MOMEHT HHEPLUHMH  TEIa  OTHOCHTEIBHO  OCH  Z,

MIPOXOMSAIICH 4epe3 LICHTP Macce TENa,

@ - yrjiaoBasi CKOPOCTh TEa.

4. Coeprueckoe IBHKCHHE TeIa B KAXKIbIH AAHHBIH MOMEHT
BPCMCHH MOXKHO PACCMATPHBATh KaK BPAINCHHC BOKPYT MTHOBCHHOH OCH
BpAICHHUS, TIO3TOMY

r="22_

rae I, - MOMEHT MHEPUHMH Tela OTHOCHTEIBHO MTHOBEHHOH OCH

BpALLCHHS,

(@ - MCHOBEHHAS VII0Bas CKOPOCTb BPALUEHUS.

5. JpwkeHue cBOOOAHOrO TBEPAOTO TENA CKIAJBIBACTCH W3
MIOCTYIATEIbHOTO ABIDKEHHS BMECTE C IICHTPOM MacC U C(EpHUIECKOro
JBHZKECHHUSI BOKPYI MTHOBEHHOH OCH BPAILLEHHS, IIPOXOSILEH YEPE3 LEHTP
Macc. Ero kuaeTnueckas 3Heprud no reopeme Kenura pasna
3 mV; N Ig:)a)z

T
2 2
rac V¢ - ckopocTh LICHTpa Mace Tena,
Ig(f) - MOMCHT HWHCPLUH TEAa OTHOCHUTCIBHO MTHOBCHHOW OCH

BPALUEHH, IIPOXOAALICH YEPE3 LEHTP MACC TEIA,

@ - MTHOBCHHAs YIJIOBAsA CKOPOCTh TENA.

Pabora moCTOSHHOI CHABI OPU OPSIMOJIHHCHHOM MCPCMCLICHHU
TOYKH NMPHUIOKCHAS CUITBI €CTh CKASPHAA BEIUYHHA, paBHAA

A=F S=F SCosa ,
Wi (5 F - BEKTOp CHJIBI,

§ - BEKTOp NEPEMEIICHAS TOUKH TTPUIOKCHUS CHJIBI,

& - VrojJ MCKAY HallPpaBJICHHUCM CHJIbI K IICPCMCILICHHA.
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Jia BerauciacHHS PpadoOTBl CHT M MOMCHTOB CHJI B HamOommee
PacIpOCTPAHCHHBIX CIIYIASX MOKHO HCIO/Ib30BATh CICAYIOIIHE (POPMYIIBL.

1. PaGora cumsl TsoKeCTH

A=tmgH .,
e HC - BepTHKATRHOS IEPEMEIICHHE LICHTPA TSHKECTH TEA.

Pabora cHUIBl TOKECTH TOMOKHTCIBHA, CCIH LCHTP TSDKCCTH
OMYCKAETCS BHU3, OTPULIATENBHA, €CAU OH MOJHHUMAECTCS, W PaBHA HYJIIO,
€C/IM B HAYQJIbHOM M KOHEUHOM TOJIOKEHUSX LIEHTP THXKECTH OKa3bIBACTC
B OJHOM W TOH K€ TOPH30HTATBHON MIOCKOCTH.

2. Pabora cunpl, NOPUIOKCHHOM K BpalAOMEMyCsd TCIy
OMPEACTACTCA MOMEHTOM Mz 3THX CHJT OTHOCHTEIFHO OCH BPAIICHHS

]
A=[M dyp,
P1
rae ¢,;,P, - HAUATBPHOC U KOHCYHOC 3HAUCHHS YTi1a IOBOPOTA;

Ecmu Mz = const , To
A:Mz(g02_¢1)‘
3. Pabora cuibl yIpyroctu
C
A== (a3-42),
rae C - kK03hPHUIHCHT KECTKOCTH MPYKHUHBI,
A,n A, -HauanbHAas U KOHEYHAs AC(OPMALIUU IPYKUHBL.

Teopema 00 H3MCHCHHH KWHETHYCCKOH DJHEPIHH  MEXAHHYCCKOW
CHUCTEMBI MOXKET OBITh 3amucaHa B ABYX (opMax: HHTETPATBHOH H
quddepeHITHATBHOM.

HurerpansHag dopMa: H3MEHECHHE KHHETHUCCKOW SHEPTHH HA
HEKOTOPOM NEPEMELICHHH CUCTEMBI PABHO CyMME padOT BCEX BHEUIHHX U
BHYTPEHHHUX CHJ, INPUIOKCHHBIX K PACCMATPHUBACMOH CHCTEME HA 3TOM
MIEPEMELIIEHUH

T,-T,=A°+ A,
TJC T1 ., T2 -xkuHeTHucCKas SHEPrHUd CHUCTEMBI B HAYAJIbHOM U B
KOHEUHOM ITOTOXKCHUSX;
Ae , Ai -pabora BHEIDHUX W BHYTPSHHHUX CHJI, NPHIOKECHHBIX K
JAHHOM CHCTEME, Ha pacCMATPUBACMOM MEPEMCIICHHH.
HuddepecHumnansHag dhopma: SJACMCHTAPHOC  M3MCHCHHC
KHHETHYeCKOH 3HEeprun cucteMbl dT mnpu ee OeCKOHEUHO MaIoM
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IICPEMCIICHHH PABHO CYMME 3JIEMCHTAPHBIX paboT BCEX BHELIHUX (6Ae)
1 BHYTPEHHHX (5Ai ) CHJI, MPUJIO’KEHHBIX K JAHHOU CHCTEME
dT =0A°+5A".

Ecnu mnonydeHHOE BBIPAXKEHHE  OTHECTH K JJIEMEHTAPHOMY
IIPOMEKYTKY BPEMEHH, B TCUCHUE KOTOPOrO IIPOM30LLIO PACCMATPHUBACMOE
MEPEMEIICHHE,  MOXKHO NOJAYYUTE BTOPVIO  (OPMYIHUPOBKY — Amst
aupdepeHumnanbHOil  GOPMBL  TEOPEMBI: NPOM3BOAHAS MO BPEMEHH OT
KHHCTHYUECKOW YHEPTHH MEXAHUYCCKOH CHCTEMBI paBHA CYMME MOITHOCTEH
Bcex BHCITHUX ( N¢ ) uw BHyTpenHux ( Ni) cun, T.¢.

A _ NNt
dt

Huddepennunanpaeivu - GopmMamMu  TeopeMbl 00  H3MCHCHHH
KMHETUUECKOM DHEPrUM MOXKHO BOCHOIB30BATBCS NI COCTABICHUS
auddepeHITHATEHBIX YPABHEHUH JBIKCHUS, HO 3TO ACTACTCH AOCTATOTHO
PEIKO, TIOTOMY YTO €CTh Oomee yaoOHbIe mpueMsbl. JId CHCTeM, CHIIBI B
KOTOPBIX OCTAIOTCS TOCTOSHHBIMH HJIH 3aBHCAT TOJIBKO OT IEPEMEINCHHH,
HHTCTPAIBHYIO (OPMY TCOPEMBI YacTO HCIOIB3VIOT, YTOOBI HAHTH
3aBHCHMOCTb CKOPOCTH OT NEPEMEILCHHS.

Mexanuueckas CHCTEMAa HA3bIBACTCS KOHCEPBATHBHOM, €CIMH A
HEE UMEET MECTO WHTETPAIT SHEPTHH

E=T+Tl=const wnm d—E:O. (2.7)

dt

Mexanuucckas cucteMa  OyaeT  KOHCCPBATHBHOM, CCIIH
JCUCTBYIOIINC HA HEC CHIIBl MOTCHLUHAIBHBI, HAMPHUMCP CHJIA TSKCCTH,
CHUIBI VOPYTOCTH. B  KOHCCPBATHBHBIX MCXAHHYCCKHX CHCTEMax C
MOMOINBI) ~ WHTCTPANa  DHCPTHH  MOXKHO — MPOBOAUTH  TIPOBCPKY
MPAaBUJIBHOCTH COCTaBICHHs AH(pQPepeHInaTbHBIX YPABHECHUH JBHKECHUS.
Ecnu cuctema KOHCEpBaTHBHA, a VCIOBHE ( 2.7 ) HC BBHINIOIHICTCS, 3HAYUAT
IIPYU COCTABJICHUHU YPABHCHUH ABIXKCHHS JOMYIICHA OLIMOKA.

HHTCrpanoM »SHEPrUH MOMKHO BOCHONB30BATHCI ISl MPOBCPKH
MPABUJIBHOCTH COCTABJICHUS VPaBHEHHH W JAPYrUM crmocobom, 0e3
BBIUMCICHHUA TIPOM3BOAHOH. [l 3TOro ciaeayer mociae MpOBEACHHUS
YUC/ICHHOTO HHTEIPHPOBAHMS YPABHECHUH ABI)KCHHS BBIYHUCIHTD 3HAUCHHE
MOJTHOM MEXAHHUYECKOM HEPTHH sl IBVX PA3IHYHBIX MOMECHTOB BPEMEHH,
HAIIPUMEpP, HAYAIBHOTO M KOHECUHOro. Ecnm pasHHIA 3HAUCHUI OKAXKETCS
COMOCTABUMOH €  MOTPCIIHOCTAMHM  BBIUMCICHHH, 3TO0  Oyaer
CBUICTCIIBCTBOBATE O MPABUIBHOCTH HCHOIB3YEMBIX YPABHCHHUH.
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2.5 [Tpumepbl UCTIONB30BAHKS OOIUX TEOPEM JUHAMHKH

2.5.1. Teopemoli 0 ABM:KEHHMH LICHTPA MAacC MOXKHO BOCIIONb30BATHCS
TS OMPCACICHHUS TUHAMHYCCKHUX PCAKIMN B MCXAHHYCCKOM CHCTCMC.
PaccMoTpuM cHCTEMY, KOTOpasi COCTOHT W3 OAHOPOAHOro crepxkHs OA u
komba M. CreprkeHp gmueel L m maccel ml  Bpamacrtcsi BOKPYT
TOPH30HTAIIEHON ocH, mpoxoadmer uepes Touky O ( puc.2.3 ). Kompmo
Maccel m MoxeT ©Oe3 TpeHHs CKOAb3HTh no crepkHio. K Hemy
MPUKPCIUICHA NPYKUHA, KO3(PHUIMCHT >KCCTKOCTH KOTopoH paseH C.
IMonoxenme koBIIA HA CTCPIKHE OmpeaensacTes koopaumHatod x1 = OM.
Onpenenum  npoekiuu  peakimu  omopel O HAa OCH  HEMOJABHXKHOH
JCKAPTOBOM CHCTEMBI KoopAauHaT Oxy.

y A

Puc.2.3.

3anuineM YpaBHEHHE TEOPEMBI O ABMIKECHHH LEHTpa macc ( 2.2 )
JUIA pacCMaTPHUBAEMON MEXaHUYCCKON CHCTEMBI B BEKTOPHOM BHJE.
(m,+m )W, =X ,+Y,+m,g+mg. (2.9)
Cuitel B3aUMOJEHCTBHA KOJBIA CO CTEPIKHEM H MOPYKHHOH €CTh
BHYTPCHHHUE CHJIBI CHCTCMBI, TIO3TOMY B YPABHCHHWH OHHU B SIBHOM BH/JIC HC
npucyTcTBYOT. [lpoexTupyst ypaBHeHue ( 2.9 ) Ha ocH cuUCTEMBI
xoopauHat OXy, momxygaeM
(m,+m)x.=X,,

(m+m)y.=Y,—(m +m)g.
ITo dhopmynam ( 2.1 ) HAXOAUM KOOPAMHATHI LICHTPA MACC CUCTCMBI

(2.10)
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_0.5m,Leos p+mx cos @

X, ’
m,+m
: . : (2.11)
e 0.5m, Lsin p+mx sin @
‘ m,+m ’
sarem, audbeperaupys ( 2.11 ), 3anumem
i _—0.5m,Lpsin o+ mx,cosp —mx, ¢ sin @
‘ m,+m ’
. _0.5m,Lpcos o+ mx,sing +mx, ¢ cos @
‘ m,+m ’
H, HAKOHEIl, BBIYUCIISSI BTOPBIC IIPOU3BOJAHBIC, ITOIYIHUM
v o —0.5m, Lisinp—0.5m, Lp’cos o + mX,cosp
‘ m,+m
(2.12)

2mx (sin @ +mx, ¢sin ¢ +mx,¢>cos @

m,+m

. 0.5m, Ljcos p—0.5m, Lp’sin o + mx sing
Y m,+m |

2mx,()cos p+mx,eos p—mx,; ¢ sin @

m +m
IMoacraBassa ( 2.12 ) B vpasHeHus ( 2.10 ), momyuaeM mpoCKLMH
peaxrmi B orope O Ha OCH HEMOABIKHOH CHCTCMBI KOOPIHHAT:

X, :[ m; +mx, ](gpsmgp +¢ cosp )(p sing-+
+mx,cosp—2mx,psin g ;

Yoz(m 1+m)g +( m; L +mx, j(gb'Cosgp — ([)ZSingp)_

+mX,sinp+2mx,p cos @ .

Ecnu B monyyucHHBIC YPABHCHHS MOACTABHUTH 3HAYCHHS OOOOIICHHBIX
KOOPAMHAT U VCKOPCHUH I KAaKOro-muOo MOMCHTA BPEMCHH, MOMKHO
HAWTH BCITMYWHBI UCKOMBIX MPOCKIMH. JTH 3HAYCHUSA MOTYT OBITH B3ATHI
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U3 TICPBOTO pasicna KypcoBOM padOTH, B KOTOPOM PaccMaTpPHUBACTCS
JBUKCHHC c TTOCTOSTHHOH VTJIO0BOH CKOPOCTBIO (p=0,

P=0,,0=0;t+@Q, ), WM U3 TPETbEro, B KOTOPOM  OyIyT

MOTYICHBIHUCICHHBIC 3HAUCHHS BCCX DTHX BCIIUMYWH TIPH HHTCTPHPOBAHUH
au(hepCHINATBHBIX VPABHCHUH JBHKCHHUSI CUCTCMBI C ABYMS CTCIICHIMU
cBoOOAbl. Ecau AvMHAMHYSCKHE PEAKIMH B Omopax OyayT OmpeacisiThCs
CIIC W METOAOM KHHCTOCTATHKH ( pazzen 4 ), To Hamo OyJcT CpaBHHUTH
PC3VABTATH, MOJYICHHBIC ABYMS PA3HBIMH CIIOCOOAMH.

2.5.2.PaccMOTpHM  NPUMEHEHHE  TEOPEMBI 00  H3MCHCHHH
KHHCTHUCCKOIO MOMCHTA JJI  OIPEACICHHS BHCIIHCTO MOMCHTA,
00CCNEUHBAIOIIETO  PABHOMEPHOE  JABHIKEHHE  BEAYIIErO  3BEHA
MEXaHUUICCKOM cucTeMbl. Mexanndeckas cuctema ( puc.2.4 ) COCTOHT U3
oaHopoaHou Tpyoku CD  ammnoM L, maccer ml, oOpasyromicii ¢ ocbro

BpAIICHUA MPAMOM YTOI M IMapruKa Maccel m.
Z

BRI
/'I_ -
X

dib

Y,

Puc.2.4
B Moment Bpemenu t=0 moa AeHCTBHEM BHELOIHErO MOMEHTa M, »

TpyOKa HAYMHACT BPAIIATHCH BOKPYI BCPTUKAIBHOU OCH C MOCTOSIHHOMU
VTIIOBOH CKOPOCTBIO . HeoOXoamuMo OmpeacauTh, KaKuM JOKCH OBITh
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STOT MOMCHT, 4YTOOBI COXPAHSIACHE IIOCTOSHHAS VYIJIOBAS CKOPOCTh
BpamcHust Tpyoku CD. Ilpu pemeHun npeHEOpPCYs TPECHHUEM, MAaCCOU
crepkHs AB 1 nmpyKuHEL

[IpumeHuM TeopeMy 00 M3MEHCHHH KMHETHYCCKOTO MOMCHTA

2.4), BeIOpasB 3a ock z och BpamcHus AB,
dK_. & —
= Z m; (F ke ) :
dt =

OnpenennM KHHETHUCCKHH MOMEHT PAacCMaTPUBACMON CHCTEMBI
otHOCUTETRHO ocH Az . TpyOxa (oxHOPOAHBIN MPAMOIUHCHHBIN CTEPKEHB)
COBEPIIACT BPAINEHHUE BOKPYT OCH, TIEPIICHINKYJIIPHOH CTCPIKHEO
U IPOXOJAIICH YECpPE3 €ro KOHEL, UMECT KUHETHUCCKUN MOMEHT

KTp:Jza) ,

m 2
rae J, = ; - OCEBOI MOMECHT MHEPIHH TPYOKH,

® - YIJIOBAasA CKOPOCTH BpaIleHHU.
[MTapux M coBepInacT CI0KHOEC ABMKECHHE - OTHOCUTEIBHOC B0
TpyOKH ¢ CKOpocThlO V,=X M MNEPEHOCHOE BMECTE C TPYOKOH.

Tlepenocnas ckopocte V, mepneHaAuKyIsipHa TPYOKE M MO MOJYNIIO PaBHA
V,=xo . Tlpn onpeacicHHH TIEPCHOCHOH CKOPOCTH 32 HAYalI0 OTCUCTA
koopAuHaTH X mpuHATa Touka C TpyOKHM, Jekammas Ha OCH BpAIICHUA.

o 2
KuHeTnueckuit MOMEHT MApHUKa OTHOCHTCIPHO OCH Z PaBCH K w =m2x a

T.K. BCKTOp m Zl/r MCPeCCKacT OChb Z U Cro MOMCHT OTHOCHUTCJIBHO 3TOH OCH

PABEH HYIIIO.
KHHETHUYCCKHIM MOMCHT BCCH CHCTCMBI PABCH

2
K.= ’”ff +m,x o (2.13)

z

OnpenenuM rTaBHBIH MOMEHT BHEIMHHX CHJ OTHOCHTEIBHO OCH Z.
Cunel TsSDKECTH TPYOKH m, g W IIApUKa m,g TApaICIbHBL OCH
BPAIICHUsI 1 MOMEHTA OTHOCHTENBHO 3TOH OCH HE c0o31atoT. Peakimu orop
X, Y,,Z,,X;,Y; mepecekaroT OChb BPAIICHHA M MOMEHT DTHX CHII
OTHOCHTETBHO OCH 2z Take paBeH Hym0. CHIB IHMHAMHYECCKOTO
B3aMMOJICHCTBHS MEXKIY IIAPHKOM M TPYOKOH, BKITIOWAA VIPVTYIO CHITY

npyxussl F, . ecre cuibl BHyTpeHHHE. [ToaTomy
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M:=M (2.14)

rae¢ M, , - BHCLIHMI MOMEHT, OOCCTICUMBAIOIINK PABHOMEPHOS BPALICHHE

ép>

TPYOKH.
IMopcraBmsis ( 2.13 ) w ( 2.14 ) B ypaBHCHHE TEOPEMBI 00
H3MEHCHHUH KHHETHYSCKOTrO MOMEHTA CUCTEMBI ( 2.4 ), oiydaeMm:;
2
m, L 2

o :
+m,x E+2m2xxa) =M, ,,

OTKYJa CIACAYET, YTO MCKOMBIM BHEIIHHH MOMEHT, OOCCIICUHBAIOIIHI
PaBHOMEPHOC BpaINEHUE TPYOKH JOIKEH OBITh PaBEH
M, ,=2m,xxo

Ecin B mMOMYYEHHOE COOTHOIICHHE TIOACTABUTH YHCICHHBIE
3HAYCHHUS KOOPAWHATHI X H OTHOCHTCIBHOM CKOPOCTH X , KOTOPBIC OBLITH

IOJIYICHBI B IICPBOM Pa3Cic KYPCOBOH paOOThl, MOXKHO HAWTH 3HAUCHHUC
BPAINAIOMET0O MOMEHTA A JIIOOOr0 MOMEHTa BPEMEHH W TOCTPOHUTH
rpaduk u3McHCHUs M, HA UCCICAYCMOM HHTCPBANIC BPCMCHH.

2.5.3. PaccMoTpuM NpUMEp HCIHOJIB30BAHHS TCOpPEMBI 00
H3MEHCHHH KHHETHYECKOM 3HEPrur. MexaHWdeckas CHCTeMa COCTOHT W3
aeyx mapos A w B, cBaszamHbeix ¢ mapaupoM O u nomsyaom C
HEBECOMBIMH CTCPIKHSIMH.
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Maccsl mwapoB ¥ NOA3YHA OJWHAKOBBL M paBHBl m  =(.2kr.
Crepxan nMmerotr oguHakoByro Amuny | = 0.3 M. Mexay mwapHupoM u
MO3YHOM YCTAHOBJICHA MPYKHHA >KecTkocThio ¢ =100 H/m | amuna
KOTOpOi1 B HeAeopMupoBaHHOM coctostHuM paBHa | ( puc.2.5 ) Tpebyercs
ONPEAECIUTh 3aBUCUMOCTh CKOPOCTEH JBHKEHHS LIApPOB OT yria
OTK/IIOHEHMSI CTEPXKHEH OT BEPTHKAAM O W HAWTH MaKCUMAJIbHOE
OTK/IOHEHHME, €C/IM B HAYAJIbHBIN MOMEHT BPEMEHH CHUCTEMA MOKOHJIACH, a
YTOJl 0L COCTABJISLI /6.

Kunernueckast 3HEprust CHCTEMBI CKJIQABIBACTCS] H3 KHHETHIECKHX
DHEPrHHd TPEX Ted, KOTOPBIE MO YCIOBHIO MOIYT PacCMaTpPHUBATBCA Kak
MaTEPHATBHBIC TOUKH.

VZ VZ VZ
= M (e (2.15)
2 2 2
CkopocTH  IIAPOB  MPOMOPLIMOHAIBHBI ~ YIJIOBOH  CKOPOCTH

BpawcHus crepxuaci OA u OB

V, =V =V=Ila.
CKOpOCTh MONI3YHA HETPYAHO OHPEASIUTE, €CIIH YIECTh, YTO
0C=2lcosa.
Toraa
d(oC)

Vos———{=2lsinaa= 2V sina.
dt

[ToacraBasis BeIpaskeHust st ckopocted B ( 2.15 ), momyumm
3aBHCHMOCTh KHHETHYECKOM YHEPTHH CHCTEMBI OT CKOPOCTESH mapoB V
yIjia OTKJIOHEHHS CTEPIKHEH O

T=mV?*(1+2sin’ca) . (2.16)

Omnpeaennm paboTy, KOTOPYIO COBCPIIAT BCC CHITBI, MMPHIOKCHHBIC
K CHCTCMBI TIPH €C TICPEMCIICHUH W3 HAYATBHOTO TOIOKCHHS B KOHCUHOC.
Pabota cHn TSDKECTH ONPEACTSCTCS BCPTHKAMBHBIMHU MECPEMCLICHUSIMU
LICHTPOB TSDKECTH TEN ( cM. puc. 2.5.):

Ao =AM, 8 )+ A(mp 8 )+ A(m g )= (2.17)
=—mgh , — mgh, — mgh .=— 4mgl(cos a,—cosc ).
Jdnst  BerMMCTEHHsT PabOTBI  CHIIBI  VIIPYTOCTH  BOCHOJIB3YEMCH
thopmyon ( 2.5 ):
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A:%(AZI _AZZ)Z%[(I_ZICOS%)Z_(I—2160506 )2]2 (2.18)

=2C1’ (cosa, — coso )(cosct +cosa, —1).

TMoacrasasas seipaskenus ( 2.16 ), ( 2.17 ) u ( 2.18 ) B ypaBHCHHE
TCOPEMBI 00 H3MCHCHUM KHHCTHYCCKOM oHepruu ( 2.6 ), momyuacm
3aBHCHMOCTDb CKOPOCTH ABIDKCHHS IIAPOB OT YA O

mV?2(1+2sin‘a)=—4mgl (cosc,—cosa )+
+ ZCIZ(cosoco— cosa )(cosa +cosc, — 1 )=
= (cosa ,— cosa )[ZCIZ (cosa+coso,— 1) — 4mgl]
WJTH B SIBHOM BHJIC

e \/(cosao— cosa )| 2C1 (cosa +cosar,) — 1) — 4mgl

2.19
m(1+2sin’a) ( )

Ecmu B ypaBHeHUH 2.19 ckopocts V NpHpaBHATE HYITIO, MOXKHO

HAUTH ABa IIPCACIBPHBIX 3HAYUCHHA VIJIa G, MCKIY KOTOPBIMH 6y;[eT
MPOUCXOIUTE ABUKCHHC CHCTCMBI ITPH 3aJaHHBIM HAYAJIBHBIX YCJIOBHAX!

1. cosc,—cosa,=0 umu o,=a, =%=0.5236pa0=30°

2. 2CI° (cosat ,+cosa,— 1) = 4mgl uau

\/3 2mg

cosaty = ——+—=

Cl
untu  a,= 1.3028 pao =75.64"
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3.TIPUMEHEHUE METO/J0OB AHAJIUTUUECKOH MEXAHUKH
K AHAJIN3Y ABUKEHUA MEXAHUUYECKHUX CHUCTEM

OCHOBY QHATHTHICCKOH MEXAHHKH COCTABISIOT OOIHE TTPHHIIUIIH, H3
KOTOPBIX AHATUTHYCCKAM TIYTCM MOTYT OBITh TIOJVUCHBI OCHOBHBIC
AuhPEpeHIMATBHBIC YPABHCHHUS JIBHIKCHHUS WM YCJIOBUS PABHOBCCHS
MEXAHUYECKOH CUCTEMBI.

B manHOM pazzaene KypcoBoii paboTel TpeOyercs:

— coctaButh AUGPEPCHIHANBHBIE VPABHCHUS JBHXKCHHUS CHUCTEMBI

(;kenmaTeIbHO HECKOIBKHMH CIIOCODAMH);

— HaliTm pemeHus aUQPQPEPEHIMATBHBIX  VPaBHCHHUH  ABIDKCHHUSA (B

OOJNIBIIUHCTES CAYIACB YHCICHHBIMH MCTOAAMM);

— MOCTPOUTH rpaMKu U3MCHCHUSI KOOPJHUHAT M CKOPOCTCH HA 3aJaHHOM

HHTCPBAJIC BPEMCHH,

— MPOU3BECTH AQHAIM3 JBHJKCHUSL CHCTEMBI, BapbUPys HAYAIbHBIC

VCIOBHS U TTAPAMETPHI CHCTEMBI,

— PCUIUTh JPYTHE 337a4M, KOTOPBIC MOTYT ObITh  MOCTABJICHBI

NPErnoJaBaTeIEM HHAUBHIYAITBHO.

3.1. Ce93H ¥ BHPTYaAJIbHbIE NepeMelleHUs

ITycte mMeeTcss cucTeMa, cocTosAmas U3 N MaTepHATBHBIX TOYEK
P (k=1,N). Ecim Ha NOIOXKEHHS H CKOPOCTH TOYEK HAIOXKCHBI
OrPAHHYCHHS TCOMCTPHUYCCKOTO HJIH KHHEMATHYCCKOro xapakrepa (
MEXAHUYECCKHUE CBSI3H ), TO TAKas CHCTEMa HA3BIBACTCSA HECBOOOAHOM. Jis
CBOOOIHBIX CHCTEM CBSI3H OTCYTCTBYIOT.

Ecnu cxopocTu TOUCK 7, HEC BXOAAT B YPABHCHHA CBA3CH, TO TAKHE

CBSI3H HA3BIBAIOTCA KOHCUHBIMH WMIH TeOMETpHUcCKUMHU. QrpaHuucHHS,
HAKIAIBIBACMBIC HA [BIJKCHHC CHCTCMBI TAKOH CBSI3bK), MOTYT OBITH
ONHCAaHBl YPABHCHUEM

f(r.,t)=0, (3.1
rac r, - paauycel-BekTOpnl Touek P, (k=1,N),
! - BpcMH.
CBs13b, ONUCHIBACMAS VPABHCHHEM

F(F 7 ,t) =0, (3.2)
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HA3BIBACTC KuHeMaTHueckod. Ecam oHAa myTeM HWHTErpHpoOBaHHS HE
MOXKET OBITH MPUBCACHA K BUAY (3.1), TO ¢¢ HA3BIBAIOT HCTOJIOHOMHOH HITH
auhpepeHITHATBEHOM,

CBsi3b HA3BIBACTCA CTALMOHAPHOM, €CIH BPEMS SBHO HE BXOIHUT B
VPABHEHHUE CBSI3H

f(7,7.)=0 (3.3)

U HECTALIMOHAPHOH, €CIM HapaMeTp f MPHUCYTCTBYET, Hanpumep, (3.1).

CucremMa HA3BIBACTCS CKICPOHOMHOM, €CIH HA HEC HAIOKCHBI
TONIBKO CTALIMOHAPHBIE CBA3H. B mMpOTMBHOM cayvac CHCTEMa HA3BIBACTCS
PEOHOMHOM.

CBa31, KOTOPHIC 3aMUCHIBAIOTCA B BHAC PaBECHCTBA (HATpPHUMED,
(3.1)), Ha3bIBAKOTCS YASPKUBAIOIMHUMH, & KOTOPHIC B BHAC HEPABEHCTBA -
HEYACPKUBAIOLIUMHU

F(FFt)>0.
[IycTh HA MATEPUATBHYIO CHCTEMY HAJIOXKEHBI d KOHCUHBIX CBSI3CH
[ (7,t)=0,(ac=1,d) (3.4)
U g TUHEHHBIX TH(PPEPEHITHANBHBIX CBSA3CH
N —-— .
Zlﬁkrk +D5=0,(,3=1,g), (3.5)
k=1

roc [ fk ,Dﬁ- BCKTOP U CKamAp, NPCACTABIAIOMUAC COOOM 33TaHHBIC
(VHKIUU OT{ U 7 .

[TpoxuddepentpyeM ypaBHEHHS KOHEUHBIX CBA3EH (3.4)

NOof,-. Of
2 +——==0,(a=1,d). 36
YR =0 ) (3.6)

Cucremy BexktopoB V, =F, OyaeM Ha3blBaTh BO3MOXKHBIMH

CKOPOCTSIMH JJTsI HCKOTOPOTO BPCMCHH £ M A1 HCKOTOPOTO BO3MOXKHOTO B
3TOT MOMEHT IOJOKCHHS CHCTEMBL, €CITH BEKTOPHL V, VIOBICTBOPSIOT d+g
JAUHCHHBIM ypaBHCHUM (3.5) u (3.6).

JIng  Kakaoro BO3MOMKHOTO TIONOKCHUSA CHCTEMBI B MOMCHT

BPEMEHH f CYIIECTBYET OCCUHUCICHHOE MHOMKECTBO CHCTEM BO3MOMKHBIX
CKOPOCTEM.

Cucremy OCCKOHEUHO Manblx nepemewmenuil dr, =V, dt Oyxem

HA3BIBaTh BO3MOKHBIMH CPEMCIICHUSIMH.
YmHOKHB vpaBHeHus (3.5) u (3.6) Ha df, monyduM VpaBHCHHS,
ONPEACTIIOIINC BO3MOKHBIC TICPECMCIICHHUS
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N 3
5° ot dr, + 52% dt =0,(c = 1,d),

o1 0T, t

N > (3.7)
2 Apdr, +Dydt =0,(5=1,g)
k=1

J
Bo3bMeMm aBE CHCTEMBI BO3MOKHBIX TIEPEMEINECHHUM [JISI OJHOTO H
TOrO K€ MOMEHTA BPEMEHH U AJISI OZHOTO U TOTO K€ TTOJOKEHUS CUCTEMBI.

dr, =V, dt v dr, =V, dt.
Kak dr,, tak u dr], ymoBnersopsior cucteme (3.7), a wux
Pa3HOCTH
OF, = dr; — dr, (3.8)

YAOBJICTBOPAKT COOTHOIICHHAM |
~

< .
ZE“&T —0,(a=14d),
k1 ' (3.9)

N _
37,67 =0,(B=1,g).
k=1 J

Bekropel  Or,, VIOBACTBOPAIOUIME  COOTHOUICHHSIM  (3.9)

HA3BIBAIOTCS BUPTYAJIBHBIMH TepeMemeHusaMu. (CpaBHHUBAs BBIPAKCHUS
(3.7) u (3.9) MOXHO B3aKIFOYHTh, YTO BHPTYAJIBHBIC ICPEMCIICHHS
COBMAJAIOT € BO3MOXHBIMH TCPEMCLICHHSIMH TPH  3aMOPOXKCHHBIX
CBA3AX.

MoxHO eme cka3aTrh, YTO BHPTYAJIBHBIE IIEPEMEINCHHUS
MPCACTABISIIOT COOOH  MCPEMEIICHUST TOYCK CHCTCMBI M3 OJHOTO
BO3MOKHOTO TIOJIOKCHHS CHCTCMBI B MOMCHT BPCMCHH ¢ B JPYTOC
OeCKOHEUHO ONH3KOE, BO3MOXKHOE AISl TOrO 7K€ CaMOr0 MOMEHTA BPEMEHH
f, TOIOKEHUE CHCTEMBI.

[Ip  cTanMOHAPHBIX  CBA3AX  BHUPTYATBHBIC  TCPCMCIICHUS
COBHAJAIOT C BO3ZMOKHBIMH.

3.2. O6ee ypaBHeHHE JHHAMHKH

OO0mee ypaBHEHHUE JUHAMUKH HMCCT BHA!

N
2(F, —mw, )or, =0, (3.10)
=1

rae F, -akTHBHBIC CHIIBI, TIPHUJIO’KCHHBIC K CHCTEME,

m, -Macca k-0 TOUKH,
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W, -ycKopeHue k -0l TOUKH;
(57,{ -BHUPTYAJIBHOC NICPEMCIICHHAC K -0 TOUKH.

Vpasacaue (3.10) mokaseiBacT, 4T0 B JTHO00H (DMKCHPOBAHHBIH
MOMEHT BPEMEHH CYMMa >JIEMCHTAPHBIX pPAOOT aKTHBHBIX CHJI H CHII
HHCPLHH Ha JOOBIX BHPTYAIBHBIX NCPEMCINCHHUAX PaBHA HYIK IIPH
YCJIOBHH, UYTO Ha CUCTCMY HAJIOKCHBI HACAJIBHBIC U YACPKHBAKIIHNC CB3H.

BaxknpiM cBOICTBOM 00IICTO YPAaBHCHHUS JUHAMMKHU SIBISCTCS TO,
YTO OHO HE COACPKUT peakuuil nacanpHeiX cBa3ei. Muoraa 3to ypaBHeHue
MOXHO HCHOIB30BATE AJId HCCIACAOBAHUA ABHKCHHUA MCXAaHHUUCCKHUX
CHCTEM M B TEX CIyJasX, KOTJa HE BCE CBI3H SBJISIOTCA HACATBHBIMH,
HAIPUMEP, KOTJA HMEKOTCS CBSI3H ¢ TpeHueM. s 3Toro cieayer K
AKTHBHBIM CHJIaM JO0OABHTh TC COCTABJIAIOLIUC PCAKIUH, KOTOPBIC
OOYCIIOBJICHBI HATHIUEM CHIT TPCHHSL.

Boeruncrnenne cymMmbl pabOT CHIT HMHEPUMHM HAa BUPTYATbHBIX
TICPEMCITIICHUAX TBEPAOTO TENa MMPOBOJUTCA TIO CACAVIONIHM (DOPMYIIaMm.

1. ITpu nocTynareapHOM ABMKCHHUH TENA |

A" = "ér,,
T @ " =—Mw, -rnaBHblii BekTOp cHi1 mHepuuu Tena (M - macca

TEna, W, - YCKOPEHHE IEHTPa Macc ),
Or, - BAPTYATbHOE IEPEMEIICHHE LICHTPA Macc Tera.

2. Ilpu BpaleHuH Tena BOKPYT HENOABHAKHOM OCH:
0A" = M*5¢,

rne M z“ =—1I_& -rnaBHBI MOMEHT CHJI HHEPLIHU TEIa OTHOCHUTEIBLHO OCH

BpamicHust (/.- MOMEHT HMHCPUHMH Tela OTHOCHTEIBHO OCH

BPAIICHHUA, £ - YIJIOBOC YCKOPCHHC TCIA ),
O0¢ - BHPTYAJIBHOE VIJIOBOE MEPEMEIICHHE TE/A.

3. Ilpu naocko - mapanienbHOM JBHXKECHUH:
SA =D 5. + M*5p,

rac M- riaBHBII MOMCHT CHII HHEPLHH TEIA OTHOCHTEIBHO OCH,

MPOXOJAIICH uepe3 neHTp Mace C Tena.

YactHbiM  ciyuaeM OOIICTO VPABHCHHS JMHAMMKH  SIBISCTCS
OPHHLMI BUPTYAJIBHBIX TICPEMEIICHUH (OOIICe YPaBHCHHE CTATHKH).
JIeHCTBHTETEHO, B TOM CAyYac, KOT/Ia MEXaHUYCCKAA CHCTEMA HAXOJUTCS B
MOKOE, BCE CHIBI HMHEPIHMM PaBHBI HYIIO, H M3 OOINEr0 VpPaBHEHHSI
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JUHAMHAKH BBITCKACT MPHHIUIT BHPTYAIBHBIX MCPEMCIICHUU: A TOTO
YTOOBl MCXAHHUCCKAS CUCTCMA, HA KOTOPVEO HAJOMKCHBI HACATIBHBIC CBI3U
HAaXOJUJIaCh B PABHOBECHH, HCOOXOMUMO H JOCTATOYHO, YTOOBI CyMMa
3JCMCHTApHBIX  PaboOT BCEX  aKTHBHBIX CHJI, [PHIOKCHHBIX K
paccMaTpHUBAEMOM CHUCTEME, Ha JTIOOOM H3 €€ BHPTYAIBHBIX MCPEMCIICHUN
ObL1a paBHA HYIIO

N —
> F,6F, = 0. (3.11)
k=1

PaccmorpuM mpoueaypy ucmonb3oBaHus ypaHeHHs (3.10) mma
coctaBicHUs auepeHINATbHBIX YPABHCHUH ABIDKCHHS CUCTEM C JBVYMS
CTCIICHSIMH CBOOOIBI:

1. M300pa3uTh MEXaHUYECKYIO CUCTEMY B MPOH3BOIbHBIH MOMEHT
BPEMEHH.

2. Tlokazatp Ha PUCYHKEC AKTUBHBIC CHJBI U MOMCHTBI, & TaKXKe
CHUJIBL 1 MOMEHTBI, COOTBETCTBYIOIUUE HEHUACAIBHBIM CBSI3AM (HAIPHUMED,
CHUJIBI TPEHUS).

3. OnpeaenuTh TIABHBIE BEKTOPHL WU TJIABHBIE MOMEHTHl CHI
HWHEPLHU.

4. BuiOpats 00001IEHHBIE KOOPAMHATHI B YHCIC, PABHOM YHCITY
CTENEHEH CBODOABI CHCTEMBI.

5. JlaTe BUPTYaIbHOE MEPEMELIECHUE, COOTBETCTBYIOLIEE OJHON U3
CTCIICHEH  CBOOOABI  CHCTGMBI, CUHMTAs MPH 3TOM BHPTYAJIbHBIC
MCPEMCIICHHS, COOTBCTCTBVIOIIHMC OCTAMbHBIM  CTCIICHSIM — CBOOOJBL,
PaBHBIMU HYJIIO.

6. Beruucimure cyMMy 3J¢MEHTaApPHBIX paboOT BCEX CHII H MOMCHTOB
(cM. m. 2 m 3) Ha COOTBCTCTBYIOINUX BHPTVAIBHBIX IICPCMCIICHHIX H
IIPUPABHAITH 3TY CYMMY HYJIIO.

7. IloBroputk m. 4 - 6 O KAKIOTO HC3ABHCHMOTO JABHKCHHS
CHCTEMBL.

[Ipu mpumeneHHH OOIMErO YPABHEHHS AHHAMHKH K CHCTEMAaM C
JBYMST U OOTBIIAM YHCJIOM CTENCHEH CBOOOIBI, B CBSI3H C TPOMO3IKOCTHIO
BBIKJIAJOK, MOYKHO HCIOIb30BATh CIICIYIONIHE PEKOMEHIALINH

1. CaenaTe npearonoKEHHUE O HANMPABICHHH YCKOPEHHH TOUEK
CHCTEMBL.

2. HanpasuTb Ha pHCYHKE CHJIBI HHEPLUMH B CTOPOHBI,
MPOTHUBOIIOJIOXKHBIC ~ BBIOPAHHBIM ~ HAMPABJICHHSIM  COOTBETCTBYFOIIHX
YCKOPEHHH.
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3. Ompenenuth 3HAKH 3AEMEHTApPHBIX PadOT CHI HHEPLUHH B
COOTBETCTBHH C HX HANPaBICHHAMH HAa pPHCYHKE U H30OpaHHBIMH
HAIPaBICHHAMU BHPTYAIbHBIX IIEPEMEILICHHIN TOUEK CHCTEMEL.

4. EcH MCKOMBIE YCKOPEHHS OKA3BIBAIOTCS IOIOKHTEIBHBIMH, TO
CIETaHHbIE IIPEATIONI0KEHHS 0 HAIPaBICHHAX VCKOpPEHUH
MOATBEPIKAAIOTCS, €CTH  OTPHULATEIbHBIMH, TO  COOTBETCTBYVIOIIHE
VCKOPEHUS HAMTPABIICHBI B APVTVIO CTOPOHY.

3.3. ¥YpaBuenus Jlarpansxa II-ro poaa
Ypasuenus Jlarpanxa ll-ro poga sBstorcst ogHUM U3 HanOomaee

VAOOHBIX TPHEMOB COCTABICHHS VPABHCHHH JBHJKCHHS MEXAHHYCCKHX
cucreM. OHH HMEIOT BH],

d| or or .
v | S Q;, Jj=12,..,s, (3.12)
t\A; ) A
TIe T- xuHEeTHYECKAS SHEPTHI MEXaHHYICCKOH CHCTEMBI,

q;,4;,Q; -0000IECHHbIE  KOOPAMHATHI, CKOPOCTH W CHIBI,

COOTBETCTBECHHO,

S- YUCIIO CTEMEHEH CBOOOABI MEXAHHYIECKOH CHCTEMBI.
VYpaBacHus (3.12) oOpa3yrOT cHCTEMY § VpPaBHCHHH BTOPOrO
MOpsIAKa OTHOCHTCIBHO § GyHKmmMA ¢;(%). Tlopsamox cucremsr (3.12)

paBen 2s. ®dopma ypaBHeHHE Jlarpamka He 3aBHCHT OT BbIOOpa
ODODILEHHBIX  KOOPAWUHAT  §;,4,,-,4,. OT BeOOpa 0OOOOIEHHBIX

KOOPAMHAT 3aBUCHT BUA (yHKimHu Tombko I'm Q. B cBasu ¢ oThm

ropopiat, 4uto ypaBHeHust Jlarpamwka Il-ro poma obmazaror CBOHCTBOM
HHBAPHAHTHOCTH.

YpaBHeHHs ABWKCHHUS C ToMompio ypasHeHuil Jlarpamxka
COCTaBJISIFOTCS CIICAYIOLIHUM 00pa3oM:

1. Onpegensiercss YHCIO CTENEHEH CBOOOOBI MEXAHHYCCKOM
CHCTCMBI.

2. BeiOmparorcs 000OIICHHBIC KOOPAHHATHI, OJHO3HAYHO M
HanOonee vAOOHBIM 00pa3oM ONpEAC/SIOINC TMOJI0KCHHE BCEX TET B
cucteme. Jls rOTOHOMHBIX CHCTEM YHCIIO 000OIICHHBIX KOOPAWHAT PABHO
YHCITY CTCIIEHEH CBOOOBI.
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3. KuHernueckass DHEpPrUsi CHCTEMBI  BBIPAXKAETCS  UEPE3
OGOOIICHHBIC KOOPAMHATBI ¢; M TPOM3BOJHBIE OT HMX MO BPEMCHH -

OOOOIICHHBIC CKOPOCTH ¢ ; .
4. Haxoaggarcs o0o0meHHbIC Ccuabl () j» COOTBETCTBYIOLIUE
BBIOPAHHBIM ODOOLICHHBIM KOOPAHHATAM ;.

5. BBIUHCISIIOTCS TPOWU3BOJHBIC OT KHHCTHUCCKOW JHCPTUH
COTJIaCHO VpaBHEHHSIM (3.12) B COCTABISIOTCS VPABHCHUS IBHKCHHS.

[Ipn  onpexereHHsT  KHHETHUECKOH  JHEPrHH  HEOOXOIHUMO
VIHUTBIBATE CIICAVIOIIEE.

I. Jnst BRIUMCICHUH KUHETHUECKOW JIHEPTHM TET, BXOMAIIUX B
CI/ICTeMy, B COOTBCTCTBYIOH.[I/IC paC‘ICTHbIC Q)OpMy.THJI IIOACTABJISKOTCS
abCOMIOTHBIC CKOPOCTH  (IMHCHHBIC W VIVIOBBIC), KOTOPHIC OVAYT
CKJIQABIBATHC S U3 HepCHOCHbIX H OTHOCHTCIIBHEIX.

2. Ecnu Bce 00OOIMCHHBIC KOOPAMHATH HE3ABHUCHMBI APYVT OT
Apyra, TO [ ONPCACICHHS OTACIBHBIX CKOPOCTCH MOKHO CHAdaja
ONMpPEACIUTh TE¢ CKOPOCTH, KOTOPBIC OYAYT HUMETh TOUKM U Tela MpU
OTJIMYMH OT HYJISI TOJBKO OAHOM M3 OOOOIICHHBIX KOOPAHHAT (YaCTHBIC
CKOPOCTH), @ 3aTCM CI0KUTh HX

N
Ve =2 Vi
j=1
rae V, - BEKTOpP CKOPOCTH K-OH TOUKH,
V,; = CKOPOCTb, KOTOPYIXO OyACT MMETh A-as Touka, €cau Oyner

OT/IMYHA OT HyJsl TOMbKO O/IHA ODOOIIEHHAS CKOPOCTD ¢ ; .

AHATOTMYHOC COOTHOIICHHWC MOMKHO 3amucaTh A YIJIOBBIX
CKOPOCTEH:

HIJIHK, CCJIM ABHAKCHHUC IIPOUCXOIUT B O,Z[HOﬁ IIITOCKOCTH.
s
@, = Za) y
=1
s onpeaereHnss 000OIMEHHBIX CHIT UCTIONB3YIOT TPH CIIOC00a.

1 Mcnonp3yeTcs B TEX CNy4asX, KOTAd M3BCCTHBI AHAJHTHUYCCKHC
3ABHCHMOCTH HpOeKL[I/Iﬁ BCCX JdAKTHUBHBIX CHIJII Ha OCH HCHO,HBH}KHOﬁ
CHUCTCMBI KOOPIUHAT OT 0000ICHHBIX KoopauHat. Toraa
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N N e &
Q=3 F,—-=%|F.—"+F %"‘sz_k-

I
k=1 i k=1 A, yﬁqj A

2. Ilpu onpeaeacHuu OOOOIICHHBIX CHJI MOJB3VIOTCS TEM, 4TO
00OOIICHHBIE KOOPAMHATEI W WX BapHALMH ABJISIOTCS HE3aBUCHMBIMH.
[TosTromMy mpu ONPEACICHUHM BO3MOXHOH Pa0OTHl MOXHO PacCMOTPETh
TAKOC BO3MOXKHOC TMEPEMEIICHUE CHCTEMBI, IPH KOTOPOM OyzaeT
M3MCHATBCS TONBKO OJHA 000OmecHHAs koopauuara ¢;. Torma oq; =0

JUTsL BCCX i, KpoMe i =f, 1 B3 BIpaxkeHHS (3.4) momyuaem

0A; =0Q;0q;.
Otkyaa
0 5Aj
J 5qj ‘

[loBTOpSIsI PACCMOTPCHHYIO MNPOLCAYPY A BCEX OOOOIICHHBIX
KOOpAHHAT j = L..S, MOTy4IaroT Bce 0OOOIMEHHBIC CHITHL.

3. IlozBomsier onpeaensiTh 0OOOIMECHHBIC CHIIBI B KOHCCPBATHBHBIX
MCXaHHUCCKUX CHCTeMaX. B HHX CleAyeT BBIUHCIHTD MOTCHIIHAIBHYIO
sHepruto 11, koTopast 3aBHCHT TOJIBKO OT OOOOIIEHHBIX KOOPAHWHAT, a 3aTeM
HAWTH BCC 0OOOMICHHBIC CHITBI TIO CIICAVIOWEH hopMye

B zakmouennn 3ameTumM, uTo B ypaBHeHHAX Jlarpanxka Il-ro poga
HC COJACPIKAThCS PEAKIUU MACATBHBIX CBiI3CH. ECan K¢ Hy)KHO HaiiTu
PEAKIMH CBA3EH, TO HAIO TOCIE WHTErpUpOBaHUA ypaBHeHWH Jlarpamxka
TIOACTABUTH GYHKIHMH ¢ ;(f) B BBIPAKCHHUC

Fo=10q,,4, 9, ,t),
TAE 7, -Pagdyc-BEKTOPBI TOUEK CHCTEMBI OTHOCHTENIBHO Havaia
WHEPLHUAIBHON CHCTEMBI KOOPAHUHAT.

Toraa pasnoackicTByomue R, peakuuii CBA3CH, NPHIOKEHHBIX K

TOYKAM CUCTEMBI, HAUAYTCS U3 COOTHOLICHUH

R, =mr, - F,.
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3.4. Ilpumep cocTaBjieHHS
YPABHEHHii JIBHKEHHSI CHCTEMBbI ¢ IBYMS CTEMEHSIMH CBO0OOADBI,

PaccMOTpUM  MEXQHMYECKYIO CHCTEMY, KOTOpasi COCTOMT U3
crepxas CD amuvoit I; u Maccou m,,, Tpyoku KN mouHoi 2/ u Maccoi
My, apuka M mMaccolt m,,, IPUKPEIIIEHHOTO K IPYKHHE )KECTKOCTBIO C (
puc.3.1). TpyOka uMeeT BO3MOKHOCTh BPAIIATHC BOKPYT TOPU3OHTAIBHOMN
ocu AB. B HauanbHBIE MOMCHT CHCTCMA HAXOAHMJIACH B IOKOC, IIAPUK

UMET KOOPIUHATY ¥y (ITPH 3TOM MIPYKUHA ObLTa HE AchOPMUPOBAHA).
4 ¥4

Puc. 3.1.

Tpebyercs:

-cocTaBuUTh AuGPepecHIIaAIbHEIC VPABHCHNUS JBIDKCHUSA CHCTCMBI
(ZIBYMS METOIAMH);

-IPOUHTCTPHPOBATH MOJIVICHHBIC YPABHCHHSI,

-MIOCTPOHUTH TpaMKH H3MCHCHHS OOOOMICHHBIX KOOPAWHAT H
0OO0OIIICHHBIX CKOPOCTEH.

JuddepeHIManbHBIC YPABHCHHSI JBHXKCHUS MOXKHO CHCTCMBI
COCTaBUTh C IIOMOINBIO OOINETO VPABHEHHA JUHAMHMKH HIH YPaBHEHHUH
Jarpamxa Il-ro poma. IlomyueHHBIE YypaBHEHHs CIEAYET CPABHUTH C
YPaBHCHHUSIMU JBHKCHUSL, ITOTYICHHBIMH B APYTHX pa3iciax padoThl.

43



Ilpu cocraBneHUsi YpaBHEHUM [BHIKEHUSI C IOMOINBIO OOIIETO
VPABHEHHUS NUHAMHKH YYMTBIBAIOTCA AKTHUBHBIE CHIIblI M CHIIBI HHEPLHH

(puc.3.2):
A%

K
A
(4
M mp 5}::}) .
=
D mp
M‘P @Zm _mu
o T "=E N
¢ 0 @, ;
n,g m,g 56}7

>
i
Puc. 3.2 -AKTHBHBIC CHJTBI M CHJIBI HHEPLIMU

@} - neHTPOOEKHAS CUITA HHEPLUH CTEPIKHSL,
DL .
ony - BPALIATEIBHAS CUJIA HHEPLIUU CTEPKHA ;
M? - vioment cun nne ;
om PLHH CTCPIKHS,
ki :
@mp - LCHTPOOCIKHAS CHJIA HHCPLUHH TPYOKH |
@ P - ppamatenbHAs CUIA HHEPLMH TPYOKH:
mp - BDAI piH TpyGKH;

M fﬂp - MOMCHT CHJT HHCPIIMH TPYOKH;

S

- TICPCHOCHAs LICHTPOOCXKHASI CHUIa HMHCPLUHMH IIAPUKA;

7]

w
ap

w

S

- ICPCHOCHAA BpallaTC/IbHAA CHJ/Id MHCPIHHK IHAPHUKA,

- CHJIQ HHECPLHH HIAPHKAa B OTHOCHTCIbHOM ABHKCHHH.

S| 8l

- xopuomucosa cuna uHepunu Kopnonmca mapuka.
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Cunel vHEpUUH TPYOKH M CTEPKHS IIPUJIOXKEHBI B LIEHTPAX Mace
JTHX TEN.

Haﬁz[eM BCIIHMYMHBI CHUJI K MOMCHTOB HHCPLHUH:

1 1 1

D" =—m_1.¢° O =—m_ I,p M® -~ m 125

cmt 2 cm l(p b cm 2 cm 1(09 cm 12 cm 1(/)9
(D,‘j,p = mmplf »?, @,f;';, = mmpllgb,

m._ 417 1

b _ mp = 2..

w | Tar et
O} = m ] +y7 §7, O =m, I} +y° ¢,
D, =m,y, @, =2m,qpy.

B kauecctBe 0OOOIICHHBIX KOOPAMHAT BHIOMPACM VION MOBOPOTA
CTCPKHS @ W KOOPAWHATY p, OTPEACISIOMVIO TONIOJKCHUE IMapuka B
TpyOKe.

Beiseaem miepBoe  audhepeHIMATIHOC VPABHECHHUE JBHIKCHHSA
cucreMol. Jlas sToro (QUKCHpPYEM KOOpAWHATY J, JAacM CHCTCME
BHPTYANbHOC TICPEMCIICHIC O@, HAXOAUM JJICMCHTApPHYIO padoTy,
KOTOPYIO MOTYT COBCPIIHTh BCC AKTUBHBIC CHJIBI M CHJIBI HHCPLHU, H
IPUPaBHUBACM €€ HYITIO

0A =@ %16(0 +M? 5p +mcmgl?1cos Pop +m,,,gl; cos pog +

+ @, 1,00 +M£p5§0+mmg(ll c0s¢+ysingo)5q;+@;f /112 Y
@, 1,50 +®,y5p = 0.

IToacTaBuM B 3TO YpaBHEHHE BETUIHHBI CHJI H MOMEHTOB UHEPLIUH
U Pa3JCIHuM BCE CIAracMbIC HA OOIIMH MHOXKHTCIb 6@

[mcml]z + m;p (12 +3lf)+mm (lf +y2)J¢+2mm@y —m,yl; =

3
(3.13)

'}
= (_ mcmgj_ mmpgll - mgmll)cos¢ - mmgy Sin (P-

[Monyuum BTOpoe AuddepecHUHATBHOS YPABHCHHC IBHIKCHHS
cuctemsl. [ 3TOro (QUKCHPYEM KOOPIWHATY (P, NaeM BHPTYATbHOE
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NCPCMCIICHUE JY, HAXOTUM 3ICMCHTApHYIO padoTy, TPHPABHHUBACM €C
HYJTIO
O0A=—-D Oy - c(y — y0)5y +m,, g cos poy + @7 sinady + @} cosady =0
3HauCHHE yria ¢ 3aBUCHT OT MOJOXKEHHS MapuKka B TPyOke
(puc. 3.2)
I, y

Sing = ———, COS¢{ = ————.
\fllz +y2 \/112 +y2

C y4€TOM 3TUX COOTHOWICHUU MOTYYUM
.. . .2
m,y—-m,pl,—m, ¢y =mmgc0sq)—c(y —yo)

HITH
J- @l —¢’y=gcosp—c(y-y,)/m,. (3.14)
Vpaeuenusa ( 3.13 ) u ( 3.14 ) mpeacrasasior coboit  cUCTEMY
auddepeHIHaTEHBIX YPaBHEHHH, OITUCBHIBAKOIHX JBUKCHUE

paccMaTpUBacMOil MEXaHUIECKOH CHCTEMBL.

CoctaBuM  VpaBHCHHA [JBIDKEHHS C TIOMOINBIO VPAaBHCHHUM
Jlarpamxa II- poxa. B BeIOpaHHBIX 0OOOIIEHHBIX KOOPAHHATAX (P U J OHHU
NPUHUMAIOT BUJ!

27 7.9, (3.15)
dt op Op
4 A, Gis)
dt &y

rae T - xkuHETHYECKAs YHEPT U CHCTEMBIL,

Q(p ,Qy- 0OOOIICHHBIC CHJIbI, COOTBETCTBYIOIIHC OOOOIICHHBIM

KOOpAHHATAM ¢ U J.
Haiigem xuneruueckyro sHepruro cuctembl. OHa cocroutr wu3
KHHECTHICCKUX JHEPTHH BCEX TE, BXOAAIIUX B CHCTEMY. CTCPXKHA 1,
TpyOku Ty, v mmapuka T,

T=T s + Typ+ T (3.17)
rac
1 1 l2 1
T =—J ¢ L —m_I7¢° 3.18
cm 2 cm(p 2 cm 3 (p 6 cm I(p ( )
1., I[m,, @) L1 .
T,, :EJmp(pZ 2[ ” +m,, 17 ¢’ :Emmp(lz +30; )(pz (3.19)
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ABCcOMOTHAs CKOPOCTH LIAPHKA V,, PaBHA FCOMCTPHUYCCKOH CYMMC

OTHOCHUTEITBHOH M TICPEHOCHOM cKopocTek ( puc.3.3 ),
A%

Puc. 3.3.

€C BCIMYHHA ONpeacaacTcs mo GopMyac
2

2.,,2 = = 2,2 .
v, =V, tv,+2v,v, cos(vr /\ve):vr +v, —2v,v,sinc, (3.20)

Tae v, ,V, - OTHOCHTEIbHAS H MIEPEHOCHAs! CKOPOCTH MAPHKA .
2_ .2 2 _ .2(;2 2
v, =y, v.,=¢ (ll+y), (3.21)

IToacTaBus BeipaskeHus ( 3.21 ) u 3HaUCHHE SiNA B YypaBHCHHUE  (
3.20 ), moayaum

vi =37 +¢2 (7 + v3)-254,. (322)

Toraa a1 KHHETHYECKOH SHEPTHH CHCTEMBI IIOJIYYHM
T =émcm1f(p2 +émmp(12 +3lf)¢2 +%mm(j;2 + cpZ(If + yz)— 2)‘;(/;11).
(3.23)

Hatizem BCe mpomsBoanbic JcBOM vacTtu ypaBHeHuU ( 3.15) u
(3.16)
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R
ﬂ 1 2. 1 2 21 -172 2 N
é’—¢:§mcmll¢+§mmp(l +3ll)<p+mm(p(ll +y )—mmyll,
d or 1 1
———=—m_ L p+—m \+3 +m I+ y’ Jp+
dt 0’347 3 cm I(P 3 mp( I}I) m(] y )D
+2mm¢yj}_mmllj)’
a_y, L (3.24)
o
or
E:mmy_mm(pll’
d T
__.:mmy mm(pll’
dt &y
g—m qb2y
& " )

OGOOIECHABIC CHITBI MOYKHO ONPEACTUTE ABYMS CIIOCOOAMHU.
1. ®ukcupyeMm KOOPAMHATY y, JA€M BHPTYAJIBHOE NEPEMELICHHE

S, HAXOUM BICMCHTAPHYIO padoTy

P

/
0A, = —[mcmgjcos @ +m,,, gl cosp+ mmg(11 cos @ + ysin (9)]5@,

OTKyaa

oA, 1 .
Q,= 5: —(Emcm +m,,, +m,)gl, cosp—m,gysing. (3.25)

dukcupyeM KOOPIMHATY (P, 1acM BHPTYAIBHOS TICPCMEITICHUC O,
HAXOIUM 3JICMCHTAPHYIO padoTy
oA, = (— F,,, +m,gcos go)éy,
rae F, = c( y- yo) - CHJIa VOPYTOCTH HPY>KHUHBIL.

Toraa

5Ay
Qy :g:—c(y—yoﬁmmgcosw. (3.26)

2.BpryucaMM NOTEHLMAIBHYIO 3HEPTHIO cucTeMBI 11
im=n,+1,,+1,+1,,,.
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3nech Iy Iy 1,4, 11, - TOTCHIIMATBHAS SHEPTHS CHIT TSDKECTH
CTEpIKHA, TPYOKH, IIAPHKA, a4 TAKXKE CHIIbI YIIPYTOCTH MPYKHHBI, KOTOPBIE
onpeacisoTcs GopMyIaMHu

[

I, = mcmgjsin P,
1,,=m,gl singp,
11, = mmg(ll sin ¢ — ycosq)),

& 2
Hynp ZE(y_yO) ¢
Toraa MOTCHIIMAIBHAS YHCPTHS CUCTCMBI IPUMCT BUT
[
I = mcmgjsin P +mmpg11 sinp+m,gl, sinp—m, gycosp +%(y - yo)z.

Haiinem 0000mesHbIE CUITHL

Q,= _Z_I;:—mcmg%cosgo—mmpgll cosqo—mmg(lj cos p+ ysin go),
ar
0, = —5: —c(y— y0)+ m,g cos Q.

Iloacragus npoussoansie ( 3.24 ) u 06obmennsie cuiasl O 1 O, B
ypagHeHust ( 3.15) u ( 3.16 ), moaxyunm auddepeHIHATBHBIC YPaBHEHHUS
JBIDKEHHUS CHCTEMBI

1 1
[Emcmlf +§mmp(lz +3lf)+mm(lf +y2))gb+2mm@)y —-m,yl, =
= 2 / / ]
=— mcm3+mmp c+m, 1, |gcosp—m, gy sing,
o0 o0 .2
m, 5 —m, @l —m, i’y =m,gcosp—c(y—y,)
Ita quddepeHIMATBHBIC VPABHCHHS COBIIAJAOT ¢ VPABHCHHUSIMHA

aemwkeHus ( 3.13 ) m ( 3.14 ), MOAVICHHBIMH C MOMOIIBEKD OOMICTO
VPaBHCHUS THHAMHUKH.
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4. ONPEJIEJIEHUE PEAKLIMIA
B OMOPAX BPAIIAIOIIETOCS TEJA

JlaHHBIM pa3aen  BBIMOMHSIETCST TOJBKO B TaKHX BapUaHTax
KypcOBOH palOoTBl, B KOTOPBIX OCHOBHOC TCJIO BPAINACTCS BOKPYT
HETOJBIKHOW OCH C TIOCTOSIHHOM VTJIOBOM CKOpOCThIO. B 3TOM pasaene
HEOOXOAUMO:

— OIPCOCTUTh BCIMYMHBI W HAMNPABJICHHS PCAKLIHM, BO3HHKAIOIIUX B
Ormopax BPALAIOIICTOCS TEAa, OTHOCHUTCIBHO HCMOABMKHOH W
TIOABIDKHOM (CBA3AHHOH C TEIOM) CHCTEM KOOPIHHAT;

— TNOCTPOUTH IpadMKH U3MEHEHHUS PEAKIUH, JCHCTBYIOIIUX B ONOPax, Ha
3aJaHHOM MHTCPBAIC BPCMCHH.

JIng  pemmcHMS — TIOCTABACHHOM — 33Ja4d  PCKOMCHIYCTCS
HCITO/Tb30BaTh METOA KuHeTOoCTaTUKH ( mpuHImn Hamambepa ). IToT MeTo
YacTO MPUMEHSCTCS B HHKCHEPHBIX pacycTax, 0COOCHHO MPH pacueTax Ha
MTPOYHOCTD BPAIMAFOIIIIXCS TE.

4.1. MeTog KHHETOCTATHKH

Hnst kaka0oM Toukn M, MEXaHMYECKOM CHCTEMBI CIPABEITHBO
OCHOBHOC VPaBHEHUE AUHAMHUKHU
mw,=F, +R_, k=12,.,N (4.1)
rac Fk ,I_?k - PAaBHOACHUCTBYIOLOHUE BCEX AKTHBHBIX CHUJI H PECAKLHUH
CBA3CH, IPUIOKCHHBIX K K - OH TOUKC,
M, - Macca MaTCPUATLHOW TOYKH,
w, - e€ YCKOpCHHE,
N - YUCIIO TOUEK CHCTEMBI.

OcHoBHOMY ypaBHCHHIO AMHAMHKH ( 4.1 ) MOKHO HpuUIaTe BHI
YpaBHCHHS CTATUKH

F,+R +®, =0, k=1.2,..N (4.2)

rac BekTop @, = —m, W, - HA3bIBACTCA CUIIOH HHECPITUH.

YMHOXKasE BEKTOPHO KAXKI0€ U3 VpaBHCHHH ( 4.2 ) Ha paguyC-BEKTOP
7, . TIPOBEICHHBIH W3 IMPOH3BOJIPHOIO BHIOpaHHOro momoca () K Touke

M, , nomyaum
7 xF, +F, xR +7,x®, =0  k=12,...,N. (43)
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ITpocymmuposas Bce N ypaBHeHHE (4.2) u (4.3), 3anucaHHBIX A1
KOKJIOH TOYKA MCXAHHUYCCKOM CHCTCMBI, IMOJIVIHM BCKTOPHBIC VPABHCHHS
KHHCTOCTATHKH

F+R+® =0,
AT ATk vy
M,+M,+M, =0, (44)

T.C. B KEDK,Z[I:II\/‘I MOMCHT BPCMCHH CYMMa I''TABHBIX BCKTOPOB AKTHUBHBIX CHII

F, peakuuii cBazeii R u cun unepuuu @ JABUAKYLICHCS MEXaHUUYECKOH
CHUCTEMBI PaBHA HY/IIO, a4 TAKXKE PABHA HYJK) CYMMAa TIJIAaBHBIX MOMCHTOB
aKTUBHBIX cun M, peakuuii cBaseit MJS w cun wnepuum M,
JOBIDKYITICHCS MCXaHUUICCKOH CHCTEMBI OTHOCHUTCITBHO JTI000r0 mosroca 0.

JByM BekTOpHBIM ypaBHEHHSIM ( 4.4 ) COOTBETCTBYET IIECTh
VPaBHEHHI B TPOCKIHMAX HA OCH JCKAPTOBBIX KOOPAWHAT (B Caydac
TJIOCKON CHCTEMBI ACHCTBYVIOMINX CHIT - TPH VPABHEHHA)

F.+R +@® =0,

F, +R +® =0,

F.+R +®_=0,

R L+24
M +M +M =0, (4.5)
R > _

M, +M, +M, =0,

M_+MF+M?® =0

3a OCH KOOPAMHAT MOKHO BbIOpATh THOOYIO CHCTEMY JCKAPTOBBIX
OCEH, KaK HEMOABHXHBIX, TaK H MNEPEMEIIAOLINXCSH MTPOU3BOIbHBIM
o0pa3oM B OPOCTPAHCTBE, HAMPHUMEP, CBA3AHHBIX C OCHOBHBIM
BPALLAKOIIMMCS TEIOM.

[IpuveHeHne  METOAQa  KHHETOCTATHKH — TPEOYeT  YMEHHS
BBIYMCICHHUS cUIT MHEpLUHMH. K ka0l Touke TBEpAOro Tena, ABHXKYLIErOCs
C YCKOPEHHEM, MNpUKIaisiBacTcs cuiaa uHepuuu. Kak wusBecTtHO M3
CTAaTHUKH, TIOOYIO CHCTEMY CHJ MOYKHO NMPUBECTH K OAHOH CHJC, PaBHOH
ITABHOMY BEKTOPY, M OJHOW Mape CUJ, PaBHOH IIaBHOMY MOMEHTY BCEX
CHJI CUCTEMBI OTHOCUTEIBHO MPOU3BOIBHOIO LIEHTPA.

['maBHBIH BEKTOP CHJI WHCPLHH TOUYCK ABHXKYIICTOCS TBEPAOTO
TCMA ONMPCACTSICTCS TI0 GOPMYIIC

3aece M - Macca BCEro Tena,
W, - YCKOPCHHE LICHTPa Macc TEA.
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Crexyer oOpaTHTeE BHUMAHHC HA TO, YTO CCIHU CHITBI HHCPIIHMH
TOYEK MOKHO MPHUBECTH K PABHOACHCTBYIOIIEH CHJIC (3*, TO 3Ta CHJIA
paBHA M TApamIcIbHA TIABHBIMY BEKTOpY @ ., HO NHHHS JCHCTBHSA
PABHOACUCTBYIOIICH MOXKCT HE IPOXOAUTD YEPE3 LECHTP MacC.

['maBHBIHE MOMCHT CHI HHCPOKWKU TOYUCK TClIa OTHOCHUTCIBbHO
MPOM3BOJILHOTO TIOJIIOCA B CIIYYAE, KOTAA IMOJOKEHHE PABHOASHCTBYIOLICH
CHUJIBI U3BECTHO, OMPEACISIETCS KAK MOMEHT PABHOACHCTBYIOLIEH CHJIBI

MZ=M,(®").

Ecnu nonoxeHne AUHHUKA ACHCTBUS PABHOACHCTBYIOIICH CHIT
HHEPIMA HEOYECBUJAHO M C TOMOIIBK YKa3aHHOW (DOPMYJNIBI HENb3s
OTNPEACTHTDL TIABHBIM MOMEHT CHJ HHEPIIUHA, TO B CAYYAE HEMPEPBIBHOTO
paclpeacieHus: MacC HaA0 HAWTH CHIbl HMHEPLUUM [/ BBIACICHHOTO
BJACMEHTA W 3aTE€M PACHPOCTPOHUTH CYMMHPOBAHHE IO BCEMY TBEPAOMY
TEIY, BBIUHUCIINB ONPEACICHHBIN HHTErPAl B COOTBETCTBYIOIINX NIPEacax.

Cuna WHEPUUH MaTEPHUATBHOM TOYKH, COBEPINAIOINEH CIOXKHOE
OBHIKCHHE, OMPEICIACTCI KAaK TEOMETPHUCCKAss CyMMa OTHOCHTEIBHOM,
MEPEHOCHOH M KOPHOIHUCOBOH CUI HHCPLIHH.

d =@, +P,+D,,

D =-mw,, O, =—mw,, ©,=—mw

r e c c?

rAC M - Macca MaTepHAIbHOM TOYKH,

W, - YCKOPEHHE TOYKH B OTHOCHUTEIbHOM JBHKCHHH,
W, - YCKOPCHHE TOUKH B IIEPCHOCHOM JBUKCHHH,

W, - KOPHOIUCOBO YCKOPECHHE.

c

Hns Oomee moapoOHOTO HM3VUCHHS TEOPUH  PEKOMEHIYETCS
BOCIIOB30BATECA  KOHCIICKTOM  JCKIIHH HMIH OFHHM W3  KYpPCOB
TeopeTudeckoi Mexanuku / 2, rnaBa X VI, 6, rnasa XVI /.

IToMuMO BBIUMCACHUS PEAKIUNA OMOP B HEKOTOPBIX BapHAHTAX
KYPCOBOH palOThl MOKHO, HCIOJB3YS METOA KHHETOCTATHKH, COCTABHTh
nuhdepeHIHATBEHOS YPaBHCHHE OTHOCHTCIIBHOTO JIBHKCHUS
MATEPUAIBHON TOUKH, ONPCACAUTH PEAKUMH CBA3CH, ACHCTBYIOIIHUX HA
OBICKVINVIOCS TOYKY, 4 TAKKC 3aKOH H3MCHCHHS BHCITHCTO MOMCHTA,
0OCCIICUMBAOIETO MMOCTOSHHYIO VITIOBYIO CKOPOCTH OCHOBHOTO TEla U
TIPOBCCTH UX CPABHCHHUC C VPABHCHHUSAMH, TOTYUCHHBIMH PAaHEC B APYTHX
pazmenax kypcoBod pabotei. C 3TOH 1E1bK0 HEOOXOAUMO YPABHEHHUS
KHHETOCTATHKH  3amucath JAByMsl cmocobamu, B mepBom  ciydae
paccMarpuBaTh MEXAaHWUYCCKYH) CHCTCMY, BKTHOUAKOIIYID MAaTEPHATBHVEO

52



TOUKY, mpu JTOM YUHUTBIBATH B VYPAaBHCHHUAX KHHCTOCTATHKH

OTHOCHUTCIBHYIO @, mnepeHocHyrww @, u kopuoaucosy @, CHIbI

.
WHEPLMH, TPHUIOKEHHBIE K TOYKE. BOo BTOPOM ciay4yae paccMaTpHUBaTh
MEXAHUYCCKYI0 CHCTEMY 0Oc3 MATCpHATBHOM TOUKH, ACHCTBHC KOTOPOM HA
CUCTEMY CICAYET 3aMCHHUTh peakuusamu cBssed. [lyrem cpaBHeHus
MOMYUCHHBIX B [CPBOM H BTOPOM CHOCOOEC CHCTCM VPaBHCHHH
KMHETOCTATHKH OIPEACIUTh YKA3AHHBIE BBIIIC BEIUIHHEL.

Pekomenayercst  ciaeaviomasi —OCICAOBATEIBHOCTE — PELICHUS
IIOCTABICHHON 331249 ICPBBIM CIOCOOOM:

1. M300pa3uts Ha PUCYHKE CXEMY MEXAaHHUYCCKOM CHCTCMBEL.

2. BeiOpaTpe HECITOABIKHYIO M TIOJBHKHYIO CHCTCMBI OTCUCTA.

3.MarepuadpbHVEO TOYKY  H300pa3HTh B  IIPOMEKYTOUHOM
IIOJIO’KEHHUH, COOTBETCTBYIOIIEM IIOJIOKHTEIBHBIM KOOPAMHATAM  3TOH
TOYKH, W TIPSANOJIOKHTh, UYTO TOYKA ABIIKETCS B CTOPOHY BO3pAaCcTaHHUS
3THUX KOOPAHHAT.

4. BBecTH peakuuH OIOp, ONPEACTUTh AKTHBHAC CHJIBI U CHITBI
WHEPLUH, JCUCTBVIOIIHME HA BCE DSJIEMECHTH MEXAHUYECKOW CHCTEMBI.
N300pa3uts JaHHBIC CHJIBI HA PUCYHKE.

5. CocTaBHTh MEPBYIO CHCTEMY VPABHEHHH KHMHETOCTATHKH BHAA (
4.5 ) B mpoeKIUAX HA JTOOYI0 BEIOPAHHYIO CHCTEMY KOOPIHHAT,

JInsg cocTaBNCHUSA YPAaBHEHHH KUHETOCTATHKH BTOPBIM CITOCOOOM
HEOOXOAUMO:

1. M300paszuth HA HOBOM PHCYHKE CXEMY MEXaHHUICCKON
CHUCTEMHI.

2. BeibpaTh HEMMOABMKHYIO M TTOABM)KHYIO CHCTEMBI OTCHUETA.

3.MarepuambHyI0O TOYKY  H300pa3uTh B  IPOMEKYTOTHOM
TTOJTO’KCHUHA, COOTBETCTBYIOIIECM  TTOJIOMKHTETBHBIM  KOODAMHATAM  3TOMH
TOYKH, W TIPEANOIOKHUTh, UYTO TOUYKA IBIDKETCS B CTOPOHY BO3PaCTAHHA
3THUX KOOPAUHAT.

4. BBecTH peakLyy OIop, VAAIUTh MATCPHAIIBHYIO TOUKY, 3aMCHUB
€e ACHCTBHE HA MEXAHUYECKYIO CUCTEMY peakuusMu cBsizu. M300pas3ute Ha
PHUCYHKE JAAHHBIE CHUIIbI, 4 TAKXKE AKTHBHBIC CHIIbl M CHIIBl WHEPLUH,
JEUCTBYIOIIHME HA OCTATBHBIC DJICMEHTB MEXAaHUYECKOH CHCTEMBI.

5. CocTtaBuTh BTOPYIO CHCTEMY VPAaBHEHHH KHHETOCTATHUKH BHAA
(4.5) B mpockUMsIX HA OCH TOM C, UTO U B TICPBOM CIVYAC CHUCTCMBI
KOOPAUHAT.
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Pemas COBMECTHO TNEPBYIO M BTOPYIO CHCTEMBI YPABHEHUU

KMHETOCTATHUKHU, MOJKHO OIPEASIUTH!

— auddepeHIIHaTBEHOS VPaBHCHHC OTHOCHTETBHOTO TBWKCHUS
MaTepUaIbHON TOUKH, a TAK)KE 3AKOH M3MCHEHM: BHEIIHETO MOMCHTA,
00eCIEeUNBAIOIIEr0 HOCTOSIHHYIO VITIOBYEO) CKOPOCTh OCHOBHOTO TENMAa U
TMPOBCCTH WX CPABHCHHC C VPABHCHHSAMH, TOJYYCHHBIMH PaHCC B
JPYTHX pa3ieiiax KypCoBOH paOoTHI.

— BEIHYWHBI M HaANpaBICHUsA PEaKIUi, BO3ZHHUKAIOINHX B OHOpax
BPAIAIOIICTOC TEIa, OTHOCHTEIBHO BBIOPAHHOH CHCTCMBI KOOPAWHAT,
a4 TaKKE NEPECUUTATh OTHOCHUTEIBHO JPYIOH CHCTEMBI KOOPJAWHAT,
VUIUTBIBAS CYIIECTBYIOIIYIO CBSA3b MEXKIY HUMH.

[Tpumepsl MpUMEHEHHST METOAAQ KUHETOCTATHKH K OIMPEACICHHIO
peakLHil BHCIMHUX CBSI3CH MCXAHHUCCKOM CHCTCMBI MPHBCICHBI B /4,
3aganue /.16 / .

B pacueTHO-MOSCHUTCIBPHOW 3amUCKEe K KYpCcOBOH pabore
HCOOXOAMMO IIPUBCCTH PHUCYHKH CXCM MCXAHHYCCKOM CHCTCMEBI C
BBHIODAHHBIMH CHCTEMAMH KOOPAWHAT WU ACHCTBYIOIIUMH CHIaMH. BriBon
CHUCTEM YPABHEHHUHM KHHETOCTATHKH, WX PCLICHHUS, PE3YIbTAThl AHAIM3A,
JOJDKHBI  OBITh  CONPOBOKIACHBI  COOTBCTCTBVIOIIHMMH  ITOSICHCHHUSIMH.
IMonyucHHBIC pe3ymbTaThl OPOPMITIIOTCS B BHAC TAOIUIL U TPAHUKOB.

4.2. OnpeaeneHue peakuuii B 0Mopax BPALAKLIEr0Cs TeJa

Bocnonb3yeMcss METOAOM KHHETOCTATHKH JUIsI  OIPEIACICHUS
PEaKIil B OMOpaxX BPAINAOMICTOCH TEIA.

PaccMOTpuM MEXaHMYECKYIO CUCTEMY, COCTOAILYIO M3 OJHOPOAHOM
TpyOku CD, 0Opasviomeil ¢ OCbI0 BPaLICHHs IPSIMOW Vroi, H mapuka M,
MPUKPEIICHHOTO K KOHITY TOPHU30HTATBHON MPYKUHE ( puc.4.1 ).

Ha cxeme MexaHHu4ecKol cucTeMBI KpoMe HeroaBmwkHOU O,End u

MTOABIKHON OXyZ CHCTEM KOOPAMHAT, OMPEACTHM TOABHKHYIO CHCTEMY
xoopauHaT O,Xx,y,7,, CBA3aHHYIO C Bpamarmumcs crepskHem AB. Ee

OCH TapaJUICIBHBl OCSIM CHCTEMBI KOOpAMHAT OXxyz, a WX HAYAJIO0
COBIIaJAeT ¢ TOUKOH O, .
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Beeaem peakumd omop W 0003HAYHM HMX COCTAB/ISIOIINC B
MOABMIKHON CHCTEME KOOPAHHAT IS ONOpbl - ToArnsiTHuKa A depes
X,.Y,.Z,, nna onopeli-nogmunuauka B - X, Z, .

C ueasro  ompeacacHus  auGQCPECHIHAIBHOIO  YPAaBHCHHSI
OTHOCHUTC/IBHOTO JBMOKCHHS LIAPUKA, PCAKLMH CBA3CH, ACHCTBVIOIIHMX HA
JBHKVIIVIOCS TOYUKY, a TaKXKE 3aKOHA HM3MEHEHHA BHEUIHETO MOMEHTA,
00CCIICYHBAOIIECTO IMOCTOSIHHVIO VIVIOBYIO CKOPOCTh TPYOKH, YPaBHCHHS
KHHETOCTATHKH COCTABHM ABYMSI CITOCOOAMH.

I. PaccmarpuBaeTcs MaTecpuaibHas CHCTCMA, COCTOSIMAS W3
TPYOKH H IHAPUKA (gnc. 4.1).

y —
B __|“ Xz
s
ZB ) W
we ® M Do+
C e . ——
qj'!
z/ QD/L mp
Mm mﬂ!pg' mg
Yal)
Puc. 4.1

Y paBHCHUSA KHHCTOCTATHKH B BEKTOPHOH (POPME MMEIOT BH

F+R+®@ =0,
T L ATR L WP _
M, +M, +M; =0, (4.6)
rae F, R, @ -riaBHbic BEKTOPH AKTHBHBIX CHJT, PEAKIIHIA CBA3CH U

CHJI HHCPLIHH,

TR AP .
M,,M, . M; - r1aBHblc MOMCHTBl AKTHBHBIX CHJ, PCAKLHH

CBSI3EH U CHJ MHEPLIUH OTHOCUTEIBHO TOUKH O, .
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Tax kxak B paccMaTpuBacMOM cilydac TpyOka BpaIacTcs C
TIOCTOSIHHOM  YIJIOBOM CKOPOCTBIO @ =COHSt, TO TJIaBHBIM BEKTOP CHI

HWHEPLUHU TOUYCK TPYOKH ONPEAcIsIeTCs: IO (hopMyIie

— D% = byl
@emp - ¢emp - _mmpwemp >
rae m,,, - Macca TpyOKH,
W, - HIEHTPOCTPEMHTEILHOE YCKOPEHUE ICHTPA MACC TPYOKH.

Cuna @/, HanpaBneHa B1OTb OCH TPYOKH, €€ MOTYTh

@, =m,0’L/2, 4.7)

emp
rae L - mmuHa TpyOKU.
Cuna uHepIUY IIAPHUKA KaK MAaTEPHAIbHOH TOUKH, COBEPHIAIOIICH
CIIOKHOE JBIDKCHHE, paBHA TIEOMETPUUICCKOM CYMME OTHOCHTEJIBHOM,
TICPEHOCHOM M KOPUOJIMCOBOM CHJI HHEPLIMH

D, =—-mw,,

& =04 = 5%

Qem - Qem =—mw,,,

D, =-mw,,

rae m - Macca MaTepHAIbHON TOYKH,

w Wi W . -~ COOTBCTCTBCHHO OTHOCHTCIIBHOC YCKOPCHHUC
TOYKH, €€ TEPEHOCHOE ILCHTPOCTPEMHUTEIBHOC M KOPHOIHUCOBO
YCKOPEHHS .

Moaynu cunn HHEPITH PaBHEI

D, =mi, @ =mo’x, @, =2mox (4.8)

M300pa3um akTUBHBIC CUJIbI, PEAKLUH OMNOP WU CHIIbI HHEPLHWU,
JCUCTBYIOLIMEC Ha MeExaHu4ueckyio cucteMy (puc. 4.1). Bekropasic
ypaBHEeHHU KuHetocTaTHkH ( 4.4 ) B NPOEKIUAX HA OCH MOABIKHOH
cucTeMsl koopauHat O,X,y,;%; UMEOT BUX

X=X, +Xz+@! +D —-D, =0,

emp
ZYH =Y,-m,,g-mg=0,
ZZIi :ZA+ZB +¢C =0,
M, =Z,AB+® AC =0, (4.9)
ix; B c
YM, =M, -®.x=0,
Y M, =-X,AB+®,4C - AC-

-@f AC-m, glL/2-mgx =0

C yuerom BeipaxkeHu# qis cun uaepuuu (4.7) u (4.8) ypaBHCHHUS
(4.9) npuHEMArOT BH

X, +Xp+m,0°L/2+mo’x-mi=0,
Y,-m,,g-mg=0,

Z,+Z;+2mox=0,

Z AB+2moxAC =0, 4.10)
M, -2moxx=0,

—XBAB+m5éAC—mmpa)2ACL/2—

—ma)ZxAC—mmng/Z—mgx =0

2. CocraBuM ypaBHEHHSI KUHETOCTATHKH BTOPBIM crocoboMm. M3
COCTaBa MEXAHMYCCKON CHCTEMBI YAANHM IIAPHK H 3AMCHHM €ro JCHCTBHE
Ha TPYOKy ABYMS CHJIAMH! fy'np - peaxIueii Ha ACHCTBHE MPYKUHBI U N’
- JaBICHHMEM INapuka Ha CTeHKY TpyOku ( Ha puc. 4.2 moka3aHsl
cocTasstomue 31010 Bextopa: N u N).
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X
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z,
Ve

Puc4.2

N300pasuM aKkTUBHBIC CHUJIBI, PEAKIIHM OMOP, PEAKIUH CBI3CH H
CHIJIbI HUHCPLUU, ,Z[GﬁCTByIOH.[HG Ha MCXaHUYICCKYIO CUCTCMY B
paccmarpusacmom ciyaae ( puc. 4.2 ). [Ipu 3T0M, BEKTOPHBIC YPaBHCHUS
kuHeToCTaTUKU ( 4.6 ) B TPOCKIUAX HA OCH TIOABHJKHOH CHCTEMBI
xoopauHaT O, X,y %, IPUHAMAIOT CIEIYIOIHH BUI

’

X=X+ X+ +F,, =0,

DY, =Y, -m,,g—N, =0,

>Z;=Z,+Z;—N,=0,

ZM%:ZBAB—N;AC:& 4.1D

ZM% =M, +N)x=0,

ZMiz, =-XzAB-®/ AC-m, gl/2—

' [
—-F,,AC—-N x=0.
!
Ecnu B 3T ypaBHCHUS MOACTABUTD PEAKLUIO MPYKUHBL F ynp = €X

M BHIPAKEHUE J1sl cubl uuepuun @, (4.7 ), To monyanm

X, +Xp+m,,0°L/2+c(x—a)=0,
Y,-m,,g-N' =0,
Z,+Zz—N!=0,

Z,AB- N'AC =0, (4.12)
M, +Nx=0,
m, »’ACL m, gL
- X,AB- p2 - ; —¢(x-a)AC-N)x=0.

W3 cpaBueHus nepBeix ypasueHubl cuctem (4.10) u (4.12), moxHO
MONYYHTh TUGPESPCHIHATBPHOS YPABHCHHE OTHOCHUTCIBHOTO BHIKCHUSA
HapuKa

mi¥=—c(x—a)+mo’x.

JTO YpaBHECHHE NOUKHO COBIAAATH C VPABHCHHEM, NIOJIYICHHBIM B
TICPBOM pasJeic Kypcoroi padotsr (cm. I1.1.2).

CpaBHuBast BTOpbIC U TPeThU ypaBHeHUs cuctem (4.10) u (4.12),
MOKHO OIPEACIUTh BEIUYHHBI COCTAB/ISIOIIUX CHITBI JABJICHUS [IAPUKA HA
CTEHKY TPYOKH
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N, =mg, N=-2mox. (4.13)

OTH CHIIBI AOJZKHBI COBIIAAATE € CHIIAMH, IIOJIYUCHHBIMH Ha
OCHOBC YPaBHCHHA OTHOCHTCIIBHOI'O ABHUZKCHHA MaTepHaanoﬁ TOYKH ( CM.

11.1.2).

M3 naroro ypaBaeHus cuctemsl (4.10 ) MOXKHO onpeacnuThs 3aKOH

W3MCHCHUS BHCITHETO MOMCHTA, OOCCICUUBAIONICTO MOCTOSHHYIO YTIIOBYHO
CKOpPOCTb TPYOKHU

M, =2mox(x+a).
Onpeaenum peakyu ONmop: NOANMSITHHKA A U MOAMUITHAKA .
Peaknuio X, ompeaenum M3 MIECTOTO ypaBHEHHA CHUCTEMHI (4.12),

VUHTBIBAs BRIpAKeHUe As [V J'; n3 (4.13),

m, 0 ACL/2+m, gL/2+cxAC+mg(x+a)
AB 7

rae X - MCPEMCIICHHS INAPHKA OTHOCHTCIBHO TPYOKH (OMpPEacisieTCs
HCXO04d U3 3aKOHA OTHOCHUTCIIBHOI'O ABUKCHH A HIapPHKa )
Peaknuto X | onpeaenyM U3 MEPBOTO YpaBHEHH cucTeMsl (4.12):
2
m, oL
X, =—X;,————cx.
2

Peakuuio Z,; onpeacauM M3 YETBEPTOrO YPABHCHHS CHCTEMBI
(4.10):

X, =

Ly =—"2moxAC/AB,
rae X - CKOPOCTb OTHOCHTCIIBHOTO JIBHIKCHUSI IIAPUKA (ONpeaesieTcst
U3 3aKOHA OTHOCHUTEIBHOTO JBUKCHHS IIAPHKA).
Yuauteisas, uro AB = 2AC, nonyanm
Ly,=—-mox,
Peaximio Z ;, onpeacanM U3 TPEThEro ypaBHEHHS cucteMsl (4.10):
Z,=—Z,-2mox=mox-2mox=-mox=2,.
Peaxio Y { OTIPEIIETMM H3 BTOPOTO YPaBHCHHUS cHCTeMBI (4.10):
Y,=m,g+mg.
Moaynu peakuuii onop paBH.L:
. 2 2 2
R, =X +Y1+Z%,

R, :,/Xé +Z,
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HanpasncHust peakiiuii onop B NOABUKHOU CUCTEME KOOPAUHAT
O,X,y,Z, ONPCACTAIOTCA CICAYIOLINM 00pPazoM:

cos(R,,0x, )=X /R, .

cos( I_-\’A’Olyl )=Y,/R, .

cos(R,,0z )=Z,/R, .

cos(R,,0x, )=X, /R,

cos(R,,0z )=Z,/R,

OnpeaenuM COCTABITIOMINC PECAKITHH OMOP B HCMOIBHYKHOM
cucreme koopaunar QO End .

[NoasmxkHas cucrema koopauHat (), X, y,Z, BpamaeTcs
OTHOCUTECIBHO HCMIOJABHKHOM € MOCTOSIHHOM YTJIOBOH CKOPOCTBIO
@ =const . 3aKOH U3MCHEHU YIJ1a IOBOPOTAa (P =@ [+, , IpHUEM
¢, =0 , Tak KaK B HAYAIBHBIH MOMEHT BpeMeHH ( ¢ = 0 ) HaIpaBIeHU

OCCH IMOABUYKHOU U HEIIOABHIKHON CUCTEM KOOPAHWHAT COBIIAJAOT.
OpueHTanMs MOJBHKHOM CHCTEMBI KOOPIUHAT OTHOCHUTEIIBHO
HEMOABW>KHOW NMoKazaHa Ha puc. 4.3,

Puc. 4.3. OpucHTarus CHCTEM KOOPAUHAT
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CrnenoBaTeabHO, COCTABISIONIME PCAKIIWE OMOP B HCMOABHKHOM

cucreme koopaunar O, End pasHbl

A, =X, cosot + Z , sinot,
A4, =Y,

A, ==X, sinot + Z  cosot,
B, = X, cosot + Z; sinot,
B, =X, sinot + Z ; cosot.

Hampasnenns peakumii onop B HEMOABHKHOW CHCTEME KOOPAMHAT

0¢&nd onpenenaroTes CIeAyIOMMM 00pasoM:

cos(R ,,0£)=A. R, . cos(R;,0£)=B, [R,.
cos(R ,,0m)=A,/R, . cos(R,,0()=B, R,
cos(R ,02)= A |R,.

Pe?)y.]'IbTa,TbI YHUCJICHHOIO paciucTa 3aBHCHMOCTH peaKHHﬁ onop "

HX COCTaB/MIONMX B NOABIbKHOH )X,y ,z, H HenomsmwkHoi O,End

CHUCTEMAaX KOOPAMHAT OT BPCMEHHU MPUBCACHBI B Tabm. 4.1 u 4.2

Tabmuma 4.1.
Peaxuuii 0nop B NOABHIKHOH CHCTEME KOOPIHHAT
t, c Zg=Z,, H Xs , H X, , H R, , H Rg ,H
0 0,000 -0,945 0,320 0,670 0,945
0,2 -0,035 -1,004 0,334 0,678 1,005
0.4 -0,044 -1,138 0,367 0,695 1,138
0.6 -0,020 -1,245 0,393 0.708 1,245
0.8 0.019 -1,247 0,393 0,708 1,247
1 0,043 -1,141 0,367 0,695 1,142
1,2 0,035 -1,007 0,335 0,678 1,008
1.4 0,001 -0,945 0,320 0,670 0,945
1.6 -0,034 -1,002 0,334 0,678 1,002
1.8 -0,044 -1,134 0,366 0,694 1,135
2 -0,021 -1,244 0,392 0,708 1,244
Tabmua 4.2
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CoCTaBSrOIUE PEAKIME OMOP B HEMOABHKHOH CHCTEME KOOPIUHAT

t C By, H Ag H By H Az H

0 0,000 0,000 -0,945 0,320
0.2 0,928 -0,290 0,386 0,171
0.4 0,832 0,306 0.777 0,207
0.6 -0,367 0,091 -1,190 0,382
0.8 1231 0,391 0,200 0,038

1 0,657 0,163 0,934 0332
12 -0,510 0,210 -0,869 0,264
1.4 0,937 0,317 -0,128 0,045
1.6 -0,256 0,129 0,969 0,310
1.8 -0,881 0,246 0,716 0,274

2 1,127 -0,366 0,526 0,141

Peaxnus omops YA SIBIIETCA BETUYMHON IOCTOAHHOM U PaBHOU

0.589 H . Ha puc. 4.4 n300paxxcH B HECHNOABMKHOH CHCTEME KOOPAHWHAT
rogorpad peakiuu onopsr B. Ha puc. 4.5 uzobpaken rogorpad npoekumn
peaxunn oropst A Ha wiockocts O EC .

N

) 1/ X, H

Zg H

-1,5 -
Puc. 4 4 T'omorpad peakunu onopst /3 B NOABHIKHON CHCTEME KOOPIUHAT

Aéz,H T

| I } 0 } | |

0204 Ay H

06 L

Puc. 4.5 I'ogorpad peaximu onopst A B HCIOABHKHOH CHCTEME
KOOpAHHAT
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5. ACCJAEJOBAHUE MMOJIO)KEHUI1 PABHOBECUS
MEXAHUYECKHUX CUCTEM

BakHBIM ClTydaeM ABHIKCHHSI MCXAHHUYCCKHUX CHCTCM SBIICTCS HX
koncOareapHoe ABmkeHUE. KonebaHus - 3TO MOBTOPSIIOMIUECS TBUKCHUS
MCXAHHYECKOH CHCTEMBI  OTHOCHTCIBHO HEKOTOPOTO €8 TONIOKCHHS,
IPOUCXOIIIHEC OO0JICC HIIM MCHES PErvjuiipHO BO BpeMCHH. B KkypcoBoii
paboTe paccMaTpuBACTCs  KONCOATCTBHOC JABHKCHHUC MCXAHHYCCKOH
CHCTEMBI OTHOCHTEITBHO TIOJOKEHHS PABHOBECHSA (OTHOCHTEIBHOTO HJIH
aOCOIIOTHOIO ) .

MexaHuueckasi CHCTEMa MOMKET COBCPIIATh KOJNCOAHWUS B TCUCHHC
JOCTATOYHO JUTHTENBHOTO TMPOMEKYTKA BPEMEHH TOJBKO  BOTH3U
IIOJIO’KCHHSI YCTOMIHUBOTO paBHOBeCH. [103TOMY mepen T¢M, KaK COCTABHTh
VpaBHCHHS  KOJICOATCIBHOTO  JBWJKCHHUS, HAI0 HAHTH TOJOXKCHHS
PABHOBECHS U UCCNICAOBATh UX YCTOUIHUBOCTD.

5.1. YcioBHA pABHOBECHSI MEXAHHYECKHX CHCTEM

CornacHO mPUHIMIY BO3MOMKHBIX IEPEMEIICHUNH ( OCHOBHOMY
VPAaBHCHHIO CTATHKH ), OISl TOTO, YTOOBIl MCXAHWYCCKAs CHCTEMA, Ha
KOTOPVIO HAJIOKCHBI HMACATBHBIC, CTAIMOHAPHBIC, VACPKHBAKOIINC H
TOJIOHOMHBIE CBSI3M, HAXOAWJIACh B PABHOBECHH, HEOOXOAMMO H
JOCTATOYHO, YTOOBI B 3TOU CHUCTEMC OBLTHM PABHBI HYIIO BCC 0DOOMICHHBIC
CHIIBL

Q, =0, j=12..s, (5.1)

rae ; - o0oOmeHHas cuiaa, COOTBETCTBVIOMAs j - ol 000OmEeHHOH

KOOPAMHATE,

§ - 9uCI0 00O0OMEHHBIX KOOPAHHAT B MEXAHUUSCCKON CHCTEME.

Ecom  anmg wucciaeayeMoil  cHCTEMBI  OBITH  COCTABJICHBI
auddepeHuuanbHble  VPAaBHEHHS  JIBWXKECHHMSI B (popMeE  ypaBHEHUH
Jarpamxa Il - ro poma, To Ans onpeAeICHHUS BO3MOMKHBIX TIOIOKECHHUH
PABHOBECHS JOCTATOYHO MPHPABHATh OOOOIICHHBIC CHIIBI HYJIIO U PCIINTh
TIOJTYYCHHBIC YPABHECHHSI OTHOCHTCIBHO OOOOIIEHHBIX KOOPIUHAT.

Ecmu MexaHW4eckas CHCTEMAa HAXOAMTCS B PaBHOBECHH B
NOTCHLMAIPHOM CHJIOBOM TIOJ€, TO W3 ypaBHeHHMH ( 5.1 ) moayuaem
CICAVIOUINE YCIOBHS PABHOBCCHSL:
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%: 0,j=1,2,..,s. (5.2)
j

CreaoBatenpHO, B MOMOKCHUH PABHOBCCHS IOTCHITHATBHAS SHECPTUA
HUMEET JKCTpeMaibHOC 3HaucHue. He BCsikoe paBHOBECHE, OMPEACTIIEMOE
BBIIICTIPUBEACHHBIMA ~ (OPMYJIaMH,  MOXET  OBITh  PEATH30BAHO
MPaKkTHYECKU. B 3aBHCHIMOCTH OT MOBEACHUA CHCTEMBI IPH OTKIOHEHHH OT
IIOTIOXKEHUS PABHOBECHS TOBOPAT 00 YCTONYHMBOCTH WM HEYCTOHUHBOCTH
JAHHOTO IOJO0XKCHUS.

5.2. ¥YcroiiunBocTh paBHOBecCHS

OmpeaccHUC TOHATHS YCTOMYUBOCTH MOMOXKCHUS PABHOBCCHS OBIIIO
naHo B koHLE XIX Beka B padorax pycckoro vucHoro A. M. JlsmyvHoBa [4,
5] . Paccmorpum 3T0 onpeeneHuE.

J1s yIPOLEHHS BBIKJIAJOK YCIOBHMCS B AATbHEHIIEM OOOOIICHHBIE
KOOPAWHATHl {7, {2,e.., {5 OTCUUTHIBATH OT TIOJOKCHUS PABHOBECHS
CHUCTCMBI:

qip=0 ,tac j=1, 2,..,s.

[TonoskeHHUE PaBHOBCCHS HA3BIBACTCS VCTOMUHBBIM, CCITH TSI TFOO0TO
CKOJTb YTOJHO MAJIOTO YHCIA € > () MOXXHO HANWTH TAKOS APYroe YUCITO 6(E)
> (), uT0O B TOM CIy4ya¢, KOrJa HAYAIbHBIC 3HAUCHUSI OOOOLICHHBIX
KOOPAHHAT H CKOPOCTCH HE OyIyT MPEBHIIATD &

|qj0|<5; 05 qj,,|<5;

3HAUCHHUS OOOOINECHHBIX KOOPAMHAT W CKOPOCTEH IIPH JaNbHEHIIEM

JBHIKCHHUU CUCTCMBI HE TTPCBBICAT £
|qj(t <& qj(t)|<s..
HMHpIMU c10BaMH, NMOIOKCHHE PABHOBECHS CHCTEMBI 1 = 2 = ... = {,
= () Ha3pIBACTCd YCTOHYHMBBIM, CCIIM BCETAA MOMKHO HAWTH TaKHE

OOCTaTOYHO MAaldblc HAYATbHBIC 3HAUCHUSI |q j0|<5... sl j0|<5 , TIpHu
KOTOPBIX JABHKCHUC CHCTCMBL ¢ (%), §;(¢) HC OyACT BRIXOAWTH M3 MOOOH

30aHHOH CKOJIb YIOJAHO MAAOM OKPECTHOCTH IOJOXKCHUS PABHOBECUS
|q j(t)|<s; |q j(t)|<s‘ Jist  cuCTEMBI ¢ OAHOH CTCICHBID  CBOOOBI

YCTOHYHUBOE ABHKCHHUE CHCTEMBI MOXKHO HATILIHO H300pa3uTh B (a30BOH
miockoct ( puc. 5.1 ). a4 yCTOMUMBOrO MOIOKCHHS PABHOBCCHS
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JTBHKCHHE M300pasKaromei TOYKK, HAYHMHAIOMEeCT B obmactu [-6, 8], He
OVICT B JaIbHCHIIEM BRIXOIWUTH 34 MPEACIbl 00NIacTH [-£, £].

.dl

Puc. 5.1

IMonoxkeHue  paBHOBECHS ~— HA3bIBACTCA — ACUMRHIOMUYECKU
yCmoiuugpiM, CIIH ¢ TCUCHUEM BPEMEHH CHCTEMA OVAET MPHOIHMKATHCS
K TIOJIOKCHHUIO PABHOBECHS, TO €CTh

limq; =0, limq;()=0, j=12,..5.

t—>w0 {—0

OmnpeaencHue YCIOBUH  YCTOHYHMBOCTH — IIOJIOXKCHUS — PABHOBCCHS
MPSACTABIICT COOOM JOCTATOYHO CIOXKHVIO 3a7auy [ 4 |, moatomy
OTPAaHHUYMMCA TIPOCTEHINNM CIIy4aeM:. HCCICIOBAHHEM VCTOMYHBOCTH
PaBHOBECHS KOHCEPBATHBHBIX CHCTEM .

JocTaTouHBIE VCAOBHS VCTOMYMBOCTH TOJOKEHUH PaBHOBECHS s
TaKUX CHCTEM  OMPEACHSAIOTCS meopemoii Jlacpanyca - [upuxie:
nooycenue pasnoecUs KOHCEPBAMUBHOI MeXaHU4ecKoi cucmemvl
YCMOUHUBO, ecilid 8 ROJOMNCCHUU PDAGHOBECUSI NOMEHUUAIbHAS IHEPIUs
CUCMEMbl UMeem U30NUPOCAHHBIH MUHUMYM .

IMoreHumanpHas >HEPTHUS MEXaHWYECKON CHCTEMBI OMPEACTSETCA C
TOYHOCTBIO J0 NOCTOSHHOHM. BBIOEpEM 3TV NOCTOSHHYK) Tak, 49TOOBI B
MOMOYKEHHH PABHOBECHS NMOTEHLMAIBHAS SHEPT U PABHAIACH HYIIHO!

(0 )= 0.
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Torma anst cUCTEMBI C OJHON CTEOEHLK) CBOOOALI JOCTATOYHBIM
VCIOBUCM  CYIICCTBOBAHHUS H30JIHPOBAHHOTO MHUHHMYMA, HApsAy C
HEOOXOMUMBIM yC1oBHEM (5.2), OyAeT yCIoBHUE

d’T1
>0.
dq’
Tak xak B MOMOXKCHUU PABHOBECHS MOTCHLHANBHAS 3HCPTHS HUMCEET
W30 IUPOBAHHBI MuHUMYM U TI()) = 0, TO B HCKOTOPOM KOHCUHOMH
OKPECTHOCTH 3TOTO MOJIOKCHHS
II(q) > 0.
@OyHKIUU, UMEIOLIUE NOCTOSHHBIN 3HAK U PABHBIC HYJIIO TONBKO MPH
HYJCBBIX ~ 3HAYCHUSAX  BCCX  CBOMX  AQPTYMCHTOB,  HAa3bIBAIOTCSH

3HakoonpeacacHHbiMU, (Cea0BaTeIbHO, IS TOTO, YTOOBI TONOKCHUE
PaBHOBECHSI MEXAHHUYCCKOM CHCTEMBI OBIJIO VCTOHYHMBBIM HEOOXOAMMO H
JOCTATOYHO, YTOOBI B OKPECTHOCTH 3TOrO MOJOXKCHHS TMOTCHI[HATBHAS
SHEpPrus OblIa TIOJIOKHTEIBHO ONPEACIICHHOH (PYHKIHEH OOOOIEHHBIX
KOOPAUHAT.

JIns THHEHHBIX CHCTEM H OIS CHCTEM, KOTOPBIE MOMKHO CBECTH K
JUHCHHBIM IIPH  MABIX OTK/IOHCHHAX OT IIOJOKCHHS PABHOBCCHS
(TuHCAPHU30BaTh), MOTCHIHAIBPHYIO SHCPIUI0 MOMKHO MPCACTABHTL B BHJC
KBaApaTHYHOH (POpMBI 0000mEHHBIX KoopAuHAT [ 2, 3, 9 |

1 s 8
IT =3§J§¢ij‘lﬂj (5.3)
TAC G; - 000OMCHHBIC KOI(DDHUIMECHTBI JKECTKOCTH.
O0606meHHbIC KO3 DHITUCHTEI G; ABJSIOTCS MOCTOAHHBIMH YHCIAMH,

KOTOPBIC MOTYT OBITh OMPEACIACHB HEMOCPCACTBCHHO M3  PA3IOKCHHS
HOTGHL[HEUIBHOIZ JHCPIHH B PAA HJIK 110 3HAUCHHAM BTOPLIX IMPOH3BOAHBIX
oT HOTGHHH&HLHOﬁ SHCPIHH 110 O606H.[€HHBIM KOoopAuHaTaM B ITOJIOXKCHHH
PABHOBECHS:

&M
i ),
Mz dopmyner ( 5.4 ) cneaver, uto 0000IMEHHBIE KO3 (PPHITHESHTHI
JKECTKOCTH CHMMETPHIHBI OTHOCHTEIBHO HHACKCOB
GG
Jlst TOro, 9To0Bl BHIMOIHSIHCH JOCTATOYHBIC YCIOBHS VCTOHIHBOCTH
TIONIOKEHUST  PABHOBECHS, TOTCHITHANBHAS OSHEPrust JODKHA  OBITh

(54)
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MONIOKUTETBHO ~ ONMPENCICHHOM — KBaApaTWIHOH  ¢opMol  CBOMX
00OOMICHHBIX KOOPIWHAT .

B wmaremaruke cymecrByer kpumepuii  Cuilbgecmpa, Nar0IMAH
HEOOXOIUMBIE M AOCTATOYHBIE YCIOBHS TOJIOXKHUTEIBHOM ONMPEICICHHOCTH
KBaApaTuaHbeIX  QopMm:  keadpamuunas Gopma ( 5.3 ) oOydem
ROJIOHCUMEILHO ONpeoeientoil, ecliu onpeoeiumeitb, COCHIAB1EHH bl
u3z ee Koypduuuenmos, u 6ce e2o 21a8HbIE OUALOHATbHbBIE MUHOPDI
Oyoym RnoaoMCUMENIbHbIMU, m.e. ecau Korypduyuenmor c; Oyoym
Y0061emeopsamy yCi106UAM

Di=cy; >0,
C C
12
DZ = 11 > 0,
Crr Cz2
Cir €z« « Cyy
Cy €z -+ « Cp
D.=1. .. . =0,
cs] CSZ . . css

B wactHOCTH, A1 THHEHHOW CHCTEMBI C ABYMS CTENCHSIMH CBOOOIbI
MOTEHIIHAIBHAA DHEPTUA U VCIoBUa Kputepus CHibBeCTpa OVAVT HMETh
B/

1 2 2
Ir= > (cngrtend @t e q:9,%¢ 95 )
Ar=c¢yy >0,
Ay =€y €Cpp-Cpy €y > 0.
AHaTOrHIHBIM 00Pa30M MOMKHO ITPOBECTH HCCICAOBAHHUC ITONOKCHHH

OTHOCHUTCIIBHOTO PAaBHOBCCHA, CCIH BMCCTO MOTCHIHATIBHOH SHCPrun
BBCCTH B PACCMOTPCHHUC MOTCHUOHWAJIBHYH) SHCPIHUIO HpHBG,Z[GHHOfI CHCTCMBI

[4].

5.3.Ilpumep onpeaesieHUs1 MOJIOKEHHH PABHOBECHS
H HCCJIeA0BAHHS HX YCTOHYHBOCTH
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PaccMOTpHM MEXaHHUECKYHO) CHCTEMY, COCTOAIYI0 U3 TpyOku AB,
kotopas crepxaeM 00, coeawHeHa C TOPU3OHTATBHOH OCBIO BPAIECHHS, H
IIApUKA, KOTOPBIH MEpeMemacTesi mo TPpyOke Oe3 TPECHHS U CBSI3aH C
Toukod A Tpydku mpyxkuHOH ( puc. 5.2 ). OmpemeauM TONOKCHUS
PABHOBECHSI CHCTCMBI M OLCHHM HMX YCTOMYHMBOCTh MPH CICAVIOLINX
napaMeTpax: amuHa Tpyoku L= Ium , amuaa crepkus [; =0.5 m . anuHA
HeaehopMUPOBAHHON TIPYKHUHEL [y = 0.6 M | JKECTKOCTh NpPyKuHBI ¢ = 100
H/u. Macca TpyOku m, = 2 ke | CTepskHS - m; = 1 k2 m mapuka - mz; = 0.5
k2. Paccrosaue OA paBuo l; = 0.4 m.

Puc. 5.2.

Januiem BBIPAKCHUE AL IIOTEHLHAIBHON SHEPTrUH
paccmartpuBacMoil cucteMbl. (OHa CKJIAZBIBACTCS M3 MOTCHUUATBHOH
DHEPTHM TPEX TEN, HAXOMAIIHUXCSI B OAHOPOJHOM IIOJIE CUJIbI TSDKECTH, H
MOTCHUIUAIBHOU SHEPrun AeOPMHUPOBAHHON MPYKHHHI.

IlorennuanpHast SHEPrUsi Tela B MOJE CHUIbI TSDKECTH pPaBHA
MPOM3BCACHUIO BECa TEMAa HA BBICOTY €ro LECHTPA TSKECTH Hafg
INIOCKOCTBIO, B KOTOPOM IOTEHLMAIBHAS 3HEPTUs CUMTAETCS PABHOH
Hymo. [lycteh moTeHuManeHas 3HEPryUs paBHA HYIK B IUIOCKOCTH,
MIPOXOMAIICH Yepe3 0Ch BpalueHus crepkas OO0, | Toraa st CHIT TSDKECTH
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Hmﬂ.»c = HAB +H001 +Hm :mZth +m1gh1 +m3gh3 =

/
=—m2g{lj cosqo+(72—l3)singo}—mlg%cosgo—

—m3g{11 cosq)+(x—l3)singo}
JUtss  cAbl  yOpyrocTH TIOTCHUHANBHAS JHEPTHS  OHPEACTISICTCS
BenmuuuHOU aedopmannu A=(x—1,)
0 - cA’ 3 c(x—1,)°
yap 2 - 2 :

HaiineM BO3MOKHBIC TIOIOXKCHUS PABHOBCCHSA CHCTCMBI. JHAUCHUS
KOOPAUHAT B IOJIOKEHUSX PABHOBECHUSI €CTh KOPHH CICAYIOLICH CUCTEMBI

VPaBHCHUM.
(on1 , (12 ] ,
—=m,gl,sinp—m,g| —1; |cosp+m, gl, sinp+
op 2
3 +m3g11sin(p—m3g(x—ls)cosq)=0 (3.5)

Al .
g=—m3gsmgo+c(x—lo)= 0

L

[TogoGHyIO cHCTEMY VPaBHEHMH MOXHO COCTABHUTH Ui THOOOH
MEXAHHYSCKOM CHCTEMBI C JABYMSI CTEIEHsSMH CB0OOABI. B HEKOTOpHIX
CIyYasiX MOKHO MOJYUYUTh TOUHOE PELIEHUE CHCTEMBI. 11 CHCTEMBI (
5.5 ) Takoro peuieHHsi HE CYIIECTBYET, IOITOMY KOPHH HAJ0 HCKATh C
MOMOILIBIO YHCIEHHBIX METOAOB .

Pemras cucreMy TpaHCHEHACHTHBIX ypaBHeHHH ( 5.5 ), moayyaem aBa

BO3MOKHBIX MOJTOXKEHHSI PABHOBECHS |
1, =0.1721pao, x,=0.6084 n.

2.9,=3.3091pao, x,=0.5918mn.

J19 OLCHKM YCTOMYHMBOCTH TIONYUCHHBIX TIOJOKCHHUH PABHOBCCHS
HAlJeM BCE BTOPBIE MPOU3BOAHBIE OT TIOTCHLMAIBHOM OJHEPTHH TI0
00OOLICHHBIM ~ KOOPAMHATAM MW MO HHM ONPCACIMM  OOOOIICHHBIC
KO3 (D (PHUTTHEHTHI JKECTKOCTH.
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ATl
e
Al
xoQp
2
Z(pl;l=(m1+ m,+ m3)g11 cos p+ [mz[%z— l3)+ m3(x—l3):|gsin ®.

= —m;gcos p,

Toraa Ans NepBOro MOJOKEHUS PABHOBECHS

el
cu={ — ]I=—=100,

2
cuzcﬂ:[;;J = 4.833,
PJi

2
czzz(é7 1}] =17.425.
op” ),

Bocnoarsavemcs kputepuem CunbBectpa
A, =¢,;;=100>0,

A =1719>0.

Jns1 BTOPOro HaACHHOTO TIOMOKCHUSI PABHOBCCHSI

2
cuz(@ ?] =— 100,
& 2

2
€3 =Cyy =[0:10}’_I ] =4.836,
\F

2
czzz[a EIJ =—17.425.
op ,

A, =¢;; =100 >0,

A,=c¢, ¢,n-c,0,=—1766<0.

27 €€ =€ Cy

Taxum obpazoM, IepBOC MOTOKECHUE PABHOBECHS YCTOHTIHBO, BTOPOE
- HCYCTOMYHBO.
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6. UCCJIEJJOBAHUE MAJIbIX KOJIEBAHUH
MEXAHHYECKUX CUCTEM

6.1. InddepeHunanbHble ypaBHEHHSI MAJBIX KOJIeOaHH

Hna COCTaBICHUS muddepeHIHaTBHBIX VpaBHEHUH
KO1eOATeIPHOO JABHOKCHHS W ONPEACICHHS COOCTBEHHBIX  4YaCTOT
MCXaHHYCCKHX CHCTCM VIOOHO BOCIOIb30BAThCH BBIPAKCHHSAMU IS
KHHCTHICCKON W TIOTCHITHATBHOM DHCPTHH CHCTCMBI, 3AITHCAHHBIMH Kak
(byHKUHH 0000IEHHBIX KOOPAHUHAT U CKOPOCTEH.

KuneTuueckas sHEPTrHs MEXaHHYCCKOW CHUCTEMBI B OOIIEM CIy4ac
aBiAeTCA (PYHKITHCH 0OOOIMCHHBIX KOOpAWHAT U ckopocteh. Ecmm cBazm,
HAJIOKCHHBIE HA CHCTEMY, SBIDIFOTCS CTALHOHAPHBIMH, TO KHHETHUYCCKAS
SHEPTrUsl MOXKET OBITh TPCSACTABICHA B BHIC KBAIPATHIHOH (HOPMBI
00OOIMECHHBIX CKOPOCTCH

1358 ..
Tz;;;aiqu'qj':

TAC a; - 00001eHHBIE KOA(D(DHUIUECHTH HHEPLINH.

And  TMHEHHBIX MEXAHMMECKHX CHCTEM  KOdhduuueHTB @

SBJITIOTCS TOCTOSHHBIMU. Ecam aij #const , OprU HCCICAOBAHHWM MaJIbIX

KocOaHUI OHHM NPHHHUMAIOTCS PABHBIMH HMX 3HAUYCHUSM B IIOJI0KCHHUH
pasHOBecusa. (0oOmeHHbIe KO3(HUITHEHTH HWHEPIIUA CHMMETPHIHBI
OTHOCHTEIBHO HIKHHUX MHIEKCOB, T.C. d;=d; .

[ToTeHmanpHast SHEPTHS B OKPECTHOCTH MOJIO0XKEHHS PABHOBECHS
MO)KHO MPEACTABUTh B BHJAE KBaIpPaTUIHOM (opMbl  0DOOIIEHHBIX
KOOpIHHAT

1 s 8
=1 j=
TAC G; - 0000WEHHBIE KO3 PHULMEHTDI KECTKOCTH.

Q0o00meHHbIC KO3 PHUITUCHTDI G; ABIIIIOTCH  TMOCTOAHHBIMH

YHUCIAMH, KOTOPBIC MOTYT OBITh OIPCACICHBI HCIIOCPSACTBCHHO W3
PaA3TOKCHHS MOTCHIHATLHOH 3HCPTHH B P WIH IO 3HAYCHUSIM BTOPBIX
MPOU3BOAHBIX OT MOTCHIMAILHON IHEPTHH MO 00ODINEHHBIM KOOP,IHHATAM
B MOJIOKCHHH PABHOBCCHSL:
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i
Cj _—
é’qlﬂqj' 0

Ecnu kBagparuanasie GopMbl J11 KHHETUUECKOH W TIOTEHITHAIBHOU
SHEPrUM NOACTaBHUTh B vpaBHeHHUs Jlarpamxka Il-ro poma, To momyuum
CHUCTEMY W3 § JHHEWHBIX au(pQepeHIHATbHBX YPABHEHHH BTOPOTO
MOPAJKA C TOCTOSHHBIMH KO3 PHIIHEHTAMHA

Z(Cjiqz""ajiqz')zoy J=1,2,...,s. (6.1)
i=1

Jnsi MeXaHW4YeCKOM CHCTeMbl C JBYMSI CTEMEHSIMH CBOOOABI 3Ta
CUCTEMA UMEET CNEAYIOLIUN BU

Crl Ha g, +eq,+ag,=0,

. . (6.2)
Corl 1+ 1q 1 HC o4, +0 5,4, = 0.

OGOOIICHHBIC  KOOPAWHATHI, B  KOTOPBIX KHHCTHYCCKAS H
MOTCHIHA/IBHASL SHEPTHsI IPHHHUMAKOT KAHOHHUCCKHI BH]T

1& .,
T=—Ya.4?,
Zléallql

1&
I]:— .. oy
chllql

HA3BIBAIOTCS HOPMAJBHBIMH KOOPAMHATAMH. B 3THX KOOpAMHATAX CHCTEMA
(6.1) pacmamacrcst Ha s HE3aBUCHMBIX TU(PDCPCHIHMANBHBIX VPABHCHHH
c,q;+a,q,=0,i=1,2,...,s.

Kpome mnoreHnumanbHeix ( KOHCEPBATHUBHBIX ) CHJI, KOTOPBIC
CBS3aHBl C TIOTCHLUMAIBHOM 3HEPrHEH CHCTEMBI, MOLYT JCHCTBOBATH
HEKOHCepBaTuBHbIE cuabl. K  TakumM cunamM  OTHOCATCS — CHITIBI
COMPOTUBJICHUS, KOTOPBIC MOLYT HMETh PA3NMUYHVIO IPHPOAY U
paszIuyHbBIM 00pPa30M 3aBUCETh OT 00OOIIEHHBIX CKOPOCTEH. B ToM cayuae,
€CJIM OHHM MPOMNOPLUOHAIBHBI CKOPOCTSIM, YPAaBHEHHSI ABHUKCHUSI CUCTCMBI

OCTAKOTCSl  JHHEHHBIMH. B HHX [OSBJSIFOTCS  TONBKO  JIMIOb
JIOTIOJTHUTE/TBHBIE HJICHBI, MPOMOPIIMOHAIBHBIC 00OOIIEHHBIM CKOPOCTIM
5
D (ciqi+byq+a;g;) =0, j=1,2,..,s. (6.3)
i=1

WJIH JUTsl CHCTEMBI C JABYMSI CTCIICHSIMH CBOOOIBI
Cth g+ ay g e q,+bh, 04, +agq,= 0,

. . . N (64)
Co; 10,4, +a,,4,+C,0q,1h 554, +ay,q,=0.
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Ecmm onpencncHer koahduimeHTsr @ M C; , TO MO MX

ji
3HAUEHUSIM MOKHO HAWTH COOCTBEHHBIE YACTOTHI U (OpMBbI KOJICOAHHUH
MEXAHUYECKOH CHUCTEMBI U ITOCTPOUTH YaCTOTHBIE XAPAKTEPUCTHKH.

6.2. Onpeaenenne 4acToT ¥ hopmM COOCTBEHHDbIX KOJIeOaAHUIT

Bbvnem paccMmarpuBarh KOI€OATEIBHBIE ABIKEHHS MEXAHHUYCCKUX
CHUCTCM OTHOCHTCIBHO TIOJIOKCHHSI  VCTOWYHUBOTO PABHOBECHS, KOTOPHIC
OIMHCHIBAIOTCS CUCTEMOM THHEWHBIX AuddepeHImnaIbHbIX YpaBHEHUH ( 6.1
). Pemenue 6yaem uckaTh B BUIC

q;=A; sin( M+¢ ), (6.5)

PI(s A j - AMIUIUTYAQ J- o1 0000IICHHOH KOOPAHHATEI,

A -uacrora
U £ - HauajgbHasd (asza KoIeOaHuH,

IMoacrasnsas pemenus ( 6.5 ) B cucremy auddepeHIIHATEHBIX
VPaBHCHHH H COKpamas MX Ha OOMA MHOXKHUTCIb Sin( Af+g ), momydaum

CHCTEMY  JHHCHHBIX  OJHOPOAHBIX  aireOpPaHdecKUX  YPaBHECHHH
OTHOCHUTC/IbPHO HCH3BCCTHDIX AMILIHTY O A j

Z(Cﬁ— )}aﬁ )4, =0, j=I,2,...s. (6.6)
i=1

CucremMa JIWUHEHHBIX OZHOPOJHBIX VpaBHEHHH ( 6.6 ) MOXer
HMETh OTJIMYHOE OT HYJS PELICHHUE TOJABKO B TOM CIy4ae, €CIH €€
ONMPEACTUTENb, COCTABACHHBIM W3 KO3(D(PHUIHEHTOB TNPH HEM3BECTHBIX
aMILATYAaxX, OyIET paBeH HYIIIO, T.C.

(¢~ Azau) (c;— /lza”) e (Cp5— /lzals)
(c21—lza21) (czz—izazz) (cZS—/lzazs)
(csj—lzasl) (csz—lzasz) (css—lzass

PackpeiBass NaHHBIM OIPEACTHTENb, IOAY4acM anredpandeckoe
VPaBHCHHUE TMOPSAKA § OTHOCHTEIBHO KBaJgpaTa HEM3BECTHOM HYacCTOTHI

—0 (6.7)

xonebanmii A’ . DT0 ypaBHEHHE HA3BIBACTCS XaAPAKMEPUCHUUCCKUM WAL
YACMOMHbIM,
Jlas xomeOaTenbHOH MEXAHHUECKOH CHCTEMBI BCE KOPHH A

XapaKTCPUCTHUCCKOTO  VPAaBHCHUA OVAYT TONOXKHTCIBHBIMH. JTHM
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CBOMCTBOM MOXKHO BOCIOJIB30BaTbCS A7 IIPOBEPKH  IOJIYUCHHBIX
3HAUCHUM KOd(PUUUCHTOBA ; W ¢; . Ecnm xors Obl OAMH M3 KOpHCH

XaPaKTEPUCTUIECKOrO YPABHEHHUA OYAET OTPHUATEIBHBIM, 3TO 3HAUUT, YTO
K03 (QULMEHTHI OTIPEIEICHBI HEMTPABHIIBHO.

COBOKYITHOCTh TIOMTYUCHHBIX 3HAYCHUH A Iz J= 1 ,2 N 1

ompeacasaeT HaOOpP dYaCTOT, HA KOTOPBIX BO3MOXKHO CVINCCTBOBAHHC
Ko7AcOaHHH B KOHCCPBATHBHOH MCXAHHYCCKOH CHCTCME. TaKHe YacTOTHI
HA3BIBAKOTCH COOCHBEHHBIMU UAU 21a8HbIMU dacToTamMu. Ecmu cpeau
KOPHCH XapaKTCPUCTHUCCKOTO YPABHCHHSA OVAYT KPATHBIC, TO PCIICHHC
ypaBHCHUS OYACT HMCTh HHOM BHI .

JIi  MEXaHUYECKOW CHCTEMbI C JBYMS CTCIIEHSIMH CBOOOBI
XapaKTCPUCTHUECKOEC YPABHCHHUE UMEET CIACAYIOMUI BHT

2 2 2 2
(c—Aap)e,—Aap)(c,—Xa)ce,—Aa, )=0.
VuuteiBas, 910 KO3(QPULIHUCHTE XapakTCPUCTHUCCKOTO VPABHCHHS

HE 3aBHCIT OT MOPSAKA HMHACKCOB, IIOIYUYCHHOE VYPABHCHHUE MOKHO
HepenucaTs B Gonee MpocToM BHAE:
2 2 2 2
(c,;—Aa, )Nc,,—AVa,)(c,—Aa,)'=0. (68)

Pemenunem ero Oyaer sBasaTbecs mapa 3HaueHHd A, u A, |
OTIPECIIAIONINX JIBE€ COOCTBEHHBIC YACTOTHI HCCISAYEMOM MEXaHHUYECKOH
cucteMsl. [IpaHATO cuuTaTR TIEPBOI COOCTBEHHOM YaCTOTOH MEHBINVIO.

IloacraBass B ypaBHeHus ( 6.6 ) 3HAYCHUS COOCTBCHHBIX YacCTOT,
NOJIYYIaeM CHCTEMY H3 § VPABHEHHMH OTHOCHTEIBHO aMILUTHTYX KOICOAHHH,
U3 KOTOPBIX HE3aBUCUMBIMH OyayT Tonbko s - 1. CrnexoBarenbHo, peruast
STH VPaBHCHHMS, HCb3Sl HAWUTH 3HAUCHHUS aMIUINTYJ, MOXKHO JIHIIb

2

BBIPA3HTD § - ] aMIUTUTYIy 4Yepe3 Kakywo-nmudo onHy, Hanpumep A;( ;).

MPUMCHSISI AT 9TOTO U3BCCTHRIC (OpMYIIBI anreOpel, moayuacMm

_AE) _A(E) A5) M) o
(%) A(R) A% AR
rac A ( ﬂé )- anrcOpamdeckoc — JOTOHCHHC — DJICMCHTA

2 ~
(cy —A;"ay ) onpemenurens cucteMel  ypaBHenwii (6.6 ). W3

cootHowicHUH ( 6.9 ) BuaHO, uyTO mpu KoACOAHWHM C KAKAOH U3
COOCTBEHHBIX YACTOT lj OTHOIICHHUS aMIUTUTYA OTACTBHBIX O0OOOIICHHBIX

! TanTmaxep ®.P. Jlekuuu Mo aHATHTHYCCKOH Mexanuke. -M., Hayka. 1966.
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KOOPAHMHAT OCTAIOTCSA MOCTOSHHBIMH. OHHU ONpeacisieTcss CBOHCTBAMU
TOMBKO CaMOHM MEXaHHYECKOH CHCTEMBI U HE 3aBHCHT OT HAUYAIbHBIX
VYCJIOBUM, DTHU OTHOUICHHSI HA3BIBAIOTCS (hopmamu Kojledanuil.

Hst cucTeMbl ¢ ABYMS CTCICHSIMH CBOOOABI (hopMBl KOICOaHHUH
ONPEACIAIOT OTHOLICHUE aMILTUTY H3MEHCHH A 0000IIECHHBIX KOOPAHHAT B
KQ)KJIOM M3 IJIaBHBIX KoacOaHuM ( KoacOaHHMHM ¢ OQHOM U3 COOCTBCHHBIX
4acToT )

Az(/ﬁ) _ Az(ﬂj) __ (ci2— ljza”) .
Al(ﬂ“i) A, (li) (c12— ljzam)
Beipakenue ( 6.9 ) MOXKHO MepenucaTh B APYTOM BHIC
AI(/lj')_AZ(/li) - As(li)
A(A) A(X) A(K)
Ecnu BBeCTH 0003HAUCHHC
A(E)
A(%)

=COnst.

IIOIYYHM
2, _ 2
A (%)= CA(E).
Kaxaomy KOpHIO A; 4aCcTOTHOrO YPaBHEHHS MOMKHO TIOCTABMTH B

COOTBETCTBHEC  CHCTEMY  YaCTHBIX  pemeHuil  auddepeHuuaabHoro
VPaBHCHHS, KOTOpbIC OYOyT ONUCHIBATE JBHIKCHHC MCXaHHYCCKOU
CHUCTeMBl C OJHOH H3 COOCTBEHHBIX YacCTOT - TIJIABHOE KojJe0aHHE C
4acTOTOR A;

q,=C;sin( At+e; ),
qZ:CjAZ(Aj)sin(ﬂjHej),

2 .
q,=C;A(Z; ) sin( A;t+g; ).

O01ee pemeHre paccMaTPHBACMOUN CHCTEMBI SBIISIETCS CYMMOH
BCEX €€ YACTHBIX PCHICHUM U UMECT CICTYIOITAMN BU
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q,=>.C;sin(A;t+e ),

i=1

=S C.AL (X ) sin( At+E . ),
e E jAz(A; ) sin( 4, f). (6.10)

q,=2.C;A (2] )sin(A;t+e;)

j=1

.

Pemenns ( 6.10 ) coaepxar 28 noctosHHbIX MHTErpupoBanus C;

M &;, KOTOPBIC OMPEJACISIIOTCS U3 HAYAIBHBIX YCIOBHH.

Ecrmn 0000IECHHBIC KOOPAHMHATHI SBJISIOTCS HOPMATBHBIMH, TO
OTACIBHO IS KOKIOW W3 HUX PCUICHHE MOKHO HAWTH W3
COOTBCTCTBYIOIICTO  VPABHCHHS, TPHUYCM  HM3MCHCHUS  Pa3TMYHBIX
KOOPJMHAT HE 3aBHCAT APYT OT APYra W Ka)a0¢ rIaBHOE KoneOaHHe OyaeT
CBSI3aHO TOJBKO C OAHOU 0000IIECHHON KOOPANHATOMN.

q;=A; sin( A;t+e; ),

Ilpumep. Paccmorpum maneie KoneOaHus ABOHHOrO (PU3HYECKOro
MasTHHKA, COCTOSINETO U3 ABYX OJHOPOIHBIX CTEpikHEH | 1 2 oquHAKOBOH
JIHHBl L W Macchl m, COCAMHCHHBIX B TOUKe A mapHupom ( puc. 6.1 ).
TpeHneM U CONPOTHUBIICHUEM BO3IyXa MPEHEOpEracM.

1. BriOepem 00001mcHHBIC KOOpAMHATEL. B JaHHOM caydac 3a HHX
yIOOHO IPHUHATH VIVIBL @, U (P, , KOTOPBIE CTEPAHU OOpasyloT C

BepTukanpto. Ha pumc. 6.1 m0OKazaHO TIOMOXKEHHE CHCTEMBI IIPH
MOJIOKUTEIBHBIX O0OOIICHHBIX KOOPAHHATAX .
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Puc. 6.1

2. CocTaBuM BBIPAKEHUE ANl KMHETHUYECKOW DHEPTHU CHCTEMBI
KaK (QyHKOHUIO OOOOIICHHBIX CKOPOCTCH M KoopamHar. [lpu BeImonHEeHHU
JAHHOTO  pasfena KypCcoBOM  palOTBl  MOXHO  BOCIIOIB30BATHCS
MOTYYEHHBIMH PAHEES BBIPAKCHUAMM.,

2ml’p;  mi’¢l  mL’¢,¢,
3 6

3. CocTtaBuM BBIPAKCHHC IS TTOTCHITHATBHON SHCPTHH CHCTCMBI
Kak (yHKIUKO 000OIEHHBIX KOOPAHHAT.

1= mgl(1-cosp,)

T= cos(p,—p, ).

+ mg [L(I-cosq)] )t L(I-cose, )/2 ]

[Tonp3ysach MOJMYYEHHBIM BBIPAYKEHUEM, U3 YCIOBUS PABEHCTBA
Hy1F0 OOOOIIEHHBIX CHJT MOXHO HAHTH BCe MOJOXKEHUs
PaBHOBECUS] CUCTEMBI, €CJIM OHU He ObLIM HaliIeHbl paHee.

o _ 3mglL sin @, _0 o _ mglL sin ¢,
op, 2 ’ op, 2
N3 »TuX yCnoBHH ClaeAyET, YTO B AAHHOH MEXaHUUYECKOH CHCTEME
BO3MOXKHBI YETBIPE MOJI0KEHUS PABHOBECUS

=0.
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L ¢,=0,p,=0. 2. p,=0,p,=.

3.p,=r,p,=0. 4. p,=r,p,=m.

Ilpu >ToM, Kak HETPYAHO YOCAMTBCS, TOJBKO IS TICPBOrO
MOJIOKCHUSI PABHOBCCHS MOTCHIMAIBHAS SHCPTHS HMCCT HM30MPOBAHHBIH
MHHHMYM H TOJIBKO 3TO MOJIOKEHHE PABHOBECHS OYAST YCTOHUHBBIM,

4. Onpeaenum  0600meHHbIC KOIQOHUMECHTE HHEPUHU d; H

KECTKOCTH  C; . st ompepenenust  0000IIEHHBIX KO3 PULIMEHTOB

HHCPIHH, TIPHUBCACM KHUHCTHYCCKYIO SHCPIrUiO0 CUCTCMBI K KBaﬂpaTHqHOﬁ
dopme ee 000OIMECHHBIX CKOPOCTCH. 151 3TOTO PasnoKuM BBIPAKCHUE B
psan Tetimopa ¥ 0CTaBUM YJICHBI TOJIBKO BTOPOTO MOPSAIKA MATIOCTH:

=2mngb12 . mngbj =mLz¢1‘p2

T N cos(p,—p,; )=
1 4mlL’ Iml® , _1ml’ .
=53 . 53 P o CAUS D S
14ml’ , 1ml’ , _1ml .
=3 3 1774’#3 5 PP
Otkyna
4mlL’ mlL’ 1
a; = 3 zz—T’a1zzaz1z_mL2

ITpuBcacM MNOTCHIMATBHYIO SHCPTHK) CHUCTCMBI B OKPECTHOCTH
[ICPBOrO MOJIOKCHUS PaBHOBECHS K kBaapatuuHou dopme. ms sroro
pasnoKUM NOTCHIHAIBHYIO 3HEPTruio B psia Teinopa mo ¢, U ¢, B TOUKE

@,=p,=0 . Toraa, yaursisas, uro 11(0) =0,
cosQp =1-(pZ/2+...,

NOJYIHUM C TOYHOCTBEHO 40 YJICHOB BTOPOrO MOPAAKA MaJIOCTH

2
m="8L0 78 12 2]
4 2
13mgl , 1ImgL ,
"2 2 T2 ™
UIIH
c,; =3mglL/2,c,,=c,, =0,c,, =mgL/2.
INogyuennass xBagpatuuHas (Qopma OyIeT  MOJOXKHUTEILHO
ONPEACICHHOM, TaK KAK BHIMOIHSIOTCS yCa0BuUs kpurepust CunbsecTpa
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A=c,, =3mglL/2>0,
A,=c,, ¢c,, = 3(mglL)’ /4> 0.

5. llomp3ysice  DOMYYCHHBIMM  3HAYEHHUAMH  ODOOIIEHHBIX
K03(pPULMEHTOB WMHEPLUHH W KECTKOCTH, 3amuiieM au(pQepeHuraIbHbIe
VpaBHEHHS MaJIBIX KOIeOaHHH CHCTEMBI B pa3sepHYTOM BHIE ( 6.2 )

4mL’ . 3mgl  mlL’

a;, P, 4CPtag, e ,p, = 3 P+ 5 P+ ) $,=0.

mL? .. ml’ . mglL

Ay P HCH P+ AP, +Coppp, = > P+ 3 Pyt 5 P,=

6. CocTaBUM XapaKTEPHUCTHUECKOE VPABHEHHE:
ImgL 4ml’ e mlL’

| 2 3 2
ml’ pr mgL ml’
2 2 3

AZ

2 2
A= c,y—Aay cp,—Aag,

2 2
C,y—Aay, €y —Aay,

AJZ

Wnu B paseepHyTOM BUAC

2
ImgL 4ml’ e mgL _mLZ Pran mlL’ 2L
2 3 2 3 2

:7m2L4 Jy. 7m’ gL’ 2 S(msL )2:

36 6 4
2 rd 2
_ImL o 842,2718) L
36 AN

7. Hailizem KOpHH XapakTEpUCTHUCCKOTO VPABHEHHUS

6 \g .2 6 \g
el 3-— |2, 284 3+ — |2,
( ﬁ)L 2[+ﬁjL

JIBa TMONYYCHHBIX 3HAUCHHS ONPCACTAIOT JABC COOCTBCHHBIC
YaCTOThI KOJICOAHUI HUCCICAYVCMOH MCXAHHYCCKOM  CHCTCMBI

A= \/3_% ‘/ i%):0.8569 [%)
AZ=J3+ % ‘/ i%)=2.295 [%)
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Taknm 06pa3oM, ABHKEHHE PACCMATPHBACMON CHCTEMBI TIPH
coOCTBCHHBIX KOIeOaHUAX B 00meM ciayuae OyAeT MPOUCXOTUTD TI0
CIACAYIOWIEMY 3aKOHY:

q;=C,sin( A it+e, )+ C, sin( At+e, ),

q,=Ck, sin(At+e,)+C,k, sin( A,t+¢, )
rac  k; - xodpduumeHter  BOpMBI, COOTBETCTBYIOIMC —KAWKAOH W3
COOCTBEHHBIX YaCTOT:
CA(R) A(E) (c;,=Aay,)
TA(E) ME) (emAfay)
8. Onpenenum ko3 urreHTs hopM KoneOaHui
3mgl . 6 g 4ml’

k= (cu_lzjan) — 2 \/_)Lz o = 1.4305.
(cr,= 4 ag;) (3- )g 2l
ﬁ L 2
3mglL AL g 4ml*?
k :_(CJJ_lzzau): 2 \/_ S =—2.0972.
(sz_lzzau) )g mLZ

N1

C y4eTroM TOIYYCHHBIX 3HAYCHHU Koa(b(bHuHeHTOB bopm
nepenuueM odImee PemeHNe
1= »y Sin( At+E, J,; sin( Ayt+e, ),

@,=1.4305C sin( A,t+e, )—2.0972C ,sin( A,t+&,)

9. Halinem 3Ha4eHUA MOCTOSHHBIX HHTETPHPOBAHUS
C,,C,,&,u g, A3 CIEAYIOWIUX HAYATIbHBIX YCIOBUH:
P10=7 /10, 9,y=0,
P29=05 P2p=0.
Jna  53TOro TmMOACTaBMM HAYalbHBIC 3HAYCHHMA KOOPJAUHAT,

CKOPOCTEM M BPEMEHH B VYPAaBHEHHA JABHXKCHHS W  YPaBHEHUS,
OTIPEEIISIOIINE 3aBUCHMOCTU CKOPOCTEH OT BPEMEHH

@, o=n/10=C,sin(s, J+C, sin(s, ),
@,,=0=1.4305C ;sin(e, )-2.0972C,sin(s, ),
Pr1g=0=C 1 A; cos(g; J+C; A, cos(s, ),
@,,=0=1.4305C, A, cos(g, )-2.0972C, A, cos(¢, ).

Pemas noay4eHHYIO CHCTEMY YPaBHEHUH, TIOTYYaEM
C,=0.1868pao, C,=0.1274 pao,
g,=n/2,e,=n/2

C y4eToM TOMYYCHHBIX 3HAUYCHHH MOCTOSHHBIX WHTETPHPOBAHUS

3aUIIEM OKOHYATCTBHBIN BUA YPABHCHUH KOmcOaHmi
@, =0.1868cos( At )+ 0.1274 cos( A,t),

@, =0.2672cos(A,t)—0.2672cos( 4,t)
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