EH.®.06 TEOPETUYECKASI MEXAHUKA
JTUHAMHUKA

VYuebHoe mocodue ¢ mpuMepaMy pelieHns 3a1a4



AUHAMUWKA

JIMHAMHKa H3YUaeT IBHAKEHHE TOUKH (MK CHCTEMBI TOUEK) B 3aBHCHMOCTH OT MPHYHH
BBIGLIBAKMIMX 3T JBHKESHHE WIIH HIMEHAKMUMX ero. TaKH.\'IH ﬂpH‘{HHaMH ABAKYTCH CH-
nul. [Mogpaznenserca Ha IMHAMMKY MaTepUalbHONH TOYKH M JIHHAMHKY CHCTEMbLI MATEpH-
ANMBHBIX TOUEK.

MarepransHOH TOUKOH HAIBIBACTCA MATEPHATBHEIH O0OLEKT, PAIMEPAMH KOTOPOTO B
JIAHHOH 3a71aue MOIKHO npeHedpedk, CUHTATE NeOMETPHUYECKOR TOUKOH ¢ onpenenéHHol
maccoil. Hanpumep, npu H3ydeHud TPACKTOPUH IBHACHNA UCKYCCTBEHHOIO CITYTHHKA BO-
KPYT 3eMIH pasMepoM CIyTHHKA MOJKHO TpeHedpevb ¥ paccMaTpHBaTh €ro Kak MaTepH-
ATEHYKO TOUKY, Ecnm ke Hac MHTepecyeT euie W OpPHeHTalnA CNyTHHKA (HanpuMmep, ero
auTeHHa aouscHa OblTE BCErJA HANpasieHa B CTOPOHY 3eMiM) To Heobdxoaumo Oyaer
VUeCTh €lIe pasMepsl W (OpPMY M TOrda CUHTATh CIYTHHK MATEePHANLHON TOUKOH y#e
HENB3A.

[naea 12. JMHAMHKA MATEPHAJILHOH TOUKH

12.1. Axcwombl auHamMukn. H3yuenue nuHaMuMkm Toukh OasMpyeTcs Ha 3aKOHAX
Hetorona, onvonukoeannasie uM B 1686 .
B 91X 3akoHax cojepikarcs yrBepuHie-
HHA MOJy4YeHHbIE 0000IEHHEM MHOTOBE-
KOBBIX HAOMIOAEHWA HAm JBHAKEHHEM H
BIAMMOJICHCTEHEM MATEpHANLHBIX TEn. B
COBPEMEHHOM HINOKEHHH TEOPETHUECKOM
MexaHukH 3akoHel HeloToHa knamytea B
OCHOBY, SIBJAIOTCA AKCHOMAMH,

Axcuoma | (1-wiii 3akod Helorona, ak-
cHoMa HHepuuH). MarepuaneHas ToOuKa,
W30MHPOBAHHAA OT ACHCTBHA IPYIHX To- Puc. 12.1
YEK, HIIH e HAXOAAIAACA MO AEHCTBHEM
YPABHOBELIEHHOH CHCTEMB! CHII, COXPAHAET COCTOAHHE NPAMOJIMHEHHOrD PABHOMEPHOIO
JBHIKCHHA, B YACTHOCTH, MOKOA.

HM3yuasa nBwKEHHE NAHHONH TOUKH OTHOCHTENb-
HO Pa3IMUHBIX CHCTEM OTCUETA, JBHIKYUIHXCA Ve-
KOPEeHHO [Pyl OTHOCHTelsHO apyra (puc. 12.1),
NETKO NPHATH K 3aKITIIOUEHHID, YTO JIAHHAA AKCHO-
Ma HE MOMKET BBIMOJIHATECA B MOOBIX cHCTEMax
OTCHETA,

CHcreMbl OTCYETA, B KOTOPHIX CHpaBel/IHBA
NAHHAA AKCHOMA, HA3BIBAOTCA HHEPLHATBHBIMH.
Takum obpazom, nepewii 3akoH HeoTona nocty-
JIHPYET BOSMOMHOCTE CYINECTBOBAHMA TEN H CBA-
3AHHBIX C HAMH CHCTEM OTCUETA, IBHKYIIHXCA Oes
vekopenua. JlioOyio M3 TakMX CHCTEM OTCHETA Puc. 12.2
MOEHO }"L‘-\.I'IE)H-H{J MPHHATE 3d HEMOABHAHYHD,




Axcuoma 2 (2-oii 3akoH HeroToHa), YCKOpEeHHE TOYKH MPOTIOPIHOHANIEHO EHCTRY -
el CHIE M COBNAAAET ¢ Hel no nanpasnenmio (puc. 12.2):

m-a=F.

3nece m — macca Toukn, Macca TOMKH XapakTepH3yeT € HHEPUHOHHBIEC CBOMCTBA,

Tak kak yckopeHHe paBHO BTOPOI NPOM3BOAHON Mo BPEMEHW OT paavyc-sekTopa F
TOYKH, TO MOCAEIHES YPABHEHHE MOMKHO 3alHCATh B BHJE

mir=F,
OTKYAa BHIHO, 4TO C MO3HIIMH MATEMATHKH BTOpoi 3akoH HeioToHa npencrarnger amd-
tepenumaneioe vpasHenue. YmectHo npusectd BeickmimBanue H Hewrtona no sromy
NOBOIY, UATHPYEMOE 3/I€Ch B BOJBHOM MEpepoje: «3aKkoHb MPHPOIL BHpAKaKTCA THp-
(pepeHUMANEHEIMH YPARHEHHAMMY,

Axcroma 3 (3-wii 3akoH Hetotona). Jlee Toukn B3anmoaeii- —F
CTBYIOT ¢ CHJIAMM HANPABIEHHLIMH BAOIL IPAMOI COEAMHSAI0- = ” f"’f.
e TOYKH, PABHBIMH MO MOAYIHK W MPOTHBONONOKHBIMHA MO ./f,,'
Hanpasienuio (puc. 12.3).

Axcroma 4 (aKCHOMa HE3aBHCHMOCTH aeiicTBuA cun). [lycts

e T Puc. 12.3.
HA TOUKY MaccoH M 1o OTASTEHOCTH JEHCTEVIOT CHITR Fi & ‘LE Z

F\, sacTaBnfs TOYKY COBEpIIATH [BHKCHHA COTNACHO YDaBHEHHAM md, = I,
mi, =I5, ..., may = Fy cooteercteento. [lycTs, Teneps, 3Ta iKe TOUKA ABHIKETCA MOM

N
NEHCTEHEM CYMMBblL  CHI ZF; ¢ YCEOPCHHEM o, BRIMHCITACMEIM @ H3 VPaBHCHHA

N N
ma =Y I, . Cornacho nanHoii akciome @ = 2@, . T. e. yckopenne, coodu@aemoe TouKe
k=l el

HECKOIBKHMH CHIaMH PABHO CYMME }’CHD{JEHHE OT JEHCTRUA KAKIAOH CHIBI MO OTASTBHO-
CTH.

12.2. 3apaum auHamuakn Toukn, Mrtak, nBHiKeHHEe MATePHANTEHOH TOYKH MACCH m
noa aeiicrsuem cun F . I ..., F,, nog4HHAETCA ypaBHEHHID

N
m-a=%F. (12.1)
k=1

Kakne 3amaus MOTYT CTABHTRCA B JHHAMMEKe ToukH? Mx nee. [lepeas 3anaua Ha3eipa-
TCA HPAMOLL. B weil sanaoTes mMacca TOMKH M H KMHEMATHHECKHE YPABHEHHA JBHAEHHUA
x(e), v(r), z(r). HeoOxonumMo BHIYHCIUTE CHITY, ACHCTBYHOIIYIO HA TOUKY (MJIH OOHY M3

CHIT MPH 3aIaHHBIX OCTATBHEIX ).
Pewlenne Takoil 3a0a4M NpoBOIHTCA B CIEAVIOLIEH MOCIe10BaTebHOCTH. Bohluncns-
HOTCA MPOEKLHH YCKOPEHWA TOUKH @, =X, ¢, = V., @, =Z W TOrJa, COrNIAcHO BTOPOMY

sakony Heworowa, I, =m-a,, F,=m-a , F,=m-a_. llpn HeoBXonuMOCTH MOKHO B

" 2 2 2y
AanbHEHIeM BBIMHCINTL MOAYJIL CHIlbl [ = (Fr g ey S ) H HANPaBIAIOLIHE KOCH-

ycel cos(OX™ F)=F, [F, cos(Oy"F)= B cos(Oz"F)= I, [FF . Takum oBpazom,



peIlieHue MPsAMON 3aAa4d CBOAWTCA K JU((EpPeHIMPOBAHUIO W3BECTHBHIX (DyHKIHH W
MPUHIATTHATEHBIX TPYAHOCTEH HE BBI3BIBACT.

Bropas 3amaua TMHAMUKA TOYKH HA3BIBACTCS 0OPAmMHOL, €Iie OHA HA3BIBAETCS OCHOB-
HOW, TOTOMY YTO UMEHHO 3Ta 33/1a4a BCTPEUASTCS B MH)KCHEPHOM MPAKTHKE U €€ pEIIeHNe
MPEICTABIIACT 3HAYNTEITFHBIC MAaTEeMaTHUECKHUE TPYIHOCTH. B 3T0it 3amaue 3amarorcss Mac-
ca TOUKM M, Tpoekmmm cunel  F.(x,y,z,X,y,Z,t), F(x,y,2,X,9,%,1),
F (x,y,z,x,y,Z,t), HauaJbHble 3HAYCHHs KOOPAMHAT TOYKH X,, V., Z,, HAYAIbHbIC
3HAYEHHs CKOPOCTU TOUKU X, V,, Z, 1 HAYAIbHOE 3HAYEHHE BPEMEHH {, (OOBIYHO IpHU-
unmaetcsi ¢, =0). HeoOxomumMo HaliTH KMHEMaTHYEeCKHWE ypaBHEHWs ABIKeHHS X(7),
y(1), z(t).

s pemiennst 3TOW 3a7auu HEOOXOAUMO COCTaBUTH AU(epeHIMATIbHBIC YPAaBHEHUS
JBUKCHUS TOYKH COTJIACHO BTOPOMY 3aKOHY HBIOTOHA B MPOEKIMIX HA OCH KOOPIUHAT

m.jé:Fx(’XDy)Z:X7y7Z.7t)
m-y=F/(x,y,2,X,9,2,1) (12.2)
m-zZ=F(x,y,2,X,¥V,2,1)

U IIPOHUHTCTPUPOBATH HX. B PE3YJIbTATC UHTCIPHUPOBAHUA HaﬁHeM
X= X(Z9C]9C29CY39C49C57CV6):

y:y(t:C1>C29C3:C4:C5:C6)> (123)
zZ= Z(Z,CI,C2,C3,C4,C5,C6).
Tlocrosanurie HUHTCTIPUPOBAHUA Cl g eees CG BBIYUCIAIOTCA 11O HAaYaJIbHBIM YCJIOBUSM. I[J'If[

3Toro HeoOXxoauMo ot ¢yHkmwmid (12.3) BRIYUCITUTH MPU3BOAHBIE 10 BPEMEHHU
)'C = X(t,CI,CZ,C3,C4,C/5,C6),
yzy(t:C17C2:C37C4:C55C6)9 (124)
Z: = Z.(t,Cl,Cz,C3,C4,C5,C6)
W 3anucarb, aajee, cooTHomenus (12.3) u (12.4) B HauaIbHOM TOJIOXKEHUW TOYKH, 3aMe-
HAA NEPEMEHHBIE X, V', Z, X, V, Z | WX HAaYAIBHBIMU 3HAYCHUAMU Xy, Vg, Z0> X0> Vo»
Zy, ty. VI3 IIONyUeHHBIX YPAaBHEHUH MOCTOSHHBIE MHTETPUPOBAHUS BBIPA3ATCA 4depe3 Ha-
YaJlbHbIE YCIIOBUS.

Ipumep 1 (Ha obpatHyro 3amady). B minockoctu Oxy nBmxkercs Touka M maccel m = 1kr nox meid-
CTBHEM CHJIbI MIPUTSXKEHUST HAMPABJICHHOM K HenoaBmkHOMY LieHTpy O (puc. 12.4). MoayJb Cuiibl mpo-
MOPLIMOHAJICH PACCTOSIHUIO OT TOYKH JIO HETIOABI)KHOTO LeHTpa:. [ :c-|0M |, ¢=400H/m. B Hauanb-

HBII MOMEHT BpeMeHH f, = 0 Touka mmena koopauHaTel X, = 0,5M, y, =0, NpoeKkIuu BEKTOpa CKOPO-
cta X, =0, y, =2m/c.
Haiitu ypaBHeHus ABIKeHHs] TOUKH X(7), y(f) ¥ TPAEKTOPHIO.

Peumenne. OOpaTHble 331241 JUHAMUKYI TOUKH PELIAOTCS B CICAYIOLIEH MOCIE0BATEILHOCTH.

1) HyxHO moOKa3aTb TOYKY B NPOU3BOJBHOM IIOJIOKEHHH H OXapaKTepU3oBaTh (OMHCATb) 3TO
TMOJIOXKEHNE KOOPAMHATAMU U CKOPOCTBIO. T. €. CHHUTAaeM, YTO B MPOM3BOJIBHOM MOJOXKEHUH KOOPIUHATbI
TOYKH UMEIOT HEKOTOPBIE 3HAUEHHS X, Y, ¥ TPOEKI[MH CKOPOCTH PAaBHBI COOTBETCTBEHHO X, V.



2) Nokasats e ACACTBYIOWME HA TOMKY CHIBL B 28HHOM npumepe 2elcTBYET NHWL O4HA CHIa F
HANpaBIeHHAA K HavYany koopawnar (O

3) Chegyrowns warom HykHO samucats anddepenunansroe \
YPaBHCHHE JBHACHHA TOKH B BERTOPHOM BHIE, 8 3aTEM CNpPOCLHpO-

BaTE HA OCH koopauuar. B sextopuoil dopme B gannol sagaqe y F |M
anddepeHunanbHoe ypaBHeHHe sannmeTca kak mr = F . H3 sek- Fi

TOPHOID BuIpakeHHA cHNbl F =-¢-F  cneayer [, =-¢-x,

f,=-c-y. Torna e NpocKUMAX HA ACKAPTOBLI OCH KOOPIHHAT 1-;7u . .

andipepeHUHANBHEE YPABHEHHUA FANHIWYTCH B BHAE COBOKY [THOCTH o ﬂ:j ',
IEYX YPaBEHEHHIT
my¥ = —cx, Puc. 124
i = —cy.
4y Janee Hy#HO MPOMHTCIPHPOBATE NOAYHCHEYIO cuotemy anddepedunanstsy vpasieanii. B nad-
HOM NPHMEPE KAHI0e H3 YPaBHEHNIT HEIABNCHMO OT JPYTOTO M, KPOME TOrD, HMERT OIHHAKOBHIT B,

CnegosarensHo, oGWHil BUO pELIEHNE 3THY VPABHEHNI ONHHAKOB, Paznn4HsMi OYIVT NHIL 3HAYSHHH
OPOHIBEOBHBN MOCTOAHHBIX HHTEIPHPOBAHHA.

Jidipepenumancioe ypagHeHHe MI¥ = —¢X ecTh JHHeliHOe onHopoaHoe AnddepeHLHaNbHOE Vpan-
HEHHE BTOPOTO TIOPAZKA € NOCTOAHHEIMEH Koa(huuHenTamn. 3anuimeM ero B KaHOHHHECKOM BHIE

i+wx=0, rae o= c'l,n"m =20c¢’. M3 Teopun audiepeHuHanbHEX YPaBHEHHH HIBECTHO ero pele-
aue: x(f) = cosan + Oy singot, [lna koopoumarel ¥ pewenne ananoryuno: y(i) = cosan + Cysinad |
Brmucanm NPOHIBOIHBIE Mo BREMEHH oT KOOPIHHAT: ¥ =-{msinaf + Cymcosar
y=—Cmsinaf + Cywcosal, JIna selvpcnienns NpoM3BONLHEY NOCTOAHHEN WHTerpuposanua O, O,
’,, U, nepeniiuem YPaBHeHHA 108 ¥, ¥, ¥, ' B HAMANLHEIT MOMEHT Bpemenn §, =0

0.5=C,

0=(C,

0=Co

2=Cw
Orciopa C, =05, O, =C, =0, O, =01, Toroa ypaesHenns newweHns Todkn x{1) =0 5c0s200m,
wir)=01sin 201 m.

Jna onpeneneHis TPAEKTOPHN OBHMKEHHA TOMKH HeODXOMMMO W3 NBYX NOCNEIHHX YpaBHeHuil He-

EmouMHTE BpeMa. B ganHoMm cnyuae 3To mpowe caenatk Tak. [lepeoe ypasnenne npecOpasyeMm k Buay

X ¥ w
Tl cos 20¢ , BTOpoe — K BHIY Eﬁ =sin 20¢ . Teneps 3TH ypaBHEHHA BO3BENEM B KBALPAT H NOYIEHHO

]

cnois. B WTore npuxoniM K cRenyioueny ypaBHEHIG TPAEKTOPHN: x— + ;_I =1
g s 2
Oreer: ¥(1)=05cos20m. i) =01sin20¢ M, o Tt =

He Bcerna npoeuMpoBaHie BEKTOPHOTO YPABHEHHA Md = 9 [ HA JCKAPTOBHI OCH KO-

OpP/IMHAT ABMAETCA CAMBIM YIauHEIM penieHHem. B uacTHOCTH, €cniM TpaekTopHA JIBHIKE-
HHA TOUKH W3BECTHA, HANPHMEP OKPYIKHOCTh, TO YpaBHeHue (1) pauMoHaneHee 3anHCH-
BAThL B MPOEKUHAX HA OCH ECTECTBEHHOH CHCTEMBI KOOPAHHAT (KACATENBHYID T, HOPMAb
# W OuHOpMane b )



N
ma, =y Fp.
k=1
N
Yma, =Y Fy,. (12.5)
k=]

N
ma, =y F.
k=1

\ 2
3aechk g, = U — KacaTelbHOE YCKOPEHHE, @, = U / £ — HOPMaJIBHOE YCKOpEHHME, d), = 0.

Mpumep 2. Marepuanehas Touka M macckl m CKOMBINT MO TAAKOH HENOABHAHON WHIHHAPHYE-
CKOli nosepxHocTH paamwyca K (puc. 12.5). B HauansHoM MOMEHT BPEMEHH TOYKA HAXOIWIACE B Mono-
wenmn M, 1 HMena cKOpOCTE PARHYIO HYITIO,

Haitru cuny nasneHHa TOUKH HA MOBEPXHOCTE B €8 KpaiHe
HITEHHEM NMOJIOEREHHH.

Pewenne. [Nokamem TOMKY B NPOHIBOALHOM MOJAOKEHIH
W ONAPAKTCRUIVEM 3TO NON0KeHNE yraom ¢ (puc. 1.3)

TMokaxem Bee CHAR, NEACTRYIOUIME HA TOUKY B 3TOM Npo-
HIBONBHOM TIONOKEHHH: CHAA THAMECTH ME . HOPMANbHAA pe-
AKLIHA Uﬂﬂpﬁﬂﬁ MOBEPXHOCTH H

Januwes BTOpoil 3akoH HewTowa B sexTopHoil dopwe:
ma =mg + N .

Tak kak B JIHHHGﬁ Ignaue TPHEH.TUPHH ABHEEHHA TOUKH H3-
BECTHA, TO NPOSUHPUBATE BEKTOPHOE YPaBHEHHE Oy1eM HA Ka-
CATEJIBHY KO H HOPMAlb K TPAEKTOPHM: Puc 12.5.

md_ = g cos @,
{ma" =-—mgsing+N.

ﬂﬂ.ﬂEE HEODXONMMO KacaTenbHOe H HOPMaNbLHOE YCKOPEHWA BEIPAIHTE HEPE3 NPOHIBOOHLIE OT KOOP-
. o w3 -~
OHHATEL ¢, onpefessweil nonmkedne Toukn: a, = =@ R, a, = uz,-'rp= "R, Torna aupdepenuu-
ANbHEIE Y PARHEHHA MOXHO OVIET NepenucaTh B BHIE

@ = %cosm. (12.6)

mg’ R =—mgsing+ N. 2.7

Obcyanm aaasHERmy 0 NocIenoBaTeNnEHOCTE peleHua. B sanate neodxonumMo HARTH CHIY AaBneHHs

TodkH (obo3nadnm eé ). Ho cnaa napienna mo Momymio pasHa HOpManbHofi peakumu &, KoTopywo, B

CEOH) QUEpEIb, CMOMEM BEIMHCIHTE M3 ypasuerun (12.7), ecnn Oyner n3gecTHa 3asucHMOCTE (W) Ha
NOUCKE ITOH 3ABHCHMOCTH W COCPENOTOMHM BHHMAaHHE,

B uinoamium B nenoi YACTH ypagHeHHs (12.6) CAEMYIOIIES npeobpasoBaHie:

= i—":’ = ':;—Tj—z = 1;bj—f; . Iocne aroro ypapuenne (12.6) 3anumes B Buae @do = %mwd@a - Monyue-

HO YPABHEHNE C pasIengnibIMi NepemMentevMi ¢ 1 @ . Humerpupyem ero; jq}ﬁd{# = I%cusmdmﬂ", =

'3
% .—%sim;ﬁw{", FanHcaE MOCIeAHes COOTHOUEHWE B HAYANBLHOM nonowseHun, O —.IIZI+lf"'1 . HAXOIHM

= 5 3 . 2g o
FHAYMEHHE NPONIROMEHOH MOCTOAHHOH HHTEPHPOBAHHAA i 1 = a, an,na r;ﬂ'z = %S]I’l .



IloncraBus HaiineHHYrO 3aBHCUMOCTh (@(¢) B ypaBHeHue (12.7), HAXOAMM HOPMAJBHYIO PEAKLIUIO
N =3mgsing, N|<7)=£ =3mg .
2

OTBeT: cuia AaBieHUs TOUKU B KpaliHe HIDKHEM MOJIOKEHUU P = 3mg U He 3aBUCHUT OT paauyca R .

12.3. /IluHaMiiKa O THOCHTEJILHOTO ABH:KEHHS TOYKH. Teneps HaM W3BECTHO, UTO IS
TOroO, LITO6I;I HU3YUYHTb NBUIKCHHUC MaTepHaHBHOﬁ TOYKHU OTHOCUTCIIBHO HHepHHaﬂBHOﬁ CHUC-
TeMbl orcuéra Oxyz (puc. 12.6), ycioBHO

CUUTAIOIICHCS HEMOABMIKHOM, HEOOXOIu- Jr——
MO COCTaBUTh Au(PPEpeHIINAIbHOE YpPaB- '4
HEHHE JBM)KCHHS TOYKH B (DOpME BTOPOTO
3akoHa HproToHa m-# = ¥ TpOUHTEr-
pupoBarh ero. Ho, gacto BcTpewaroTcs 3a-
Jlaud, B KOTOPBIX HEOOXOAMMO H3Y4YHTh
JIBUKCHUE TOUYKH OTHOCHUTEIIBHO HEHHEp-
IManbHON cucTteMbl orcuéta O)x )z,

Vi

JBHXKYIIEHCA OTHOCHUTENIBHO HEMOIABUK-
HOHM cucTeMbl oTcuéta (xyz HU3BECTHBIM

obpazom. Jlst 5TOro HY>XHO BBIBECTH Puc. 12.6.
muddepeHITnabHOe YpaBHEHHE, B KOTO-

pOM HCKOMO# (pyHKImeH OblT OBl pagMyc-BEKTOP O TOYKH OTHOCHTENIBHO MOABHIKHOM
cucreMsl orcyera (Ojx;y;z;. 14 BBIBOAA TaKOrO YPaBHEHUA BOCIOJIb3YyEMCS KHHEMaTHYe-

ckoi Teopemort Kopwmommca, corimacHO KOTOpPOM aOCOMIOTHOE YCKOPEHHE TOYKH PaBHO
BEKTOPDHOM CYMME OTHOCHTEJIBHOIO, TMEPEHOCHOTO M KOPHOJIMCOBA YCKOPEHWM:
a=a, +a,+a,. Torpa, Bropoii 3axoH HproTOHa MOYKHO nepenucars B BUIE
m(@, +a,+a,)=1I,
HIJIN
ma, =F +(-m-a,)+(-m-a,).
O6o3Hauum

O, =-m-a,, ,=-m-a,. (12.8)
@, nu @, HaA3BIBAIOTCA COOTBETCTBEHHO MEPEHOCHOH M KOPUOJIMCOBOH CHIaMu MHEp-

un 1 dopmynsl (12.8) ciyskar ux onpenenenueM. Torna nuddepeHunanbHoe ypaBHEHNE
JBM)KEHUSA TOUKH OTHOCUTENBHO MOJABUYKHON CUCTEMBI OTCUETA 3aIUILETCS B BUIE
A
md—f=ﬁ+q3€+@. (12.9)
dt
[TonyueHHOE ypaBHEHHE HA3bIBACTCA OUHAMUYECKOI meopemoil Kopuoauca.
HanomauM, 9TO BOJIHA HaJ OMEPATOPOM MPOM3BOTHON O3HAYAET JIOKAJBHYIO MPOMU3-
BOJHYIO, YUHTHIBAOIIYIO H3MEHEHHE BEKTOPA JIUIITh OTHOCUTEIHHO TIOIBUKHBIX OCEH.
Takum obpazom, ypasaenue (12.9) ectb muddepeHanbHOe ypaBHEHUE, OMUCHIBAIO-
1iee JBMKEHUE MATepUabHON TOYKM OTHOCHUTEIBHO MOJBMKHON cHUCTeMBl oTcuéra. Yu-
TAETCA: OJIsl OMHOCUMENIbHO20 OBUINCEHUS. MACCA MOYKU, YMHONICEHHAS HA 8EKMOP YCKOpe-
HUSL pasHA Oeticmeyrouyeti Ha MOYKYy Cuie NioC NePEHOCHAS U KOPUOTUCOBA CUIbL UHEPYULL.



Takum 00pa3oM, MEPEHOCHONW W KOPHUOJIMCOBOM CHIIAMH WHEPIIMM BBOIUTCS B auddepeH-
HHUAJIbHOC YPABHCHUC IIOIPABKA HA HCUHCPHUHUAJIbHOCTD CHCTCMbI OTCUCTA.

PaccMoTpuM HEKOTOPBIE YAaCTHBIE CITyYau.

1) Ecnin moaBuXHBIE OCH TEPEMEINAIOTCS MOCTYMATEIbHO, PABHOMEPHO U TPAMOIIU-
HENHO, TO 56 =5k =0 u muddepeHIMATBPHOS YPABHCHHE OTHOCHTEIIBHOTO JBHIKCHUS

(12.9) 6ynmer umeTh Tako ke BUA, Kak U Au(depeHaT-HOS YPAaBHCHUE ABIKCHUS 110
OTHOIIICHUIO K HEMOJABIKHBIM OCsiM. CIIeIOBATEIBHO, TaKasi CHCTEMa OTCYETa Takxke Oy-
JI€T HHEPLUATBHOU.
W3 monmyueHHOTO pe3ynbTara CleayeT, 9TO HUKAKHM MEXaHUICCKHM dKCIEPUMEH-
TOM HEJTb3 OOHAPYKHUTh, HAXOAUTCS JIH TJAHHAS CHCTEMA OTCUETA B TIOKOE WJIA COBEPIIIACT
MOCTYNATEIbHOS, PABHOMEPHOE H MPSMOJIUHEHHOE JIBHKEHUE. B 3TOM COCTOUT OTKPHITHIH
ewte ["anuneem npunyun omuocumenbHOCMU Kiaccuueckoii MEeXanuku.
2) Ecnu Touka MO OTHOMICHHWIO K TIOJBMKHBIM OCSIM HAXOJIWTCS B MOKOE, TO IS HEe

p =const, U, = Jﬁ/dt =0, a, cienosarensho, U @, =-ma, =-m2(@, x,)=0. Torma
paBencTBo (12.7) mpuHEMaeT BU
S +@,=0. (12.10)
VYpasuenne (12.10) npencrapiser cobol ypaBHEHHE OTHOCHTEIBHOTO PaBHOBECHS (TI0-
KOsI) TOUKH. M3 Hero creyer, 4To ypaBHEHHUsSI OTHOCHTENIBHOTO PAaBHOBECHS COCTABIIAIOT-
Csl TaKke, KaK M YPAaBHEHUS PAaBHOBECHS B HEMOIBIIKHBIX OCAX, €CIIM TPH ITOM K JeHCT-
BYIOIIMM HA TOUKY CHJIAM B3aMMOJCHCTBHA C APYTHMH TEJIaMH JO0ABHUTH MEPEHOCHYIO
CHIJTy HHEPIHH.

12.4. PaBHOBecHe U IBH)KE€HHE MAaTEPHAJIbHOII TOYKH OTHOCUTEIHHO 3emun. Cuc-
TeMa OTCYETa CBA3aHHASA C 3eMJIEH, BCIACACTBUE €€ NBMIKCHUA, HE SBIACTCS MHEPIUAIb-
HOM. HeoOX0oAMMO OIEHUTh «CTEMEHb HEMHEPIHAIBLHOCTHY TAaKOW CUCTeMBbI oTcuéra. He-
00XOOMMO PacCMOTPETh, KAK CKA3bIBACTCS ABMIKCHHE 3€MJITHM HA PABHOBECHH TOYKH U €&
JBYKCHUHW BOJIM3M 36MHOM MOBEPXHOCTH.

3emus oOpartaercst BOkpyr ConHia mo OJuM3K0#H K KpyroBOM OpOWTE pajnycoM OKOJIO
150 muH kM coBepiiasi ouH 000pOT 3a 365 CyTOK M BpaIaeTcs BOKPYT COOCTBEHHON OCH
C MPAKTUYECKH MOCTOSHHOW YTJIOBOI CKOPOCTHIO, COBEPILAS OJUH 0OOPOT B CYTKH.

W3 kuHEeMaTuKK U3BECTHO, UTO, B OOIIEM cllyyae, MEPEHOCHOE YCKOPEHUE

a,=0y+a,, +0,,.
YcKkopeHue d, meHTpa 3eMim OT e€ MBHKEHUS 1o opOute BOkpyr CONHIIA COCTaBIISAET

59-107° M/ ¢’ . BIMsHHE CHJT HHEPLMH OT TAKOTO YCKOPEHHS MOYKET OKA3aThCS 3aMETHBIM

JIMIIb 1J1d BE€CbMa JOJI'OBPEMCHHBIX JIBUDKEHUM TOUKHM M B TEXHMYECKHX 3a7adaX STHM
BJIIMAHUCM npeHe6pera}0T, HE BHOCA IIPU 3TOM 3aMETHBIX HOFpeHJHOCTCﬁ.

BpamarensHoe yckopeHue a,, =&x p = @ xp =0, Tak KaK yrjoBas CKOPOCTb @ Cy-

TOYHOTO BPAIICHHS 3€MJIM MPAKTHYECKH MOCTOSHHA. TOra OCECTPEMUTENBHOE YCKOpe-
HUE T,, =® X(® X p) €CTh HE UTO MHOE KaK HOPMAJbHOE YCKOPCHHE d, TOYKH Ha I10-

BepxHoctr 3emmn. Ero moxyis a) = »? R3COS®, TAe ¢ — IMHAPOTAa MECTHOCTH. YUUTHIBAS,
1

2

YTO YIJIOBAsk CKOPOCTh CYTOUHOTO BpaieHus 3emnn o =27/(24-60-60)="7 3-107¢! a



pamuye Jemun [y = 6370 KM, HAXOAHM MAKCHMATBHOS 3HAUSHHE NEPEHOCHOTD HOPMANL-

HOTO YCKOPEHHA TOMKH (Haxoasmeica na skearope) (al ), = @ Ry =33-107° M,r'r-:2 .

c CYTOYHBIM BpPalllCHHAEM BEHJTH CEAZAHO MOHATHE O CHITE THHECTH,

pHUC“mpHM PABHOBECHE TOYKH Ha :_it'.’h.ﬁlﬂ-ﬁ o=
pepxnocTh (pre. 12.7). Ha Touky AedcTBYIOT CHIEL L,
CHIa MPAaBHTANHOHHOTD NPHTHEHCHHA E, HEHP&B- - :
AEHHAA K UEHTRY 3eM/In; peakuHa N NOBCPRHOCTH /
'3i.ZM.I'I!H; NEPCHOCHAA CHIIA HHERIIHHA (T-{:,, HAMNPAE=- ) 1
[ICHHAA OT OCH CYTOUHOID BPALIEHHA. Paenoaeiicr- [l ----.___x___#,{q,,m""'!ﬁ |
BYIOILAA CHIl (7 W 4% HaselRaeTcA cHIDH THKECTH == : ’ : ,
mE . B nosceHeBHON NPAKTHRE YEN0BEK YIHTHBA- /
eT HMEHHO 3Ty chiay. Beeaenue NOHATHA CHIBL TH- 'x\ Vi
#ecTH W3damider oT HeoOXOIMMOCTH BCAKMI pa3s e e
VUHTHIBATE MEPEHOCHYIO CHITY HHEPUMH H J0Noj- —
HHTEIEHEIX TIONPaBOK HA BpaeHHe 3eMIn BRO- Puc. 1.7
JHTE HE HYKHO, YPaBHEHHA PABHORECHS TOUKH CO=
CTABNAIOTCA KaK B HHEPIHATLHOH CHCTEME OTCHETA,

Hanpaenenue ciisl WE ONPeneaeT HAMPABIEHHE BEPTHKANK B JAHHOM TYHKTE 38M-
HOH NOBEPXHOCTH [TJKH M ﬁ_‘g-'}'lL‘T HAMPARTCHALS HETOIBEHHHOA OTHOCHTENEHD 31_’&{]1“ HHTH,
HA KOTOPOH NOABSMEH KAKOH-HHOYIL TPY3 HATHKEHHE HHTH MPH 3TOM PaBHO Mg ), 4
MAOCKOCTE, NEPNEHAHKYNAPHAA CHIE ME , ABNACTCA FOPHIOHTATLHOR MAOCKOCTE. Tak
Kak (92, )
MAIO OTIHYAETCA OT CHITbl TPaBHTalMK (7 .

Ecnw ke paccMaTpHBacTeA HE PABHOBECHE, A JBMMKEHHE TOUKH BOIMIH 3eMHOH no-
BEPANHOCTH, TO HEOOXODMMO yYECTh ellé ASHCTBHE KOPHOIMCOBOH CHIBL HHEPLHH
@, =-2m(@ =T, ). Moay/ib KOPHOHCOBA YCKOPEHHA 3aBHCHT HE TONBKO OT MOMIYJIA OT-

HOCHTENBHOH CKOPOCTH TOHMKM, HO M OT B3AHMHBIX HANPaBJIEHHH BEKTOPAa & CYTOHHOrD
BpalleHna 3eMId W BeKTOpa U, OTHOCHTENbHON ckopocTH ToukH. [lpu oTHOCHTENbHOI

3 : =
s = Hlfﬂ_Hj L rae @ OUWeHE MATD, TO CHTa ME W YHCICHHD, H M0 HANPABRTEHHK)

ckopoctd 72 kmfuac=20mfc u 0, L@ a, =292 5 e !.-'l,-’i:1 . T.&. HeanauuTensio, [o-
ATOMY B HUILIIMHCTEE HHKCHEPHBIX PACHETOR NPH HIYHEHHH IBHMCHHA TEN CHCTEMY OT-
CHeTa, CRAZAHHYID ¢ Jemuel, MOWHO NeHCTBHTENRHO CHHTATE HHEPLIHATEHON | HENOIRHK-
HOH ), OPeHE0PEras opH 3T0M KOPHOINCOBOH CHI0H HHEPLHK.

Mposenerne koproancoBOil cuiak HHEPUHA DyaeT Tem 3amerHee, dem Goabe OTHO-
CHTEIRHAA CHOPOCTE H MACCa Tend (CHapajs, DATHCTHYSCKHE PAKETR) WM (M) BpeMa
JABHMKEHUA [ TEUEHMA PEK, BOIIY IHBIE H MOPCKHE TEUSHAA).

PECCMHI FJ1M,_ B HEéM KAHECTBECHHD CEKAIBIBASTCH BIHAHAS H-FhilLI.[EHILH ?!'EMJII-[ HA JBHEEHWE TEND D IeM-
HOI nopepxHOcT. [Ipn OBHMeHNH TOMKH M0 MEPHINAHY B CEBSPHOM NOTYIAPHH ¢ CEBEPE HA KT KOPHO-
AHCOBO YCKOPCHNE &, HANPARICHO HA BOCTOK, 4 @, - va 3anan. [lpn aeosesin ¢ wora na cesep @, Gy-
ST HAMPARNEHA HA BOCTOK B afionx CVHAAY, KAE BHUONM, TOUES BCASICTBHE BPAILEHHA Femnm OTETOHA-
ETCA BIPABG OT HANPABNEHHA &8 IBIKEHHA.

Ecnu Touka JBIOKETCS MO MapaJuleNd Ha BOCTOK, TO YCKOPEHUe &, OyIeT HalpaBieHO BAOJb Paauyca
napajineny, a cuna O, - B IPOTHBOMOIOKHYIO CTOPOHY. BepTHKaNbHAS COCTABISIONMAS 3TOH CHIBI Bbi-

30BET HE3HAUUTENBHOE H3MEHEHHE BECA TEJA, & FOPH3OHTANbHAS COCTABJISIONIAS, HANPABIEHHAS K IOTY,
BBI30BET OTKJIOHEHHE TOUKH BIPABO OT HAINPABJICHUS €€ JBIKCHUSA. AHAJIOTHYHBIN Pe3yJIbTAT IOy YUTCS
HPHU ABUKEHUH 110 MAapaJUieNny Ha 3amaj.

OTcroza 3aKIr4aeM, 4TO B CeBEPHOM MOy IAPHH TEJIO, ABIDKY IEECs BAOJIb 36MHOM MOBEPXHOCTH 110
mo0oMy HampasiieHuto, OyIeT BCIeACTBHE BPALIEHHS! 3EMJIN OTKJIOHATBCS BIIPABO OT HAIIPABIICHHS J(BH-
KeHUs. B 105KHOM noJy1apun OTKIOHeH!e Oy 1eT IPOUCXOAUTD BIIEBO.

3TUM 00CTOATENBCTBOM OOBACHAETCA TO, UTO PEKH, TEKYIIHE B CEBEPHOM IMONYIIAPHH, TTOAMBIBAIOT
npasblii OGeper (3akoH bapa). B 9ToM ke mpu4MHA OTKJIOHEHHI BETPOB MOCTOSHHOIO HATpaBsieHus (mac-
CaTBI) M MOPCKHX TEUESHMIH, a TakKe BO3MYIIHBIX MacC B [IUKIOHE U aHTULHKIIOHE, 1€ BMECTO JBIKEHIT
K LEHTPY LHUKJIOHA (001acTh MOBBIIEHHOTO JABNEHNs) BOSHUKAET LUPKYIALHOHHOE IBIDKEHHE BO3IyXa
BOKPYT LIEHTpA LIUKJIOHA (AHTHIIUKIIOHA).



I'maBa 13. TEOMETPUA MACC

Jns o6ocHOBaHMs HEOOXOIMMOCTH IaHHOI IJIaBbl PACCMOTPHM CIIEAYIOIIN NpHMep, PeIleHHe KOTOo-
POro Ha KaueCTBEHHOM YPOBHE BCEM HAM XOPOLIO MOHATHO MCXOMs U3 MOBCEIHEBHOIO ONbITA.

K ropusoHTansHOMy Bany, HEPHEHAUKYIISAPHO €My, IPUKPEIUIEHb! 1Ba CTEPIKHSA OJMHAKOBOH JJIMHE,
Ha KOHI[AX KOTOPBIX Pa3MeEIlEHB! 1Ba OMHAKOBBIX I'PY-
3a maccoii m (puc. 13.1). JIaHHYIO MEXaHHYECKYIO @
CHCTEMY HEOOXOANMO PACKPYTHUTh U3 COCTOSHIUS MOKOSI
JI0 HEKOTOPOM yIJIOBOHM CKOpocTH ;. Macchl Bana u
COeIMHUTETIBHBIX CTEePKHEH IpeHeOpeknMO Majbl IO
CPaBHEHMIO C MAaCCaMU I'PYy30B.

CopammuBaercsa, B KakOM Clly4ae AOCTUYb LENU
«erde», Korja JUIMHA / COEOMHHUTENBHBIX CTEPXKHEH
Mmana (puc. 13.1a) wiH ke HapOTHB, KOTJa 3Ta JUIMHA
3Ha4yuTenbHa (puc. 13.16)? @

Jlymaercsi, 9TO TMOAABILIOLIee OONBINIIHCTBO YUTA-

Tenell MamyT MpaBHUJIBHBIN OTBET, YTO B Cilydae a) a o)

<pe
NN
R
<pe
NN

NN
=@

«jierde u OBICTPEE» MOXKHO JOCTHYb MOCTABJICEHHOM 3a-
Jla4M, CHUCTeMa «MEHEee WHEPIMOHHAa», YeM B Cliydae
0) . TouHbBI# KOJMYECTBEHHBIH PACYET MTOKA3BIBAET, YTO TIPH yBEIUYEHUH IJTHHBI / B A1 pas3, 3aTpavyeHHast

Puc. 13.1

paGoTa yBennuuTcs B 71> pas.

I[a>1<e Ha 3TOM MNPUMEPE BUAHO, UTO B TUHAMUKE MEXaHUYECKONU CHCTEMBI HOpOﬁ HUMCHKOT 3HAYCHHUEC HE
TOJIBKO MAacChl MaTePHAIbHBIX TOYEK, HO U UX B3AUMHOE PACIIOJIOKEHUE, WITH K€ UX PACTIONOKEHHE OT-
HOCHTEJIbHO KaKOro — MO0 LIEHTPa, WIN Kakoi — b0 OcH.

B riaBe reomeTpusi Macc BBOISITCS U U3YHAIOTCS (PH3NUECKIE BEJHMUYHHBI, XapaKTEPU3YIOIINe pacipe-
ACIICHUEC MATCPUAJBHBIX TOYCK B IMPOCTPAHCTBE, 663 KOTOPBIX HEBO3MOXKHO /:[aaneI‘/'ILuee U3YyUCHUC OU-
HaAMHKHU.

13.1. Lenrp macc mexaHn4veckoii cucrembl. [[oHATHE HEHTpa Macc MEXaHWYECKOU
CUCTEMBI BBOAWJIOCH B CTATHUKE. 3AECh JIUIIIb €I Pa3 BOCIPOU3BEAEM PE3YIHTATHI.

[TycTh MexaHWYeCKass CHCTEMa COCTOMT M3 N MaTepHaTbHBIX TOUEK, MAaCChl KOTOPHIX
paBubl m;, (k=1,2,..,N), a HX TMOJOXEHUE ONPEIAELNCHO pPaJuyC-BEKTOPAMH
7o =ixy, + jy, +kzy, .

Llenmpom macc mexanuueckol Cucmemvl HA3bIBACMC S 2eOMempuieckas moukd, no-
JIOJICEHUE KOMOPOT ONpeoeisiemcsi paouyc-6eKmopom

N
2Ty
= _ k=1
o= Y (13.1)
N
e0e M =Y my, —macca 6ceii cucmembl.
k=1

[Tpoemupys Beipaxkenne (13.1) Ha OCHM MEKAPTOBOW CHUCTEMBI KOOPAWHAT, TOJTYIHM
(hopMyIIBI JTs1 BEIYMCIICHHUS KOOPIMHAT IIEHTPa Macc

10



N N N
DMy X;, DMy DMz
k=1

xC:kAM ’ J’C=k*1M , iy
Ecnmu Havano cucteMbl KOOPAMHAT COBMAMACT C IEHTPOM MAacC MEXAaHHYECKOW CHCTe-
N
Mbl, TO 7 =0 u u3 (13.1) cneayer BekTopHOE paBeHCTBO » M7, =0, KOTOpoe SKBHBa-
k=1
N N N
JICHTHO TPEM CKaTAPHBIM Y myx, =0, > my, =0, D myz, =0.
k=1 k=1 k=1

Jliist Ten ¢ HempephIBHBIM pacipeneicaneM Mace BMecTo dopmyiter (13.1) ucmons3ytot

” rdm
WHTET A ) -
pansHyIO hopmyny 7 = ryat

13.2. OceBble U MOJSAAPHBII MOMEHTBI HHEPUUH. M oyvenmom uHepyuu cucmemvl ma-
MEPUATILHBIX MOYEK OMHOCUMETLHO OCU HA3bIBACCS CYMMA NPOU3EEOCHUL MACC 2MUX
mouex Ha Keaopam ux paccmosivuil 00 OAHHOU OCU

N
(puc. 132): J,=>myhl. Jlna cnnommHbIX e

k=1
J, = [[[n*dm.
(M) [

’J
Bemmuuna p; = Ml HA3bIBACTCA PAJANYCOM HHEP-

MU Tena oTHOcuTenbHO ocu (O . Ecnm pamuyc mHEp-

oMU KU MacCa CHCTCMBI 3aJaHbl, TO OCEBOM MOMEHT Puc. 13.2

UHEpLUH J; =Mp12 .
OTHOCHTEIBHO IEKAaPTOBBIX OCEH MOMEHTBI MHEPLIUH BBIYUCIAIOTCA O (hopMyiam

N N N
Je=Ym(Vi+20)s Jy= Tm (i + ), Jo= Y me(xi + ;). (132)
k=1 k=1 k=1
Momenmom unepyuu omuocumenvno nomoca O (NOJSAPHLIM MOMEHIMOM UHEPYUL) HA-
3bIBACMCSI CYMMA NPOUZECOCHUT MACC 2MUX MOYCK HA K8AOPAM UX PACCMOSHULL 00 OdH-
N
no20 nomoca: Jo =3 myr .
k=1
UYepes mekapTOBbl KOOPAMHATHI TOJISIPHBIA MOMEHT WHEPLUH OYAET BBIYMCIATHCS IO
dbopmyiie

N
Jo=m(x;+yi+24). (13.3)
k=1

Pa3zmepHOCTb OCEBBIX M MOISIPHOTO MOMEHTOB MHepiuu B CU — KrM? .

11



N N N
Boruncius  cymmy Jx+Jy+JZ=ka(y,§+z,%)+ka(z,§+x,%)+2mk(x,§+y,§)=
k=1 k=1 k=1

It
=2>"my (X} +y2 +2) W CpaBHHB pPe3yIbTAT C OMPEAENCHHEM MOJSPHOTO MOMEHTA
k=1
uHepiwH (13.3), mpuxoauM K COOTHOIICHUIO
Je+tdy,+J,=2Jp. (13.4)

13.3. 3aBUCHMOCTP MOMEHTOB HHEPIIUH OTHOCUTEJIbHO NMapaJLIeJIbHBIX oceii (Teo-
pema I'wiirenca-lllteiinepa). Ilycts 54 3a1aHus MONOKEHUS MEXAHUYECKOH CHCTEMBI
BBeJcHA cucTema koopauHar Oxyz . BBeaém emié omny cucremy koopaudar Cx'y'z’ ¢ Ha-
YaJIOM B IIEHTPE MACC M OCSIMH NapaJiyIeTbHBIMH
COOTBETCTBYIOIIMM OCSM TPEAbIAYIICH CHCTE-
MBI KoopamHaT (puc. 13.3). Toraa koopauHATHI
NPOW3BONIBHOM TOUKK A, B YKa3aHHBIX CHCTeE-
Max OoTcuéra OyIyT CBS3aHBI COOTHOIICHUSAMHU
Xp =Xc+ X, Ye=Yc+Vk» Zx=Zc +Zj, THE
Xc, Yo, Zc — KoopauHarel HeHTpa Macc C B
cucteme otcuéra Oxyz . o

Bpruucnum  MOMEHTBI WHEPUHMH  OTHOCH-
TENILHO JBYX NapajutenbHbix ocedl, Cz' u Oz.

N
Jo=Ym (x5 + ). Puc. 133
k=1
N N
2 2 r\2 r\2
Jo=2m(xi +y)== ka[(xc +x)" + (Ve + Vi) ]=
k=1 k=1

N N N N N N
= kaxé +2% mypXex) + kaxllcz + kayé +2% myeyy + kay;f :

k=1 k=1 k=1 k=1 k=1 k=1
N N N N
3mech > mpxd = x> my = MxE, 23 mpxox), =2x0 > mpx), =2x--0=0,
k=1 k=1 k=1 k=1
N , L& ) N N
2y = Yo 2 my =Myc, 23 mpyceyy =2yc 2 myp =2yc-0=0.
k=1 k=1 k=1 k=1
N
Torma J, = ka(x/,'{2 + V) + M (x2 +yE)=J, +Md?*, e d = w/xé + yé — paccros-
k=1

Hue Mexay ocsimu Oz u Cz' .
[TonyueHo crenyroee COOTHOLICHHE MEXAY MOMEHTAMH WHEPLHH OTHOCHTEIbHO
JBYX TApAJUIEIBbHBIX OCEH, OJIHA W3 KOTOPHIX MPOXOUT Y€Pe3 HEHTP MACC CHCTEMBI:

J,=J, +Md*. (13.5)

[Tociennee ypaBHenue BoipakaeT teopemy llreiinepa (Itoiirenca-lllTeitrepa): mo-
MEeHm uHepyuu cucmemvi OMHOCUMENbHO HEKOMOPOU OCU pageH CYMMe MOMEHMA uHep-
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yuu OmMmHOCUmMeNbHO napamefzbﬁoﬁ ocClU, npoxoa}m;eﬁ yepes yenmp mace, u npozwee()eﬂuﬂ
MACChl CUCmMemMbl Hd Keadpam paccmosiHusl .M@Df(,‘dy OCAMU.

13.4. MomeHTBI HHEPUUH OJHOPOTHBIX TeJI

npocremme (popmsl. z E

OnHOpOAHBIH TOHKHH CTEPKEHbD
(puc. 13.4). BeluuciuM MOMEHTH HHEPIHHA OJI- 9
HOPOJIHOTO TOHKOTO CTEPIKHA MacCOit M w nma- | lde C %
HOH /. TepMHH «TOHKUH CTEP>KEHB)» O3HAUAET, [
YTO €T0 TOJIITUHOM MpeHedperaem. oot

HC.10.
OTHOCI/ITGJ'IBHO ocH OZ
2
Ml
J,= x*dm = xpdx x? dx—— x2dx =——
3 >

rae p=M / | — nuHelHas IIOTHOCTH (Macca €IMHHULIBI JJTUHBI CTEPKHA), dm = pdx — mac-

Cca DJIEMEHTAPHOTO OTPE3Ka CTEPXKHA JTHHOM dX .
Jinst ocu Cz' mipoxosieit uepe3 cepeny CTepxHs u3 Teopemsbl [lTeiiHepa crnemyer
2 2 2
—J,-Mma? =ML M(i] i
3 2 12
OnHOpOAHOE TOHKOE€ KOJbIO. 3aJaHBI
Mmacca konbla M u pamuye R.

S

Bribepem cucremy oceéi Oxyz c HauajioM B '\
IIEHTPE MacCc W TakK, 4TOOBl KOOPAMHATHAS TLJIOC- 0 y
kocTh (Jxy coBmagana Obl C MJIOCKOCTBEO KOJIbLIA R
(puc. 13.5). B s3Tom cnyuae koopauHara z 000
TOUYKHU KOJIbLIA PABHA HYJIIO. x

Brerancnum, BHavajge, MOMEHT WHEPIUH OTHO- Puc. 13.5

curelibHO och Oz . Tak Kak BCe TOUKH KOJIbIIA Ha-
XOIATCS HAa OJIMHAKOBOM paccTosiHuu R ot ocu Oz, TO

N N N
2 2 2 2
k=1 k=1 k=1
Berurcnum, nanee, nNoJSIpHbIA MOMEHT MHEPIIHH, BOCIIO30BABIIKMCH €r0 ONPEACTICHH-

N
em (13.3): Jp = S my(xf + yi +28) =
k=1

N N
Y, o 2 2
= Yim (xF +y}) = Y m R = MR* = J .
k=1 k=1
JIns BBIYMCIIEHHUS OCEBBIX MOMEHTOB MHEPUMH J, W J,, Y4TEM, YTO IS KOJBLA OHH
OyayT paBHBI, U BOCTHOJB3yeMcs cooTHomerrneM (13.4), koTopoe, UIA JaHHOTO CITydas,
MOJKEM 3amucath B Buae 2./, +MR* = 2MR?, OTKy/a CIeayeT
MR?
of,, = :
2
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OnHopoaHelil TOHKHHE auck. CHcTeMy KoopaHHaT (xyz BeIDEpEM C HAYAIOM B

[EHTPE MAcc AMCKA W Ochbld (J2 HanpapleHHOH NMEPNCHAMKYIAPHO €ro MIOCKOCTH (pHC.,
13.6). Ilo sanannoii macce M u paguycy K HeodXOLMMO BLIYHCIHTL OCEBBIE MOMEHTHI
waepunn J o, J . npenebperas TonmmHoR

{HEI }".'IHL"}'I-IKE TOJIIMHHA JHCKD NOKA3IAHA NTHIIL
JUTA HATTIAOHOCTH ).

[IpumenrM  MHTETPaIbHOE  HCUHCIEHHE,
Jna 3Toro npeacTaBHM MCK KAk COBOKYTI-
HOCTh KOHUEHTPHHYECKHN KOJIEL CROJIbL YIOOHO
Manoil wHpHHEl dr . MOMEHT HHEPUMH BhIIE-
JIEHHOTO Ha pHCYHKE 13.6 sneMeHTapHOro

KONbLIA OTHOCHTENBHO OcH )z dJ. —rdm .
rne Macca AEMEHTAPHOTO KOJTBLIA Puc, 13.6

dm = pedS = MI
aik

J!‘I.ff 2
2ardr . 3nece pg =—— — MOBEPXHOCTHAA MIOTHOCTL (Macca | m® mo-
TR

#

BEPAHOCTH), ds = 2ardr - 10U/ 1L WIEMEHTAPHOT O KOJIBLA, Toraa

" 2
J=ldi =] LH%-ZM}- P
5 R 2

Ana BEBIYHCIIEHHA OCTABIIHX CA MOMCHTOR HHEPLIMH VUTEM, 1o

g P g ) MR?
Jo=2m(xp+yi+zp) =2 m(xp + y; +0)=J, e

k=1 k=1 <
u uto ana aueka J, =.J,. Toraa, u3 coor-

MR? z

HoweHus (13.4) naiaém J, =

T

OnHoponHaa TOHKAas MNpAMO- ‘
yronenas nnacruHa (puc. 13.7). Tlo ;

b
3a/IAHHBIM MACCe NnacTuHel M | pazmepam o // 4
CTOpOH @ W b Boraucints J, J, . J. . b2

/2

Boifepem cHcremy koopausar (Ixyz ¢ a/2 a/2
HAYAIOM B LEHTPE MAce NIACTHHEL, Ock ()2 X
HANPABHM  NEPNEHAHKYIAPHD  IIOCKOCTH
MIacTHHEL, a ocH (Jx M (Jy Hanpaegum na-

panienbHo pedpam nIacTHHEI,

Pue. 13.7

Ma’ Mb* M(a® +b%)
1 et g S [

CaMoCTOATEIBHO OOKA3aTh, 4TO Jr =
12 12

13.5. MoMeHT HHEPIHH OTHOCHTETLHO OCH NMPOXOIAINei Yepes 3aTaHHYH TOUKY B
ananuom nanpasiaenun. B pasnene 134 Owinm soisesenst pOpMysiel U1 OCEBBIX MO-
MEHTOBR HHEPIHH CHMMETPHUHEIX TREPARX Ten. B nanHoM paznene Takoe orpaHHYeHHE
CHATO.
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PaccMOTpHM MPOH3BOILHYID COBOKVIHOCTE H3 N MaTepHanbHeix Touek (puc. 13.8).
Bribepem HekoTopyio Touky () M NMpoBenéM NMpPOXOAAINIYIO YEPE3 3TV TOUKy nmpaMmywo (N .
[locTapuMm 3amauy: No M3BECTHRIM MaccaM M, (kK =1....,N ) Touek W HX MOJOKEHHID Of-

PENENHTh MOMEHT HHEPLHH .J; OTHOCUTENBHO ocH (N .

Bribepem cHcTeMy AeKapTOBBIX KOOPIH-
Hat (Jxyz ¢ Hayanom B Touke (). Hanpas-

nenue npaMoil () onpenenuM yriamu o |
£, y. obpazveMbiMH JAaHHOH NpAMOH
OCAMH KOOP/IHHAT, a NONokKeHHe Touek M,
PAIMYC-BEKTOPAMH P = ix, + Jyy +kzp
(k=1..,N) Torma remy nanHoro paiaena
MO#HO emé pas copmynHpoBaTh yiKe cie-
AVIOUHM 00pazom.

Hamo: my, xp, ¥, z (k=L. N}, a,
£, y. Haiarma: J,.

Jlna BeIBOZA MCKOMOH (OpPMY/IBI Bbige-
NTHM HA PHCYHKE MPOHIBOIEHYIO TOUKY M, .

Eé paccroanne no ocu () obosnaumm /i . Puc. 13.8
[To onpeaeneHuio MOMEHTOM HHEPLIMH OTHOCHTEILHO OCH HA3LIBACTCA CYMMA MPOH3BEIe-

N
u " " 2 "
HHil MACC TOUEK HA KBAJPAT HX PACCTOAHME 10 3T0i ocu: J, = > mhy . B 310ii dopmyne
k=1
paccTosHue /i, HeoOXOAMMO BBIPA3HTE YEpPe3 3a/JaHHBIE KOOPIMHATEL Xp, V., Z; W YIbI
., . y. na 3Toro BBeaéM B paccMOTpPEHHE €IMHHUYHBIH BeKTOp ocH () , KoTopblii 000-

sHauum /. Yepes Gasuc 7, j, k oceli KOOPAMHAT ITOT BEKTOP BLIpaMkaercs B BHJE

2

ly=7cosa + jeos f+kcosy. Torma by, =|r|sin(7 /) = {?1. xfﬂ| =

»

= |f(yA. cosy — 2, cos f) + j(z; cosa — x; cos ¥) + k(x; cos B — y, cose)

hi = (v, cosy -z, cos B) +(z, cosa - x, cos ) +(x, cos f— v, cosa)’ =
:{yff - z,‘:’}cnslaﬂzﬁ +x§}m}sz ﬁ+{xf? + yf}cnsz ¥—

—2x v cosacos f—2y, o cos feosy — 2, cospeosa,

N N N N
Ji= kahf? = cos” crz.mk(}rf + 2} ) +cos? ,{;’Zm*{zf + x} ) +cos’ y>.m, (2 + o)
k=l

k=1 k=1 k=1
N N N
—2cosarcos B myx v, —2cos feosyd my vz —2c0syeosa Y Mz Xy .
k=l k=1 k=1

3neck BCTPCYANIOTCH BbIPpAHCHHA TpEx OCCBLIX MOMCHTOB HHCPILHH,

N N N

2 2 2 2 2 2
2m (Vi +zi) =, Zm(zi +xi)=Jy m (g +yp) =,
i i=l P
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BeenéM obozHaueHHA:
N N N

Jop =2 Xp Vs o o= 2 Mz, S = Y M2 (13.6)
k=1 k=1 k=1

Benuuuna J,, HazeiBaeTeda HEHTPOOEKHLIM MOMEHTOM HHEPLIMH OTHOCHTENLHO OCEi
x,). Benmuuna J _ HazeiBaeTca UEHTPOOEKHBIM MOMEHTOM HHEPUMH OTHOCHTENLHO

ocei V.2 H BCIHYHHA "’:z_\-.' = I.'[EHTDDﬁﬂ?EHbIM MOMEHTOM HHCPUWH OTHOCHTEIBHO ocei
z,x. Jna TBEPOOro Tena LLEHT[JEEE‘}KHME MOMEHTEl MHEPLUHH OTHOCHTEINLHO 3303aHHBIX

oceil — BeIMUHMHBI TTIOCTOAHHBIE.
DKUH'-IH'TEJTI:H{] HHPH}KEHHE JITA MOMEHTA HHF;‘,I:IHHH THEP}TU‘T{} TEMA OTHOCHTEIEHO OCH
() zanWiuem B BHOE
2

JI:chns'j*atf,_cnﬁzﬁ+J:ms Y
-2Jcosacos f 2] cosfeosy—2J  cosyeosa, (13.7)

[HlecTh BETHYHH, TPH OCEBBIX H TPH LEHTPOOCKHBIX MOMEHTA MHEPLIHH, 3aMACHLIBAIOT
OOBIYMHO B BHIE CHMMETPHYHON MATPHILEI

Je =dy —de
J=|=dy J, =J, (13.8)
—Ju —dy

HAZLIBAEMOH TEH30POM HMHEpUHMH. DNEMEHTH MATPHIEL, CHMMETPHUHBIE OTHOCHTENLHO
FJIABHOH AMArOHATH, PABHEL

Takum obpazom, eciH OYAET M3BECTEH TCH3IOP MHEPUMH Telna aas TodkH (). To 1o
thopmyne (13.7) nerko BEIMHCAAETCA MOMEHT HHEPIIMH OTHOCHTEIEHO MOO0H ocH, npoxo-
JAALLEH Yepes oTY TOUKY,

13.6. Dumncona uaepunn. Ilycers ¢
HEKOTOPBIM TBEPABIM TENOM CKperuieHa
CHCTEMAa KOOpAMHAT OXyz M BBIYHCICH

Tenzop wuHepuumu (13.8). [lpencraenser
HHTEPEC 3dBHCHMOCTE FHAMCHHA OCCBOTD
MOMEHTAa HHEpPUMH ./, OT HanpasIeHH:A
npssoi O

Jlpyrumu cnoBamM, B JaHHOM pasiene
CTABWTCA 3afava MOAPOOHOrO M3YyueHH:
dyuxunn J, =J, (e, 8, ). U xenarensno
OblI0 OB 3TY 3ABUCHMOCTE [PEACTABHTL
rpaHuecKkd. ITO MOMKHO OCYIIECTBHTh
CASAYIOWHM 0GpazoM.

Jns ukcupoBannbix 3uavennit ¢, F, p swancanm Ji (@, £, ¥) v na ocn OF otno-

Puc. 13.9

KHM oTpe3ok OK = l/ JJ (pue, 13.9), Mamennm 3vavuenns a, /7, ¥ W BHOBBL NPOJAEIAEM
TO ke camoe. [lpeacTaBuM, UTO TaKHE BHIYMCICHHA M NOCTPOCHHA NpPOBEACHB A Gonb-
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IIIOTO YKCJIa KOMOWHAIMH YIJI0B «, [, ¥ W 4epe3 KOHIbI oTpe3koB (JK TMpoBeaeHa Io-
BEPXHOCTh. UTO 3TO 32 MOBEPXHOCTH?

Jlnst oTBETA HA ATOT BOMPOC HEOOXOANMO HAWTH YPaBHCHUE (WITH CHCTEMY YPAaBHEHUIA ),
KOTOPOMY YJIOBJIETBOPAIOT KOOPAMHATHI TEKYIIEH TOYKM moBepXHOCTH. [lycTh Touka K

WMeeT KoopauHatel X, y, z. Torma cosa =x/OK = x\/J_ , cosfi=y/OK = y\/J_,
cosy =z/OK = z\/J_l . [logcraBuB HaliICHHBIE BBIPAKEHUS KOCUHYCOB YIJIOB B YPABHEHUE
(13.7), nonmyuum

J x4 J Y2 =20 xy=2J vz =2 zx =1 (13.9)

W3 aHanuTHUECKOW reOMEeTpHM M3BECTHO, uTo ypaBHeHue (13.9) ecth ypaBHEHHE 3iI-
aurconaa. B 1aHHOM cilyyae 3Ta MOBEPXHOCTh XapaKTEPU3YET Paclpee/iCHUE MOMEHTOB
WHEPIMK TBEPIOTO TEJia B 3aBUCHMOCTH OT HAMPABJICHHS OCH, OTHOCHTEIBHO KOTOPOM
BBIYUCIISETCA MOMEHT MHEPIIMHM W HA3BIBACTCS AMAUNCOUOOM UHepyuu. ]I Kaxaoi Tou-
KM TeJia CYIIECTBYET CBOM AIIJTUIICOU] MHEPITHH.

Ocu KoOpAWHAT HAMPABJICHHBIC BJOJIb OCCH CHMMeETpHH 3jumuniconga uHepuu (OX |
OY wm OZ wa puc. 13.9) Ha3bIBAIOTCA 2AAGHBIMU OCAMU UHEPYUU, 2 YPABHCHUE dJUTUTI-
COM/Ia MHEPIIMH B TAKUX OCAX OYJET UMETh CIACAYIOIUH BU

Jo* 4+ ¥ 2+ I 2™ =1, (13.10)
YTO J0KA3bIBACTCA B aQHAIMTHYECKOW reometpuu. OTCIOAA CAEAyeT, YTO IEHTPOOEKHBIE
MOMEHTbBI HHEPIIMHA OTHOCUTEJIBHO TNIABHBIX OCEH MHEPITMH PABHBI HYJIIO:
Jyy =Jyz=J 5 =0 (13.11)
CropaBeminBo U 00paTHOC YTBEPXKICHHUE: UTOOBI OCH MPSMOYTOJBHOM CHCTEMBI KOOP/IH-
HaT 6BIJ'II/I rJIaBHBIMH OCAMH HHCPIIMH, HeO6XOI[I/IMO U A0CTATOYHO BBINMOJIHCHHUC YCIIOBHA
(13.11).

SHHI/IHCOI/IL[ HHCPIUH, HOCTpOGHHBIfI JJIA HEHTpPA MacC TCJ1a, HAa3bIBACTCA HCHTPAJIbHBIM
QJUTHIICOMAOM HMHCPIHHU, a €TI0 IJIaBHBIC OCH — I'JITABHBIMHU LCHTPAJIbHBIMH OCAMHU HHCPIIMHA
Tena.

Ecnu B kauecTBe OcCeit KOOPAWHAT B3ATHI TJaBHBIC OCH WHEpIHH, TO dopmyna (13.7)
YTIPOIIAETCS:

J, =Jycos> a+Jycos® f+.J,cos’ y. (13.12)

13.7. CpoiicTBa riaaBHbIX 0Ceil HHEPUMU. [/l 00Ha U3 Oceil KOOPOUHAm, nPoeeoet-
HAs 8 MoYKe, A61emcst 2JIABHON OCbIO unepyuu med OJisi 9Moil MOYKU, Mo 06d YeHmpo-
OedHCHBIX MOMEHMA UHEPYUU, KOMOPbIE COOCPHCAM UHOEKC 2NIAGHOI OCU UHEPYUU, PAGHbL
HYJIIO.

JlokazarenbctBo. [lycTs ocb OZ sABIAETCS TJIaBHOW OCHIO MHEPIHM TSt TOUKK (), T.€.
SABJISAETCA OCBIO CHMMETPHUM 3JUIMICOWUIa UHEPLIMH, MTOCTPOCHHOIO JAJIA 3TOW TOYKH TeEna.
Homonaum ock OZ aByms apyrumu Ox u Oy, Tak yTOOBI MOTYUYMIACh MPAMOYTOJIbHAA

cucrtema koopauHar OxyZ .

Tak kak ocb OZ — OCh CHMMETPHH ODJUTMIICOMJA WHEPLHH, TO HAWIYyTCS TOUKH
M(x,0,Z) n M{(—x,0, Z) nexarme Ha MOBEPXHOCTH rHniconaa. CienoBaTenbHO, UX

KOOPAMHATHI YIOBJIETBOPSAIOT yYpaBHeHuto (13.9):
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) /) _1.
J X +J, 27 =20, 7x =1,
2 2
Jxx +Jzz +2JZxe=1
BorunTas w3 Broporo ypaBHeHus nepsoe, nonyuuM 4.J,.7Zx=0. Tak kak Z u X He
y > y Zx
paBHBI HYJIO, TO .J 7, = 0. AHAJIOTHYHBIMH PACCYXKACHUSIMH J0Ka3bBaeTcst, uro J,,; =0.

Ecnu meno umeem oco mMamepuanvHoti CumMmempuu, mo smd 0Cb 56711emcs 2AA6HO
OCbIO UHEPYUU DM020 meld.

JlokazarenbctBo. Ecnu ock Cz — 0Ch MaTepUaIbHON CHMMETPHH, TO JUIA JIFOOOH TOUKH
3TOrO Te€Ja C Maccoil 7, W KOOPAMHATAMH X;, V;, Z; CYLIECTBYET CHMMETPUYHAA OTHO-

CUTEIbHO PAacCMAaTPUBAEMOM OCH TOYKA TAKOW e Macchl, KOOPAWHATHI KOTOPOH paBHEI

— X3, — Vi, Zr - Tak Kak Bc€ Teno pa3dbuBaeTca Ha mapbl CHMMETPUUYHBIX TOUEK U JUIs Ka-
N

KIOH mapwl my yyzy +my (=y; )z =0, 10 u J,, = > myy,z, =0. AHanoruuHo nokaspiBa-
k=1

eTca paBeHeTso J,,. =0.

Ecnu meno umeem niockocms MamepudibHol cummempuu, mo uobas npsmas, nep-
NEHOUKYVIAPHASL MO NJIOCKOCMU, S6JISIeMCsl 2IABHOI 0CbIO UHepYul meid 6 mouke nepe-
ceyeHusl NPIMOli C NIOCKOCMbIO CUMMEMPUL.

JlokazarenbcTBO. BBIOepeM crucTeMy mpsIMOYTOJIbHBIX ocet (Jxyz Tak, 9ToOBl KOOPIU-

HaTHas miaockocTh Oxy coBnaia ¢ IIOCKOCThIO CUMMETPHUH Tena. Toraa, Aid npou3BOoJib-
HOM TOYKH C MacCOM M; W KOOPAWHATaMHU Xj, Vj, Z; CYIIECTBYET CUMMETPUYHAsA OTHO-
CUTEIIBHO IIOCKOCTH (JXy TOYKA C TAKOM K€ MAacCOH, KOOpAUHATHI KOTOPOHW paBHBI X,

Vi» — Zx - Ui KaxIoi Takod maphl TOYEK My, Yy 2y + My Vi (—2z;) =0, a, CIenoBaTesbHo, 1
]\f
Bcero Tena J,, = Y M ¥,z =0. AHANOTMYHO JOKa3biBa-
k=1 i
eTcs paBeHcTBo J,. =0.

IIpumep 1. Beraucants MOMEHT WHEPLUH OJHOPOAHON MPSIMO-
yTONBHON TUIACTHHBI Maccoi m orHocutenapHo ocu C/ pacrosno-
JKEHHOH B TJIOCKOCTH IUIACTHHBI U MPOXOJSIIEH depes LEHTP Mace
(', ecM M3BECTHBI, TaKXKe, pasMmepsl a, b uyron ¢ (puc. 13.10).

Pemenne. Beeném B paccmorpenne cucremy oceit CXYZ ¢ Ha-
YajoM B LIEHTPE MAaCC IUIACTHHBI M HANPABJICHHBIMH BIOJb ITIABHBIX
ocell MHepLUH IUIACTHHBI (BROMb oceil cummerpun). Ilo dopmyne
(13.12)

J, =Jycos’a+Jycos? f+J,cos’y.

mb* B m(a* +b%) ma*

3mecy J, = , J , oIy =
A 12 g 12 12

T
s d=—=0,

Puc. 13.10

I[;’:%, y=¢. Torma J, :%(a2 cos> ¢+ b*sin’ @)

IIpumep 2. Beraucants MOMEHT WHEPLIMH OJHOPOIHON MPSIMOYTOJILHOW IJIACTHHBI MacCcoil 7 OTHO-
curenbHo ocu Oz , eCi U3BECTHBI, Takxke, Beuuuubl a, b, d, ¢ (puc. 13.11). TIIOCKOCTD MJIaCTUHBI

COBMAIAET ¢ KOOPAMHATHOMN MIIOCKOCThIO OXZ .
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Pemenne. Brauane BoIMHCIHM MOMEHT HHEPLIHH
MIACTHHEL [ OTHOCHTENBHO ock (2" npoxoasmei z ’
HEPE3 UEHTP MAct napanneasho ocw (o, nna uero
BOCTIONESY EMCA PESY IBTATAMH PELIEHNA NPREABIIY LE-
ro npUmMepa;

i %{HE cos® @+ b sin ).

Teneps, no Teopeme Noiirenca-IreiiHepa, MOMeHT
HHEPUHA OTHOCHTENBEHD ocH (=

RS I +m-(¢.*+{),5bs'm q??]:.

13.8. Texunka BBIMHCICHHS UHEHTPO-
DeRHBIX MOMEHTOB HHepunn. B stom pas-
JEne PACCMOTPHM NPAKTHYHBIE COCO0LI Bhi-
HHCIIEHHA U.EHT].'!{‘.IﬁEJIEHHX MOMEHTOB HHED-
LIHH, Pue. 13,11

[lycTe a8 OOHOPOOHOH OPAMOYTONBHOMH
MJIACTHHBL, PACMONOMEHHOH B KOOPAMHATHON TIOCKOCTH (JXV, HYMHO BBIMMCAMTH LEH-

TpodenHbii MomenT unepunn J ., (puc. 13.12). Beeném B pacemoTpenne egé ase cuete-

¥

Mbl oceil. Oana w3 Hux, Cx'y'z', iMeeT HAYal0 B LEHTPE MACC TENa, a OCH Napaie/ibHbl
COOTBETCTBYIOIIHM OCAM HCXOJAHOH cHeTemel KoopawHat (xyz, Jlpyras, ( Lx"l}":", noay-

YeHa W3 cHCTeMbl oceil (x'y'z' MoMosKHTENbHBIM MOBOPOTOM BOKPYT ocH (' Ha yroa ¢

10 cornaaenus oceii (" w {}'" C OCAMH CHMMETPHH NIACTHHBL, ABNAIMIHMHCA TTABHEI-
MH OCAMH HHEPIIHA.
N
[lo onpenenennio HeHTPODEKHOTO MOMEHTA HHepUHK J,, = > mpxg v, . lepefiném B
k=1
aToH (hopMyNe 0T MCXOAHBIX KOOPAMHAT K WITPUXOBAHHBIM: Xy = Xp + X}, Vi = Ve + V.
Torna,
N N .1'4" A b
] y o R i f) R, T L
S = 2o (Xe + X NVe + Vi) = mpXeVe + 20X Vo + 2 M X Ve + 2 M XYy =
k=] k=1 k=1 k=1 k=1

N N N N
) I' ] 4 r I' —_ ] ']
=XeVe My + X DM Ve + Ve 3 mXe + 3 X vy = Mxeye+J. B nonyuennoM

k=1 k=1 k=1 k=1
BRIDAKCHHH BTOPOC W TPEThRE CllaracMble PabBHR HYJTHY, Tak Kak LT I.IITPHK'DBHHHU'H CHC-
N N
TEMBLI KOOP/IMHAT ¢ HAYAIOM B LeHTpe Mace > m v, = My =0, ¥ mypxj =Mxi =0,
k=] k=1

3nece M — macca seero Teépnoro tena. Cnenosarensho J ., = My v +J 0.
Jna Toro 4To0B BHYHCAHTE HEHTPOOEKHBIH MOMEHT /., TEPEHAEM K JBAK/IHI

ITPHXOBAHHBIM KOODIHHATAM.
Xp = Xj COS@— Vg sing,
Vi = X} sin @+ ] cose.
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N

- Bies ) |' AT

Torga J gy = 3 mX y; =
k=1

N ”
= ¥ m(x] cos g — ¥} sinp)x} sin @+ } cosg)==singcospy mk{x;I -vit)+
k=1 k=l

N
(cos” p—sin” @) ¥ myxi v
k=1
[locnennee cnaragMoe B MOMYYEHHOM BbI-
PaKEHHH PABHO HYJIHO, TAK Kak ock (x"
C'yv" — rNaBHbIE OCH HHEPIHH H NOTOMY
N
S myxpyp =J . =0. Han ocraBmmmes
k=1
cnaraeMbiM BRITIOTHHM npeo0pasoBaHie:

N
: ] 2 2
_Ixil,-=slllq0${}b§|?zmk{x£ ==
k=1
sin2¢
22 5 meloi? + 2 - 02 + 2]
k=1

=ML}},. Y

2 Pue. 13.12
Gliﬂli‘-la'l'e.flbllﬂ HMEEM

HHEm[

J oy =Mrpye+ Fomidad (13.13)

M3 dropmynet (13.13) cneayer uenecoodpazHOCTE NEPexoia K TIAaBHEIM HEHTPAJILHBIM
OCAM HHEPLHH, BBIMrpHII TAKOTO NMEpexoia B TOM, YTO BEIYHCIIEHHE LIEHTPOOSHHBIX MO-
MEHTOB HHEPLHH 3aMEHACTCA BBIYHCICHHEM OCCBBIX MOMEHTOB MHEPLHH OTHOCHTEIBLHO
INMAaBHBLIX I.I.EHTIJ-':].I'II:HI:IK ocel HHE-[JLIHH ABIAKLIHXCH GHPEIEGHHHMH BENHYHHAMM.

Mpumep. Berucnurs ueHTPO0LMHEIE MOMEHTE HHEpUHH B nipusepe 2 pazoena 137
Pewenue. Ilnacruna pacnonoskeda B koopauHarHoil niockocty (s . ClenosatelbHo, KOOpPIHHA-
THL ¥, BCEx TOuEK pasHbl Hy 0. OTCHAa 3AKMHOHAEM, MTO 1B UEHTPODSKHBN MOMEHTA HHEPUHH PABHLL
N iy
Hymo: J_ = Z"h--“xh =0, J,_= Emk}'k z, =0, Ocraérea puumcnnute J_ . lna 31oro nsoiiHbiM npe-
k=1 k=1
oOpazopadies oceii nepeiinémM K rIaBHbIM LUEHTPANLHEIM OCAM HHEpLMH ( X" (pue. 13110 Awano-
riHo Gopmyae (13.13)

S =Mzpxe +f~'£2{_—‘?’}[-!f ~J..). (13.14)

FHAK MUHYC NEPEI VIAOM ¢ NOCTARISH NOTOMY, 4TO NOBOPOT HA VIO ¢ Bokpyr ocn ()" npn nepe-
xoae OT I'.I.'I.TPHKCIEEHHI:IK EICBE K IBAM Il LUTPHX{‘.IB-E.HHHM =% UT['}I{I.EHTE."[EH.
mh’ ma’

s ode=—— To-

IMo pucyrky (13.11) vaxoanm: z- =05bcose, x- = —(d +0,5hsing), J,. meds v

raa, no dopuyne (13.14)

. sin2p( mb*>  ma®
J,. =—0,5mbcos p(d +0,5bsin @) — - .
= ol -, E TR
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I'nasa 14. OBIIME TEOPEMbBI JIMHAMHWKH

14.1. lunamuka MexaHu4eckoii cucrembl. CHIbI BHEIIHHE U BHyTpeHHHe. Mexa-
HUYECKOW CUCTEMOW HA3BIBACTCS COBOKYMHOCTH TOUEK B3aMMOACHCTBYIOIIUX MEXKAY CO-
00i1 M ¢ ToOuKamMH APYTUX MEXaHUYECKUX cucTeM. T.e. rccaenoBaresb MbICIEHHO OYepUn-
BaeT COBOKYITHOCTh TOUCK, ABM)KCHHWE KOTOPBIX COOMpPAETCSA M3YUWTh, U a0CTparupyercs
OT BCEX OCTAITbHBIX TOueK (puc. 14.1). Ho neiicTBre TOUEK HE BXOAAIIMX B KPYT PACCMOT-
peHHUsT Ha TOUKHM PACCMATPUBAEMON Me-
XaHUUYECKON CHCTEMBbI, KOHEUHO XK€, yuu-
THIBAETCSI.

3anaya TMHAMUKHA MEXaHUYECKON CHUC-
TEMBbl 3aKIIOYAETCS B OMNPEACTICHUU KH-
HEMAaTUYECKNX YPAaBHEHUH JBIKEHUSA
KOKIOW M3 TOYEK BXOJALIMX B MEXaHU-
uyeckyro cucremy (Hampumep x(7), y(),

z(t)) npy 3a7aHHBIX CHJIaX W HAYaJIbHbIX

e TOuku, ne éxoosyue
8 Kpy2 Hawie2o pac-

CMOMPEHUA
| / .

Touku pacemampid-
8aeMoll MexaHudec-
KOt cucmemvl

T (i)
A[ FIZ

ycnousix. Kak pemmts Takyto mpobiie-

My? Kakum HayuHbiM OarakoM K Ha-

CTOAIIEMY BPEMEHHU MBI 00agaem? z
MpI 3HaeM, KaK pemiath Takyro 33a1ady

JUIS OJHOM OTHEIBHO B3SITOH TOUKH.

HyxHo cocraButh auddepeHmaibHoe . 0 y
ypaBHEHHE COTJIACHO BTOPOMY 3aKOHY
N
. — Puc. 14.1
Herotona mr =Y I, W TPOUHTErPHpPO- ne
k=1

Bath ero. CreaoBarebHO, UISI MEXaHHYECKOM CHCTEMBbI HEOOXOAUMO COCTaBHTh audde-
pPEHLMANbHBIE YPABHEHUS IS KQXKI0W U3 TOUEK BXOJAIIMX B CUCTEMY M MX HMHTETPHPO-
BaTh.

B npaByto wacte BTOporo 3akona HproToHa BXomAT cuitbl. X MOXHO Kitaccupummpo-
BaTh MO Pa3HbIM mpu3HakaMm. Ceiyac HaM OHAAOOUTCS MOAPA3ACICHAE CHT HA BHEITHUE
Y BHYTPEHHHE.

BHewnumuy cunamu Hazwlearomcst Cuivl, 0Cucmsayowue Ha mouku paccmampusaemon
MEXAHUYECKOl Cucmemvl co CMoponsl moyex opyeux mexanudeckux cucmem. O603HaUa-
fOTCS HHIeKcoM (€) ceepxy: F .

BHympenHumu cunamu Ha3ul8aomcst Cuilbl 83aUMO0eCBUs. MeCOy MOUYKAMU OAHHOI
Mmexanuueckoii cucmemsr. OG03HAYAIOTCS HHAEKCOM (i) cBepxy: F W

Best COBOKYITHOCTS BHYTPSHHHX CHIT Pa30MBACTCS Ha Maphl, KaK CUJIA JCWCTBUSA U CHIIA
MPOTUBOJICUCTBUS. [l Kak10i Takod mapsl paBHA HYJIFO BEKTOPHAs CyMMa CHJI U BEK-
TOpHAsi CyMMa MOMEHTOB 3THX CHJI OTHOCHTEIBLHO MPOU3BOJIbHOTO meHTpa O . Hampumep,
g Touek A, u A, (puc. 14.1)

FQ+F =0, My(RED)+ Moy(F) =RxFY +BxF =0.
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OTcroa BBITEKAET CIEAYIONIEE CBOMCTBO BHYTPEHHUX CUJI. [ TaBHBI BEKTOP U TJIABHBIH

MOMCHT OTHOCHUTCIIbHO ITPOU3BOJIBHOT'O IICHTPA O Bcex BHYTPCHHUX CHJI PaBHBI HYJIIO!
U] S M 7 3 M
i i = i
R ZZF}C :O= L ZZVkXFk =0.
k=1 k=1

31ech uepes Fk(’) 0003HaYeHa PABHOAEHCTBYIOMIAS BCEX BHYTPEHHHUX CHJT MPHUIOMKEHHBIX
K k-o¥ Touke, amuaekc k (k=1,2,..., N ) HyMepyeT TOUKH MEXaHUIECKON CHTEMBI.

14.2. InddepenunaibHbie ypaBHeHUsI IBHKEHHs] MeXaHHYecKoil cucrembl. Pac-
CMOTPUM JBUKEHHE HEKOTOPOH MEXaHUYECKOH CHCTEMBI COCTOSIIEN N3 N MaTepralIbHbIX
touek. [TycTh HHIEKC K HyMepyeT TOUKH, NpuHMMAas 3HadeHus ot 1 1o N. Ha xaxayio u3
TOYEK B OOIIEM CIy4yae MOXKET JEeHCTBOBATh HECKOJIBKO BHYTPEHHUX CcHUI. MOXHO UX 1O

MpaBWly MHapajulesiorpaMMa 3aMEHUTh OJHOM PaBHOACHCTBYIOLICH Fk(l). TouHo Tak xe

BCE JEHCTBYIONIME HA K-F0O TOUKY BHEIIHHE CHIIBI 3aMEHSEM PaBHOICHCTBYIOIIEH Fk(e).

Cornacao BTOpOMY 3aKk0oHY HpioTOHA cocraBuMm muddepeHnnaIbHOe YPaBHEHHE JTBUKE-
HUS KaXJ0U U3 TOUYEK

m 7_'1 = Fi(i) + Fi(E)D

mh = RO, (14.1)

# 0 e

m Ty =Fy + Iy
Vpasuenus (14.1) npeacrasisitor coboit nuddepeHnanIbHble YPaBHEHHS JTBUKCHUS
MEXaHHUYeCKO# cucremsbl. [Ipr HEOOXOIUMOCTH WX MOXHO CIPOCIIMPOBATH HA JFOOBIE OCH

koopauHaT. Cuisl Fk(’) , E(e) MOTYT 3aBHCETh OT KOOPAMHAT TOYEK, IPOCKIUNA CKOPOCTEH

TOYCK U BPEMCHH.

Cocrauth auddpepeHINATEHBIE YPABHCHUS IBH)KEHHS CHCTEMbI — 3TO TEPBbIH IIar B
uccrnenoanuu. CIICAYIONIHIA 1ar COCTOUT B HHTETPUPOBAHUHN MU PEPEHITHATHHBIX YPaB-
HEHUH JUTs HAXOXKACHUS KHHEMATHYeCKUX ypaBHeHui X, (1), v, (¢), z,(t) (k=1,2,..,N).

HNmMeHHO Ha 3TOM 3Tare MOKUIAI0T HAC HauOOJBITHE MaTeMaTndeckue TpyaHocTu. [lo-
TOMY 4YTO M3 TeOpUH MU HEPESHIINATEHBIX YPABHEHUH H3BECTHO, YTO JIUIIIh HEMHOTHE CHC-
TeMbl TA(GEepEeHITHANTBHBIX YPaBHEHUN MOTYT OBITh aHATMTHYCCKH TIPOUHTETPUPOBAHEL. B
MOATBEPIKICHUE CKA3aHHOTO MOXHO MPUBECTH MPUMEP U3 HEOSCHOW MEXaHWKH, B KOTO-
POM paccMaTpHuBaeTCs ABMKEHHE TPeX HeOecHbIX Ten (Hanpumep, Comnie, 3emis u JIyHa)
MPUHAMAEMBIX 32 MAaTEPHATbHBIC TOYKH. Y UATHIBAIOTCS JIMIIb CHJIBI B3AUMHOTO TIPHTSDKE-
HUs (CHJIBI TPABHUTAIIMH) BBIYHCISIEMBIC TIO 3aKOHY BCEMHPHOTO TATOTeHUs. Eciam Touek
ToNbKO nBe, Hanpumep ConHie u 3emits, To auddepeHnranbHbie YPaBHEHUS HHTETPUPY-
I0TCSA ¥ M3 WX PEHICHUH MOXKHO BBIBECTH 3aKOHBI Kerutepa (¢ HEOOIBIIAM YTOUHEHHEM ).
Ho yxe mist Tpex B3auMHO MPUTATHBAIOIIMXCSA TOUEK, KaK JOKA3aHO BEJIMKHUM (DpaHITy3-
ckuM MatemaTukoM AHpu Ilyankape B koHie 19 Beka, muddepeHnnanbHpie ypaBHEHHS HE
MOTYT OBITh AaHAJTUTHYSCKA TPOUHTETPHUPOBAHBI.

N3-3a HEBO3MOXKHOCTH, B OOIIEM CiTy4ae, aHAJTMTHYECKOTO MHTETPUPOBAHUS ypaBHE-
Huit (14.1) coBceM He cnenyeT ux OeCroNe3HOCTh. BO-TIepBbIX, MOXKHO WX YMCICHHO MH-

22



TErpUpOBaTh Ha KOMIBIOTEPE, a BO-BTOPBIX, U3 3TUX YPABHEHUH MOKHO MOJMYUUTh CIE-
CTBHS, TIPOSCHSIONIAE HEKOTOPHIC XaPaKTEPUCTHKH (CBOWCTBA) MBUKCHUH MEXaHHUECKOM
CHCTEMBI. DTH CIICACTBUSA HA3bIBAIOTCA OOIIMMHU TeopeMamMu AuHaMuKH. K HUM oTHOCATCS:

1) Teopema 0 IBMIKEHUH LIEHTPA MACC MEXAHUUECKOU CUCTEMBI,

2) TeopeMa 00 H3MEHEHHUH KOJMYECTBA IBHIKCHHS,

3) Teopema 00 U3MEHEHUN KHHETUYECKOTO MOMEHTA,

4) TeopeMa 00 H3MEHEHUN KHHETHIECKON YHEPTHH.

14.3. Teopema o0 IBUKEHHH LIEHTPA MACC MEXAHUUYECKOi cucTeMsl. [Ipocymmupyem
nouwieHHo ypaBHeHus (14.1) mo BceM TOUKaM CHCTEMBI:

N N N
=V N 7@ 7 (e)
S (mya )= D I + D F. (14.2)
k=1 k=1 k=1
Tak kak BHYTPEHHHWE CHJIbI CYIIECTBYIOT MapaMH, KaKk CUJjia ICUCTBUSA U CUJla MPOTHBO-

— N _ .
JCHCTBHSL, TO [IIABHBI BEKTOP BCEX BHYTPEHHHX cul R ) = > Fk(’) =0.

k=1
[Ipeobpasyem neByto wacth ypaBHenus (14.2). Jlns storo dopmyny mns pamuyc-
N
2 (m7)
BEKTOpa IIEHTPa MacC MEXaHUYECKON CHCTEMBI 7~ :HT npoauddepeHnupyem 1o
d’ d*[ 1 X
BPEMCHH JBAXIBL ——To = ——| —- > (m7.) |. Pesynprar maddepenmmposanus npen-
dt -\ M o
N
CTaBUM BBIpaXKCHHEM Md,- = > (m,a, ), ucrons3ys KoTopoe ypasHeHue (14.2) 3anumem
k=1
B BUJIC
N _
Ma- =Y F9. (14.3)
k=1

VYpaBuenue (14.3) BHeNIHE MOX0KE HA BTOPOM 3aKOoH HBIOTOHA M BBIpa)KaeT TEOPEMY O
JIBMKECHUH IICHTPA Macc OOBIYHO (POPMYITHPYEMYIO TAK: YeHmp MACC MEXAHUYECKOT ClUC-
meMbl O8UICEMCSL KAK MAMEPUATILHAS MOYKA 8 KOMOPOIl COCPeOomodena Macca 6ceti Cuc-
meMbvl U K KOMOPOT NPUTLONCEHbL 6CE GHEULHUE CUTbL.

[TpuBeném mpumep, WILTIOCTPUPYIOIINI KaduecTBeHHbBIE 3(PDEKTHI, cieaytonme u3 Teo-
PEMBI O ABM)KEHUHU LIEHTPA Macc.

N3 mkonbHOTO Kypca PU3HKH XOPOIIO U3BECTHO, YTO TOUKA, OPOIICHHAS MO/ YTJIOM K
TOPHU30HTY, OyIeT ABUraThCs MO mapabdose (eciiu mpeHeOpedb COMPOTHBIICHHEM BO3/IyXa).
U3 ypaBuenus (14.3) cnemyer, 4To W LEHTP MAcC TMMHACTA TaKke OyJIET ABUTATHCA TIO
napaboJie, Korjaa ruMHacT, pa30ekaBIlIuch U MOAMPHITHY B, COBEPIIAET CaNbTO.

B pasButue 370t TeMbl IpUBEAEM HETYMaHHBIH, MUIUTApUCTCKUM npumep. Ecou Opo-
LIEHHAs IpaHaTa B30PBETCS B BO3JYyXE, TO, HECMOTPA HA TO, YTO OCKOJIKM OyAyT pasie-
TaThCA B Pa3HbI€ CTOPOHBI, LIEHTPA MAacC ITUX OCKOJIKOB MO—TIpeXHEMY OyIeT ABUraTbCs
0 TOM k€ mapadoJie, KaK eciu Obl pa3pbiBa TPaHATHI HE OBLIO.

PaccMoTprM HEKOTOpBIE YAaCTHBIE CIly4au PACCMOTPEHHON TEOPEMBI.

23



N
|. Ecnn rnaeubiii Bextop reex sremmnx cun k©) =Y F'¥ | pefictyrommx na mexa-
k=1
d-
i

HHYSCKYH) CHCTEMY, paBeH Hymo, To 13 (14 .3) cnenyer, uto a,- = =0, oTkyna nocne
{ J

HHTErPHPOBAHHA MOIYYAEM U = % =C,
pa3s, HaxoaHM T‘E-:Eﬁ-“r+azﬁml+r‘h,, T.€. LUEHTP MAce CHCTEME Oyaer COBEpluATE
NPAMOJIHHEHHOE PABHOMEPHOE ABHKEHHME (HJIH HAXOAHTHLCA B COCTOAHMM MOKOS, €CIH
Ucp =0).

2. Ecnu rnaeHepiil BEKTOP BHELIHHX CHJ1 HE PABEH HYJIIO, HO PABHA HYIIO €r0 NPOeKUMA
Ha Kakoe—mHOO HampapIeHHe, HAaNPHMED, HANPABIeHHe ocH (JX | TO M3 NPOEKIIHH YPaRHe-

U . HaTErpHpYA NOCTEnHEe YpaBHEHHE elé

N :
Hua  (143) wa oce Ox M %:—* =2 F,=0 cnenyer X =%f =C| = ey,
k=1

Yoo = Xl + Uy = Xpgl + X0 . B 9TOM cyuae koOpaMHaTa X UEHTPA MAace CHCTEMBI H3ME-
HASTCA PABHOMEPHO (HITH COXPAHAET HEHIMEHHOE JHAYEHHE Xy TIPH X =0),

Mpumep. Ha pucyrre 14.2 nokasaHa MexaHH4eCKan CHo-
TeME, COCTOALIAA M3 HETBIPEX 3BEHBEB, HAXONALLAACH B Ha- 2
HAMLHEIH MOMEHT BPEMEHH B NOKOE.

OnpenenuTs Ha CKOALKD W B KaKyI) CTOPOHY MEPEMEC-

THTCA MpH3IMa 3, ECIH, INIYCKAACE N .EEEE-TEH’EM CHIIEBI TH= 3“&,,
WJECTH, NEPROE 3BEHD NEPEMECTHTRECA BHHI HA .Ilil'lI f [

- - - m. g
Maccoii vt 1 dnoka 4 npenebpeds. Macchl ooTansHbX 3gl T
s

N
3BEHLED PABHBI COOTBETCTBEHHO My, My, My, Kosdduument 0,
- “ LI FECEEE e
TPEHHA MEWIY IBEHOM 3 N OMOPHOH NIQCKOCTREHY PABEH HY - X

JIHD.
Pewenuwe. BHewHHMH cHnaMi, AeilcTeyHOWHMMH  HA Puc. 14.2

PACCMATPHBAEMYH) CHCTEMY, ABIAKTCA CHIIbl THARCTH MNE , M,F . #LE W PeakuHd N rnankoii onoproii
nnockocTH. ClienosarensHo, TeopeMa o JBHAEHHH LEHTPA Macc, B NPOEKUHH Ha ocb (v, B JaHHoil 3a-

dulf'l.
T 0, oTkyna caeayer

na4ue umeet sug M

Mu, =C,. (14 4)
Urobel BLMNCAHTE NPONIBOALHY Y NTOCTOSHHYIO WHTerpupoBanna () zanwmem ypaenenne (14.4) B

HauaibHelll mosmedt epemenn: 0= [losromy ypassenane (14.4) MokHO nependcate B BHOE

M% =1{), orkvaa cnenyer Mx,- =y, HIN,
WX+ Xy + gy =y {14.5)
rjie X, — KOOPIHHATA ¥ LEHTPA THHECTH | —T0 3BeHA.
Vpaenenwe (14.5) cnpapennneo B MOOOM NONOHKEHHH CHCTEME!, JaMHUIEM €M) B JBYVX YACTHEX T0-
JGEEHHAK, HAMANBHOM
Xy + My X + iyXy, = ) {14.6)
H EOHEYHOM
i (Xy + 83 )+ iy (g + 83+ By} (X +85) =0 (14.7)

(=]
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3mecp s; — MepeMelleHne MPU3MBI 3, AT KOTOPOro ObIIO CHENAHO MPEATIONOKEHHe, YTO OHO IIPOo-

H30IIO B MOJIOKUTENILHOM HAINPABJICHUH OCH X .

Ipassie uactu ypasHenuii (14.6) u (14.7) pasubl. Torna, NpupaBHSB JICBbIE YaCTH STUX yPABHEHHUI,
VS myh
HAWOEM §; = ————————.
my +ny +my

3HaK MHMHYC YKa3bIBa€T Ha TO, YTO Ha CaMOM [ieJie NMpU3Ma NEePEMECTUTCS BJIEBO, IIPOTHBOIIOIOKHO
paHee CAETaHHOMY MPEITIONOKEHUIO.

mh
OTBeT: §3=—— 21—
ny +m, + 11y

Teopezna 00 U3MeHeHUuU KOJIUYecmea OBUNCeHUA

14.4. KosinyecTBO IBH:KEHUS] TOUKH M CUCTeMbl. Koiuyecmeom 0GuCeHUs Mamepu-
AnbHOU MOYKU HAZBIBACTNCSL BEKMOP, PAGHbBLI NPOUEEOEHUIO MACCHL MOYKU HA GEKMOp €é
cropocmu

g=mv. (14.8)

Konuvecmeom osudcenuss Mexanuyeckoil cucmemvl HA3bIGAemMcs 6eKMOPHAsL CYMMA

KOJIUYECME OBUNCEHUSL 6CEX MOYEK CUCTEeMbl

N N
O=2q=2.(mb). (14.9)
k=1 k=1
KonmuuecTBo ABMIKEHHS CHCTEMBI MOXKHO BBIPA3UTh UePE3 MAcCy BCEW CHCTEMBI U CKO-
pocTh neHTpa Macc. M3 gopmyiisl paguyc-BeKTopa 7~ IEHTPA MacC MEXaHWYECKOW CHCTeE-

N
> (my7) N
Mbl T = % cnepyer Y. (my7,) =Mi. . ponuddepenuupyem no BpeMeHH 00€
k=1
N d N
HACTH TIOCIEHETO COOTHOMERHA — > (m7,) =EMFC, wwm Y (m,0,)=M0e-. Torma
[ k=1 k=1
u3 onpenenenus (14.9) momyuaem B
0 =Mt (14.10)

[Tpu HEOOXOAMMOCTH MOKHO HAWTH MPOEKLMHU HA AEKAPTOBBI OCH KOOPAMHAT KOJIUYe-
CTBA [BHXEHHUS TOUKM ¢, =mX, ¢, =my, ¢, =mZ W KOIMYECTBA ABWIKCHHS CHCTEMbI

Oy = 2 my¥y = M, Qy =2 MV =My, O, =2 mz =Mzc.

B (1)I/I3I/IKG KOJIMYCCTBO ABHIKCHUA TOUKHW HA3bIBAIOT UMITYJIbCOM TOYKH.
KI'-M

Pa3smepHOCTh KONMUECTBA JABUKEHUSA — =H-c.

C

14.5. UMnyabc cuiIbl. DieMeHmapuviM UMnYIbCOM CUTbl HA3LIBACMCSL NPOU3EE0eHUE
eekmopa cunvl F na snevenmapnuiii npomexcymox spemenu dt
dS(F)=Fdt . (14.11)
Hmnynscom cunet I, Oeticmeytoweti € meuenue npomMelcymska epemen [, Hazul6aem-
Csl 6eKmop
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T
S(F)=[Fdr . (14.12)
0
MoOXHO BBIUHMCIUTH OPpOCKIMK HAa OCH KOOPAHMHAT JSJACMCHTAPHOIO HMIIYJIbCa

t t
dS,=F.dt, dS,=F,dt, dS, =F,dl 1 T0IHOro UMIyJIbCa CHIIBL S, = Idet, Sy = IFydt,
0 0
t
S, =[F,dt.
0

14.6. Teopema 00 H3MeHEeHHH KOJIMYECTBA JABHKEHHS TOUKH. BbIBEeM ypaBHEHHE,
KOTOPOMY TOYHHSIETCS W3MEHEHHE KOJMMYECTBA JABWIKCHUSA TOYKH. JJIa 3TOrO BTOpOH 3a-

do —
kOoH HproTOHA 3anuiuemM B BUAE M 76 = [/ WM, TaK Kak Macca TOYKU ITOCTOSHHA,
t

dimv) dq =
ame) 49 (14.13)
dt dt
Vpasuenne (14.13) Beipaxkaer TeopeMy 00 U3MEHEHHUS KOJIMYECTBA ABM)KEHHS TOUKH B
middepeHIraANBEHON HOPME: NPOU3EO0Hds NO BPEMEH O GeKMOPA KOIUYECEd O8UNCe-

HUSL MOYKU PABHA pABHOOCUCMEYIoujeil 6cex Cuil, OeticmEyIomux Ha MamepuaIbHylo moy-
K.

d
B npoexuusix Ha ocu KOOpAUHAT djtx = I Ay _ F 94 =F

a7V AT
YmuOkUB 00€ uactu ypasHeHus (14.13) Ha df , ero MOXHO Tiepenucarb B Ipyroi ¢op-
Me
d(mv) =dq = Fdt . (14.14)
Jlugpgpepenyuan konuvecmsa o8udicenuss MOYKU PageH 21eMeHMAPHOMY UMNYIbCY pPaG-
HoOeticmaylouyeti 6cex cuil, OetiCmayIouuUx Ha MamepuaibHylo mouxy.
B mpoekuusix Ha OCH KOOPAMHAT MONy4aeM dq, = Fdt, dq, = Fdt, dq, = I dt.

D t
[Tpounrerpupyem 06e uactu ypasHenus (14.14): fd (mv)= fF dt , v
Dy 0
mo —mvy=S(F). (14.15)
VYpasuenue (14.15) Beipaxkaer TeopeMy 00 M3MEHEHUHN KOJIMYECTBA JABVIKEHUS TOUKH B
WHTETPAIbHON (hopMe: uzmenenue Koauuecmsa O8UNCEeHUsl MOYKU 3d NPOMEICYMOK 8pe-
menu om 0 00 t pasHo NOJIHOMY UMNYILCY PAGHOOCUCMBYIOWel 6cex Cul, OeUCm8YIouux
HA MOYKY 3d MOM Jice NPOMENCYMOK BPEMEHU.
B npoekuusx Ha AeKapTOBBI OCH KOOPAUHAT
mx—miy, =S, my—my,=S,, mz—mz, =S,.

14.7. Teopema 06 W3MeHEHIH KOJUYECTBA IBHKEHHsI CHCTeMbI. BbiBeieM ypaBHe-
HUE, KOTOPOMY TIOJUHHSCTCS N3MEHEHUE KOJIMUECTBA ABMKECHUSI MEXAHHIECKOW CHCTEMBI.
Jlnst 3TOTO TEOpeMy O JABM)KEHHH IIEHTPA MAaCC MEXaHMYECKON CHCTEMBbI MEPEIHUIIEM B BH-
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N

ae M d%z ZFk(e) , WIM, ¢ Yy4€TOM TIOCTOSHCTBA Macchl A CHCTEMBI,
k=1
d(Mo,) ¥ —
il Sl SV Z Fe)
= AN /) 1
dt k=1
——
40 _ SFC. (14.16)
dt 5
3nech Q = MU — KONMYECTBO NBWKEHHWA MEXAHWYECKOW CHCTEMBbI (cM. (opmyiy
(14.10)).

VYpaBuenue (14.16) Beipaxkaer TeopeMy 00 W3MEHEHWH KOJIWYECTBA BMKCHUS MeEXa-
HUYecKol cuctemsl B auddepeHuuanbHoi hopMme: npouseoonas no epemeni om Koauye-
CMBa OBUIICEHUSL CUCEMbL PABHA GEKMOPHOT CYMME 6CeX GHEULHUX CUIL, OClICMEYIOUUX HA
cucmemy.

[1pu pemenun 3aaau ypasaenue (14.16) 3anuchiBalOT B MPOCKIUAX HA OCH KOOPIMHAT:
de N de N dQ N

=X =NF, ., ——=> I, ,—=2=>F_. 14.17
dt kZ::l Yt kZ::1 Y kZ::l “ : )

Eciu ymHOXUTHh 00 yactu ypaBHenus (14.16) Ha df, To maHHYIO TEOPEMY MOXKHO 3a-
THCaTh U B IPYroit popme

N N
dO =S F dt = dS(EF?). (14.18)
k=1 k=1
Jughgpepenyuan xonuuecmsa 08udxiceHUs: cucmemvl paBeH CyMMe JIeMEHMAPHBIX UM-
NYIbCOB BCEX BHEULHUX CUTL, OCTICMBYIOWUX HA CUCTEM).
Hurerpupyst 06e wactu ypasaenus (14.18) moyuaem

o  tN _ NI _
[dO =[>F¥dt =Y [Fdt =
Q) 0k=1 k=lo

. N _
0 -0y =Y S(FH?) (14.19)
k=l

VYpaBuenue (14.19) Boipaxkaer TeopeMy 00 M3MEHEHWHM KOJMYECTBA JBHKCHUS MEXa-
HUYECKOMW CHCTEMBI B MHTETPAIBHON (hopMe: uzmeneHue Konuuecmeada OBUICeHUs: CUCTEeMbl
DPABGHO CYMME UMNYTILCOB GCEX BHEULHUX CUI.

B nmpoeknusx Ha 0OCH KOOPIWHAT UMEEM

N . N . N _
O, = 0pr = 28, (F), 0, =00, = 2 S,(F), 0. =0, = 3. S (FL).
k=1 k=1 k=1

Ipumep. 13 OBITOBOH MPAKTUKHI XOPOILIO U3BECTHO, YTO €CIIN U3 TPYObI, H30THYTOH MO HEKOTOPBIM
VIJIOM, BBITEKAeT MoA HarmopoM Boaa (puc. 14.3), To Ha TpyOy HauMHaeT AEHCTBOBATH CUJIA, HATIPABJICH-
Hasl IPOTUBOMOJIOKHO CKOPOCTH UCTEUEHHS BOBL

Haliném 3aBHCUMOCTB 3TOH CHJIBI OT CKOPOCTH UCTEUEHUS BOABI U APYTUX NapaMeTpOB.

IlycTe TpyOa, M30THYTast MOA HPSIMBIM YTJIOM, HETIOABIDKHA U IO HEeH TEYET BOZXA CO CKOPOCTBIO U
(bynmem cumrarh, YTO CKOPOCTH BCEX YACTHUI] ONUHAKOBHI). B IpOM3BONBHBIN MOMEHT BpeMEHH ! BbIne-
JUM HEKOTOpbIH 00BéM xunkoctn ABCD (Ha pucyHke 14.3 oH BbiieneH cepbiM (pOHOM) u Oyaem crie-
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IIUTh 34 €ro MepeMeIeHHeM. 3a CKOJIb YIOHO MaJiblil TIPOMEXKYTOK BPEMEHH df CeveHMs )KUIKOCTU AB

u CD nepemectsiTes Ha paccrosinue dl = vdf w 3aiimyT nonoxenuss A'B" u C'D' cOOTBETCTBEHHO.
ToncurraeM M3MEHEHUE MPOEKIIMH KOJNMYECTBA JIBHIKE-

HUSI JKUOKOCTH Ha ochb OX 3a YKa3aHHBII MPOMEXKYTOK Bpe- C

mvenu df . JIns gactun B 00béme A'B'CD KonuuecTBo ABU- :
JKEHUsI B TIPOEKUUK Ha 0Cb OX He M3MEHWIOCh. IIPOH301mIio %) I
I
yBenudeHne (), JUIOIbL HA KOJUYECTBO MBIIKEHHsI YaCTHUL I
r
skupkocTH B 00véme CC'D'D | T.e. D D
dQ, =m0 = pSdlv = pSv’dt,
The Moy — Macca dacThll xuakoctu B 00séme CC'DD, 01 —fo—:
p — IJIOTHOCTh JKUIKOCTH, S — IUIOIIaAb MOMEPEUHOro ce- :d ! A
do
geHus TpyOslL Tornma, (;x = pSv’. B A
{
C 14.17 Q. _ 3 F_.C
orjacHo ypasHeHusiM (14.17) —lfz e - Cnenosa- Puc. 14.3
k=1

TEJIbHO, MpoeKuust Ha och (X TJIABHOTO BEKTOpA CHJ JEHCTBYIONIIMX CO CTOPOHBI CTEHOK TPYyOBI
R, = pv*S . Tlo Tpetbemy 3akoHy HbIOTOHA YaCTHIbI KMIKOCTH NEHCTBYIOT HA CTEHKH TPyOBI B IIPOTH-

BOIOJIOXKHOM HaNpaBJIEHUH C TAKOH e 110 MO JIF0 CUJIOMN.

14.8. 3aKkoHbI coXpaHeHUs] KOJIMYeCTBA JBHKeHUs] MeXaHU4ecKoil cucrtembl. Pac-
CMOTPUM TeOpeMY 00 U3MEHEHUH KOJIMYECTBA ABMIKEHHS CUCTEMBI B HEKOTOPBIX YaCTHBIX
Cllyuasx.

N
1) IycThb TIaBHBINA BEKTOP BCEX BHELIHUX CHJI PaBeH HYMO: R @ - 217,((6) =0. Torma
k=1
u3 ypaBHenusa (14.16) ciemyer, 4TO KOJMYECTBO JBMIKCHHS CUCTEMbl HE MEHSETCA,
O =C =const . B ckanapHo#i (GopMe 3TO BEKTOPHOE PaBEHCTBO SKBHBAICHTHO TPEM CKa-
mipusim O, =Cy, O, =C,, O, =C5
2) MOKET CIIyYuThCA, UTO TJIABHBIM BEKTOP BHEIIHWX CHJI OTJIMUYEH OT HYJIA, HO paBHA

HYJIIO €T0 TPOEKIMA HAa HEKOTOPOE HampasJieHWe, HanpuMep HampasieHue ocu Ox . To-
rna, Kak cinenyet u3 paBeHcTs (14.17), O, = const

Teope}ml 00 U3MeHeHUU KUHeMUUeCcK020 MOMEHmMA

14.9. MoMeHT KoIM4YecTBa ABHKeHHS TOYKH. KnHeTHnyeckuii MOMEHT MexaHuyve-
CKOii CHCTEeMBI. Momenmom Konudecmsa OBUICeHUs. MOYKY OMHOCUMENbHO yenmpa O
HA3bIBACMCSl EKMOPHOE NPOU3EEOeHIe PAOUYC-GEKMOPd MOYKU, NPOGEOEHHO20 U3 DIN020
yeumpd, Ha KOIUYECMB0 OBUICEHUS MOUKL:

ko =Fxq=Fxmv. (14.20)

BekTop MOMeHTa KOJIMYeCcTBa ABMKEHHS TOUKH CTPOAT B Touke O (puc. 14.4).

U3 ¢opmyssl BEIUKACICHUS BEKTOPHOTO MPOW3BEACHHUS YepPe3 KOOPAWHATHI IEPEMHO-
JKAEMBIX BEKTOPOB
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ik
o=Fxmb=|x y z|=i(ymz—zmp)+ j(zmx—xmz)+k(xmy— ymx)
mx my mzZ
CJIEIYET, YTO MPOCKIMU BEKTOPA MOMEHTA KOJIMYECTBA ABMIKEHHUS HA OCH KOOPAMWHAT BhI-
YHUCIISIOTCS 1O hopMyJiaMm
ke =m(yz—zy), k, =m(zX - x2), k, = m(xy — yx). (14.21)
Kak cenyer u3 onpenencuus (14.20), equanna n3MepeHUss MOMEHTA KOJIMYESCTBA JIBU-
sxenusa B CH — KF-Mz/C

Kunemuueckum MOMEHMOM MeXAHUYECKOL CUCmeMbl
omuocumenvro yeumpa O Hazvleaemcsi eé 2nagHulii Mo-
MEHM KOMUYECME OBUIICEHUSI OMHOCUMENLHO MO20 Jice
yeumpa.

_ N_ N
Ko =2 kor = 2. (B xm ;) (14.22)
k=1 k=1

(He cremyer 3aech MyTaTh WHIEKC CYMMHPOBaHHSA k C
BEKTOPOM MOMEHTA KOJIMYECTBA ABMXKCHUS K ).

C yuérom (14.21) 3anuimem GhopmMymsl A TPOEKIIHA Puc. 14.4
KHHETHYECKOIO MOMEHTA CUCTEMBI Ha OCH KOOPpAUHAT:
N N N
k=1 k=1 k=1

[ToHsATHE KMHETHYECKOTO MOMEHTA HMCIIONB3YETCs TIPU MCCIAEAOBAHUN TUHAMUKA Bpa-
IATEIbHOTO ABMIKEHUS MEXaHWYECKOM CHCTe-
MBI OTHOCHTEIIPHO TIEHTPA, THOO0 OTHOCHTEIHLHO -

ocu. Hampumep, mianera BpamaeTcss BOKPYT Z
ComnH1ia, KOJIecO BpaIaeTcsi BOKPYT OCH.
.

7
S0

3

14.10. IIpoexkuuss KHHETHYECKOT0 MOMEH-
Ta TBEPAOr0o Tejla HA HEMOABHIKHYIO OCh
BpaIeHus 3Toro tejaa. Paccmorpum TBepaoe
TEJNO, BPAIMAIOMICECS BOKPYT HEMOABUIKHON
ocu Oz ¢ yIIIOBOW CKOPOCTBIO @ , M BBIUMCIIAM
IPOEKLUI0 KHUHETUYECKOTO MOMEHTAa Ha OCb
BpaieHus (puc. 14.4).

Boigenum B TBEPAOM Tese MPOU3BOJIBHYIO
Touky A, Mmaccel m, . E€ monoxenue onpene-

UM PaMyCc-BEKTOPOM 7, =ix;, + Jjy; +kz, ¢

X

HayanoM B 1ieHTpe () Ha ocu BpameHus. [Ipo-

Puc. 144
CKIIUd MOMCHTA KOJIHYCCTBA JIBHIKCHHA kO

yKa3aHHOW TOYKH Ha ock Oz, cornmacHo (14.21)
ky =m (X Ve = Vi) -
[To ¢popmyne Diinepa
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T
~.

k
_kza_)XI—";cz 0 0 wzzl(_a)zyk)+j(a)zxk)'
Xk Ve Zk
CrnenoBaTenbHO, IPOSKIIMU BEKTOPA CKOPOCTH TOUKH HA ocu Ox ¥ (Jy BBIYUCIAIOTCA MO
dopmynam X = Uy =-@, ), Vi = Uy, = @,X; . Torna
k; =my [xk (@.X;) = i (_a)zyk)] = o,m (x; + ;). (14.24)
['eoMeTpUUIecKuii CMBICT BETUUHHBI (x,% + y]f) — KBaJpaT PAcCTOSHUS OT TOUKH A, 10
ocu Bpamienus Oz : R,f = x,% + y,%.
[Tpocymmuposas Beipakenns (14.24) mo Bcem TOUKaM, MOJTyIUM

N N N
K, = Za)zmkR,f = a)ZkaR,f =w,J,, Tae BenuuuHA J, = kaR,f — MOMEHT HHEp-
k=1 k=1 k=1
MY Tejla OTHOCUTENbHO ock Oz . OKOHUYATEIBHO UMEEM
Ka=Jdm. (14.25)

3Hak BeJIMYKHBL K, ONpeaessaeTcs 3HaKOM IPOEKLUHU YITIOBOM CKOPOCTH @), .

3ameuanne. Crenyer oOpaTuTh BHUMAaHUE, YTO B JAHHON MEXAHUYECKOM CHCTEME BEKTOP KHHETUYE-
CKOTO MOMeHTa oTHOcHTeNbHO nentpa O K, =K i +K yj+KZl; . HE HAIPaBJICH 110 OCH BPAIIEHUs Te-
na. Tpoexiuu kuHeTHYECKOro MomeHTa Ha ocu Ox u Oy, kak OyIeT T0Ka3aHO HUKE, BBIYUCISIIOTCS B
paccmarpuBaemoit 3anaue no popmynam: K, =—J, 0., K, =—J, 0. . N muusb B cnyqae ecmm oce Oz —
IJ1aBHasl OCb HUHEPLIUH, TO Jyz =J,. =0 u, cnenosarensHo, K, = Ky =0, Eo = Kzl; U BEKTOp ]?O OKa-

JKETCs] HATIPABJICHHBIM BIOJb OCH BpalleHHs. B 3TOM 4acTHOM ciiy4ae s BEKTOpa KMHETUYECKOrO MO-
MeHTa Oyaer crnipaBeminBoii popmyna

K,=Jo. (14.26)

14.11. Teopema 00 W3MeHEeHHH MOMEHTA KOJUYECTBA JBHKEHHSI MATEPHAJIBHOI
TOYKH. MOMEHT KOJTUYECTBA ABMIKEHHUS TOUKH BEJIMYMHA MEPEMEHHAsA, YTO BBITCKACT W3

onpenenenus k, =7(t)xmo(t). BeiBenem ypaBHEHHE, KOTOPOMY MOAYMHAETCS M3MEHE-
HHE BEKTOPa k() , JUIsl 4ETO BBIYMCIMM MPOU3BO/HYIO MO Bpemenn dk,, /dt -

o _ 4 Gump)= T xmo+Fx 20 pom 1 Fx F =04 FxF =M, (F).
e dt dt dt
Taxkum 06pa3oM, IOy YHITH ~
%:Mo(ﬁ) (14.27)

Vpasuenne (14.27) BeipaxkaeT TeopeMy 00 M3MEHEHHH MOMEHTA KOJIMYECTBA JBHIKE-
HUS MaTEpUANBHON TOUKH: NPOU3EOOHAs NO 8PeMenl OM MOMEHMA KOAUYecmea Osuice-
HUSL MOYKYU OMHOCUMETILHO HEN008UICHO20 yenmpa O pasHa 8eKMOPHOMY MOMEHMY pas-
HOOelCmEyloujeti Cilibl OMHOCUmMeNbHo moeo dce yenmpa O .

B npoekuusax Ha AeKapTOBbl OCU KOOPAUHAT

dk,
dt

dk =
—L=M,(F). 14.28
~E=M.(F) (14.28)

_ dk _
=M. (I), 7;=My(F),
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14.12. Teopema 00 u3MeHEHNH KHHETHYECKOT0 MOMEHTA MEXaHHYECKOIi CHCTEMBbI.
PaccMOTpuM MEXaHHUYECKYIO CHCTEMY, COCTOAIIYIO M3 N MarepuajabHBIX TOYCK, U AJd
Ka)XJI0M W3 HUX 3alUlleM TeopeMy 00 U3MEHEHUU MOMEHTA KOJIMYECTBA JBUIKEHHS OTHO-
CUTEIHLHO HETIOABUKHOTO TieHTpa O :

%(Fk xm0y) =T x O + i x EP (k=1,2,..,N). (14.29)

3nech Fk(e) — PaBHOAEHCTBYIOIIAA BCEX BHEIIHHX, a Fk(’) — PaBHOJEHCTBYIOIIAA BCEX

BHYTPESHHHUX CHJI JICHCTBYIOIIMX HA K — FO TOUKY.
[Tpocymmupyem paBenctsa (14.29) mo Bcem Toukam
N N N
Zi(fk xm) =Y T x O + Y R x BY.
kzldt k=1 k=1
[Tpoananu3upyeM MOyUeHHOE ypaBHEHHE. B JIeBOM €ro 4acTu CTOMT NPOU3BOAHAS TIO
BPEMEHH OT KHMHETHYECKOTO MOMEHTAa MEXAHWYECCKOW CHCTEMBI BBIYMCICHHOTO OTHOCH-

TEJLHO HETIOIBUYKHOTO IIeHTpa 0. JIefCTBUTEIBHO,
Nod _ _ d X _ _ d — .

> — (B xmO ) =— > (B, xm0y ) = EKO' [TepBoe ciaraemMoe B MpaBOil YacTH €CTh
k=101 1 k=1 4

N o _ N _ _

TIABHBIH MOMEHT BCEX BHEITHHX CHI. 3.7 x F\@ = 3 M (F?)=T% . Bropoe cnarae-
k=1 k=1

MOE B MPABOM YaCTH PABHO HYJIO MO CBOMCTBY BHYTPEHHMX CHIl. [103TOMy ypaBHEHHe

MOKHO 3aIucCaThb B BUAC

Ak, Y _ _
0 _ (e)

=2 Mo(F) (14.30)

dt o
1 BHIPAXKAET OHO TEOPEMY 00 H3MEHEHMH KHHETHUECKOrO MOMEHTA MEXAHMUECKON CHCTE-
MBI 1POU3GOOHAS. NO GPEMEHU OM KUHEMUYECKO20 MOMEHMA OMHOCUMELbHO HENOOGUNC-
no2o yenmpa O pasna 21a6HOMY MOMECHINY GHEULHUX CUTL OMHOCUMETbHO MO20 JCe YeH-
mpa O .
B npoekimax Ha OCH KOOPIMHAT
K. N . dK, N _ . gk N _
X _ (e) Y _ (e) zZ _ (@
=>M (1), — —ZMy(Fk ), —Z=> M, (F). (14.31)
a5 dt 5 2

14.13. 3akoHbI cOXpaHeHHS] KHHETHYECKOro MomeHTa. 1. Eciu riaBHbIT MOMEHT

N — —
BHEIIHKUX CHJI PaBEH HYJIIO, Z(Oe ) =SM O(Fk(e)) =0, To u3 ypaeHenus (14.30) cnenyer,
k=1

YTO BCKTOP KHHCTHYCCKOTO MOMCHTA HC MCHACTCA KO = const .

OTO BEKTOPHOE PABEHCTBO SKBUBAJICHTHO TPEM CKAJIIPHBIM
K,=C, K, =0, K, =C5. (14.32)

Mpumep. PaccmoTpum OBIKEHHE TUIAHETHI (HATIPUMED, 3€MIIs) MOL

Z[eﬁCTBHeM CUJIbI I'paBUTALIUU G K CO.]'IHL[y, cyuTass €ro HEenoABHU KHBIM
(puc. 14.5) u npeHeOperas NPUTSHKEHUEM IPYTHX TUIaHET. B 3ToM ciydae Puc. 14.5
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MOMEHT CHIBI MpHTEAEHHs OTHOCHTensHo uentpa (0 M (G)=F =0 =0 Tax kax nepeMHOKaeMbie
BEKTOPB] KOMIHHEAPHB! H, CIEI0BATENbHD, HMEET MECTO TOMBRO MTO PACCMOTPEHHLIA JaK0H COXPEHEHHA
KHHETHHECKOTO MOMEHTA, YV pasHenda (14 32), ¢ yuérom (14.21), 3anvimeM B Bune
mipE-ziN=C,, mok—x2)=0C,, mixp—yi)=0C,.
Ecnn nepeoe 03 nonyYeHHBIX VPAaBHEHHI YMHOMEHTE HA X, BTOPOE HA ) M TPETBE HA I M NOCOE 3To-
ro NMOYJIEHHO CAOKHTE, TO NPHAEM K coorTHOwesHH 0= x+C,y+(0, 13 KOTOPOTo CHemyer, 4To

ABHARCHHE TMITAHETEI E-}’.L'I.ET NpoHCKOOHTL B HEMOIBEHMHON MIOCKOCTH npuxummaﬁ Hepes Conaue.

2. MoskeT cnyuHTLCS, YTO INIABHBIH MOMEHT BHEIITHHX CHJI OTHOCHTENBHO HeHTpa () He
PABEH HYIIO, HO PABHA HYIIO €rg NPOSKUMA HA OAHO M3 HANPABISHHIE, HANPHMED, HA-
npasnenne ocu (Jz. Torna ui (14.31) cneayer, uto K, = consi .

Mpumep. Crampi JHyKOBCKOID NPEACTABIAST QHCK, KOTOPBU AOCTATOMHO NErKO MOMET BPALLaTHCA
BOKDYT HEMOAEWAHON BepTHKANEHON ocu (ocn Oz wa pucynxe 14.6), Hocnenosatens BCTAST HA OHCK,
Pa3BOONT PYKH B CTOPOHBL M eMY CODDLIAETCA YIMIOEAA CROPOCTE &, . 3aTeM HCCTeNOBaTeNk: PYKH Omyc-
KaeT, MAKCHMATLHO MPH#HMER ux K Tyaosumy. [lpn 3toM yrnosas cko-
pOCTL BpalMennsa @ 3aMeTHO BospacTaeT, @ =@, . Heolxomnumo obuac-
HHTE AaHHEI 3fderT,

Pewenne. Brewnns cunamy, AeHCTBYROWHE HA CHOTEMY HCCHE-
NOBATENE—HCK, ABAIOTCA CHAB THAMKECTH W peakuns K, NOANATHHEA
(). MomeHT Ka#noil 13 YKaZaHHBX CHI OTHOCHTENRHO ocH (Jo panew
Hy 0. CnefosaTensHo, HMeeT MeCcTo 3aKoH coxpanenna K. = (.

[Mo dopuyne (14.25), ana TeEPLOro T4, BPALLAKIWIEIOCA BOKPYT
HEMOARAHOH ocH ()z, MpoekuWa KHHETHYECKOTD MOMEHTA HA OChk
BpALEHHA PABHA NMPOHIBEISHHID OCEBOID MOMEHTA WHEPLHH HA Yrio-
BYED CKOPOCTE Bpawerns: K. =J @, B HauaibHOM NONOKEHHH, KOrIa
PYEH PAIRSICHB B CTOPOHEL, MOMEHT WHEDIHH, 0003HAYHM Ero -l'r._..:,..

MakcHMamen. Korna e pyen npusaTsl © TYIORHILY, TO MOMEHT HHEp-
uun JS. munamanen. [Mo sakony coxpanennn J_yo, = @ oTkyna

[ = J:l." - I"'I-:Iil -
CHENYET &, =09 ~F% > .o, TAK Kitk —5 >

14.14. [Indpdepenunaasnoe ypasHeHne BPALLATEILHOND ABHKEHHS TBEPIOro Tena
BOKPYI HeNOABHAHON ocH. Kak M3BECTHO M3 KHHEMATHKH, NOJ0KEHHE TBEPIOrD Tena
NpH ero BPaATEe/IbHOM [ABMKEHHH BOKPYT HENOABHIKHON OCH onpenensercs OLHOH Ko-
OpIHHATOH — YIJIOM NOBOPOTA ¢ BOKPYT 3TOi ocH (puc. 14.7).

[Ipy BpameHHH Tena noja ACHCTBHEM CHI H MOMEHTOB YIOMI x
MOBOPOTA MEHACTCH. B = g A

KakoMy ypaBHEeHHIO (KaKOMY 3aKOHY) NOIYHHASTCA HW3Me- R,
HeHHe yrna nosopoTa’

Jlna BEIBOAA TAKOTO YPABHEHHMA BOCTIONB3IVEMCA TEOPEMOi
00 H3IMEHEHHH KHMHETHUYECKOrD MOMEHTA CHCTEMBI B TIPOEKIIHH

i 3
dK; _ S M_(F'"). Jina teép-
=

Ha OCh BpaweHus CJz (14.31):

A0TO Tela, BPAlaioierocs BOKPYT HEMOABHAKHON OCH Bpaliie-
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HHA, KHHETHUECKHI MOMEHT B MPOEKIMH Ha 3Ty ock K, =.J_@., roe oceBoii MOMEHT
HHepuuH /. = const . Toraa ykasanuylo BelllIE TEOPEMY MOMKHO 3AIHCATE B BHIE

N
J.p=3 M (F). (14.33)
k=1

Ypaenenne (14.33) ecTh vpaBHEHHE BPALIATEIBHOID JBHKCHHA TBEPAOTO TEAa BOKPYT
HEMOABHAHOH OCH.

Mpumep. OnHoponHEE ANCK MAcCkl M =4 KT | panuy-
ca r=02m momer cpolonHo (B3 TPEHHA) BPALIATECA BO-

KEpyr HenogemkHoi ocn Oz coenagamowmeil © OCkHY CHM-
MmeTpui oucka (puc. 14.8) K ppawaroimemycs ¢ vrnoBoi

CKOPOCTBI0 @, =2¢ IHCKY MPHKIAALIBAIOT Napy cHI C

momentom A =017 Hm .

Hafith  EHHEMATHMECKOE — YPABHEHHE  OBHHEHHH Puc. 14.8
@=al1).

Maccoii pana, yaepxusaiwero quck, npexedpeds. B HAMANBHOM MOUIOMKEHHH YION NOBOPOTA JHCKA
NPHHATE PABHLIM HY I,

Pewenne. PaccmoTpuy BPAILATENEHOE NBHKCHHE TBEPLOND TENA THCK—BAN M YK&KEM DSHCTBHE HA
HETD BHELIHHX CHI H MOMEHTOR, Napa CHA ¢ MOMEHTOM ﬂr"f: . CHNA TAMECTH MT , PEAKLIHA II_E_.| MeauHnm-

uuka A W peakumns K, nonwunHnka B . Moment kasnoii w3 cun mZ , K, R, ornocurensHo ocu ()2
mr’
pasen Hy0, CleloBaTentHo, ¢ YUETOM TOMD, 4TO A8 AHCKA MOMEHT HHepUHn J. = = middepenun-

aneHoe ypasaenne (14.33) ppallaTensHOrD OEHMEHHA TREPAOND BOKPYT HENOIEWKHOR OCH B HaHHO 33-
H

mr" .. = =

JAUe MOXKHO SANHCATE B BHOE T.;-::r—M:. IMocne NOACTAHOBKH YHCOOBBIX IHAMEHHMI M COKPALLEHMH,

nonyunM ¢ = 125¢
CreayrmuM WarosM E PelieHiy 33044l ABIAETCH HHTErPHPOEAHE nonyueHHoro anddepenunane-

i H
HOMO Y PABHEHHA: ?z 125 = do=125tdt = J-ufa: = II,IS;dHr:] = @= ],25?4{‘, =
t

dip 1 L 15 o g _
= |,25?+:f1 = a'gcr—{l,25?+{ i = Idgﬂ - j'{l,25?+r et +C, =

3

@=1255+Ct+C,
6
Ir: r"-
Januenm cOOTHOLIEHHA o = LESE— +O,ow o@= l.25~5—- FOF 4O, B HAMANBHOM NONOKEHHH TEEPIO-
2=040C,
0=0+0+C,.

CnenoBaTensHo, NPOHIBOIEHEE NOCTOAHHEE HHTETPHPORAHHA HMEKT IHAYEHHSA {"1 =72 {'2 =0 uyron
P
NOBOPOTA IHCKA HIMEHAETCA MO JAKOHY ¢ = ],25:5— 21

o Teal {

14.15. Kunern4ecknii MOMEHT MEXAHHYECKO0IH CHCTEMBI NPH CI0KHOM ef IBHAe-
HHH. PaccMOTpHM ABHIKEHHE HEKOTOPOH COBOKYIHOCTH MATEPHAIIBHLIX TOYEK OTHOCH-
TENBEHO HENOABHKHOH cHeTeMbl oTcuéra (Jxyz (puc. 14.9), Breném B pacemoTpenue emé
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OIHY cHCTEMY Koopawnat (x')V'z' ¢ HAYazOM B IEHTPE MACC MEXaHWUYECKOH CHCTEMBI M

OCAMH NAPAIEILHLIMH COOTBETCTBYIOMWMM OCAM HENOABHMKHON cHecTembl koopaunar. B
ITOM ¢aIyuae cuerema otcuéta (x'y'z' Gyaer coBepluaTe NOCTYNATENBHOE ABHKEHHE H Ha-

3bIBaKOT €€ KEHUTOBOIN cHCTEMOI oToudTa,

MOWKHO BBIYHCIHTE KHHETHYECKHH MO-
MEHT MEXﬂlIH'-lE‘-CKGFI CHCTEMEI OTHOCHTE b=
HO HEMOJABHKHOTO ueHTpa () W OTHOCH-
TENBHO TOABHKHOTO neHTpa Macce (. Hac
OyaeT WHTEPECOBATh CBAZL MEWIY ITHMH
BETHYHHAMH,

[Tonoxenne npow3BonsLHOH ToOuKH A

OTHOCHTSIREHO HEMOABHHHOID LSHTPa OIn-
pPEACIIHM  PAIMYC-BEKTOPOM T, OTHOCH-

TENBEHO TIOJABHMKHOTO IIEHTPA Mace pamanyc-
BEKTOPOM 7, . OUYEBHIHO COOTHOIIEHHE

F.':.' :F(‘+§k, {1434} PHI:.14.9'
rae f;- — paauyc-pekTop ueHTpa (.

BriaucauM Npou3BOAHYIO N0 BPEMEHW OT paBeHcTBa (14.33) —~=——4+—%  unm,
ddt i
T - [
U.':. o= ;_,rt. =+ _‘?'.k. 3
lt
Tak kak paauyc-peKTop £, 3aJaH B NOABHAHOH CHCTEME KOOPIHHAT, TO NPOH3IBOJ-
Fr T R
HYIO OT 3TOT0 BEKTOPa HYKHO BEIMHCIATE 10 (opmyne Bypa: % = %+ @, X Py . 3nech
ol i
NOKATEHAA MPOH3BOIHAA OOPEISNAST CKOPOCTh ABHIKEHHA TOYMKH OTHOCHTENBHO MOABHIK-

dp, _

HOH CHCTEMbI {}TC‘IETEL_ %=b‘;, d YIIoBaA CKOPOCTh rfr{, NOBOPOTd NOJBHAHBIX {JCEH,
t

ABHAYLHHXCA TMOCTYNATENbHO, PaBHa HYMO. ClenoBaTenbHo, HMEEM CHEIYIOIIES COOTHO-

IICHHE MEIKIY BEKTOPAMH CKOPOCTEH

B, =0 +07 (14.35)
INoactapum cooTHomenna (14.34) u (14.35) B dopmyay (14.22) ana KHHETHYECKOTO

MOMEHTA CHCTEMbI OTHOCHTENILHO HENOABHKHOTO ueHTpa () u npeolpasyem cé.
N

o N
Ko = 2T xmyTy ) = Z[{F;-+Eﬁ.)xnaxm{-+ﬁ,{}]=
k=1 k=1

N N N N

X (FexmDe)+ 3 e x bl )+ 3 (B xmBe) + (e < mgdy).

k=1 k=1 k=1 k=1

YOpOCTHM, HACKO/ILKO BO3MOMKHO, KAKI0€ W3 ClaraeMmbiX MpaBoil 4acTH nocneaHero
BHIPAKEHHA.
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N N N
[TepBoe cmaraemoe: Y (7o xmDp)=Fox|| Y my [O¢ | =T xMDe. 3nece M = my,

k=1 k=1 k=1
— Macca BCEH CHCTEMBI.
N J N d
Bropoe cnaraemoe: Y (7 x my0y, ) = T XE > mypy =Te x EM/_)C =0.3mecy p- =0,
k=1 k=1

TaK KaK HA4YaJI0 OTCUETAa HOHBH)KHOﬁ CHUCTCMBEL KOOpI[I/IHaT B34TO B I_IeHTpe MaCC CUCTCMBEIL.

TTo TOiA e TIPHUMHE 0BPALIACTCS B HYJIb TPETHE CIIATAEMOE:

N N

2 (P xmDe) =| 2 mypy |x0¢ = Mpe x0c =0x0p =0.

=l =1

UeTBEPTOE CIAraeMoOe HE YIIPOIIASTCS, TAK KAK BCE COMHOKHTEIHN 3aBUCAT OT HHICKCA
cymmupoBanus k . CIeI0BaTeIbHO, 5TO €CTh OMPEACIICHHE HEKOTOPOi (PH3HUECKON BEJIH-
YHUHBI. A I/IMeHHO, TAaK BBIYUCIIACTCA KI/IHCTI/I‘IE‘,CKI/II‘/’I MOMEHT CUCTEMBbI OTHOCHUTCIIBHO IO~

BIYKHOTO IIEHTPA Mace, KOTOPBIi 0603HaunuM K - .
OKOHYATEIbHO MPUXOAUM K CIEAYIOIIEMY PE3YbTaTy:
Y % — r
Ko =F-xMvo-+ K. (14.36)
Kunemuyeckuti MoMeHm Cucmemsl NPpu CIOHCHOM €€ OBUNCEHUU PABEH MOMEHINY KO-

yecmed OBUINCCHUS] yenmpda macce, cHumda, 4mo 6 HéM cocpeaomoqeﬁa macca eceu cuc-
membl, NIIOC KUHEMUYECKUTE MOMEHIN OMHOCUMENbHO NOOBUICHO2O yenmpda mdacc.

Ipumep. I1o HEMONBI>KHOMY TOPU3OHTAIBHOMY PENECY KATUTCS 0€3 IPOCKAIb3bIBAHUS OTHOPOIHBIH
nuck Macesl M = 2 xr u paauyca R =0,6 M. CKOPOCTb LIEHTpa Mace Aucka U = 4 m/c.

BbIUUCIUTS KHHETHYECKHUI MOMEHT JHCKA OTHOCHTEHHO MPOU3BOJILHOM TOUKH pPesibea.

Pemenve. BBeném B paccMOTpeHHe [BE MPABbIX MPSIMOYTOJBHBIX CHCTEMBI KOOPAUHAT, HEIOM-
BUWKHYK (JXyz C Ha4ajoM B IIPOM3BOJBbHON Touke () pejibca U MOCTyNaTesbHO ABmxkymyrocsa Cx'y'z' ¢
Hauasiom nentpe macc C mucka (puc. 14.10). B atom ciyuae ocut Oz u Cz' GyAyT HarpaBieHsI MepreH-
JIUKY JITPHO TJIOCKOCTH PUCYHKa (Ha HAC).

Juck coBepLIaeT CIOKHOE IBIDKEHHE, a HMEHHO IUIOCKOE, COCTOSILIEE U3 MOCTYIIATEIbHOIO BMECTE C
uentpom Macc C U BpamarenbHoro Bokpyr ocu Cz' . TToToMy /st BBIYMCIIEHHS. KHHETHYECKOTO MOMEHTA
IUCKa BocTonb3yeMcs popmydoit (14.36).

Bekrop 7> xMU- HampaBieH B MOJNOXKHUTEIbHOM Ha-

MpaBJICHUU ocHu Oz a €ro MOAyJib X

_ _ . 0}

o x Mg | = || MT |- sina = MRu, =4,8 krm?/c,  Tax 7%

KaK |7 |sina = R . ' V¢
Onpenenum Bextop K/ . OTHOCHTENBHBIM ABUKEHHEM Ci o

IIMCKA TI0 OTHOLIEHHIO K MOABWKHBIM ocsiM Cx'y'z" Gynmer i O

€r0 BpALICHHE B MOJOYKUTEILHOM HAIPABIEHUM BOKPYT y ” ’
ocu Cz'. TTo3TOMy, KHUHETHYECKHiI MOMEHT OTHOCHTENIBHO- Puc. 14.10

ro jBIKeHHs K/ HyKHO BBIYUCIATb KaK KHHETUYECKHi

MOMEHT TBEPJOrO TeJa BPALIAOLIEroCsi Kak Obl BOKPYT HemoaBIKHON ocu (z' coBmamarolieil ¢ OChro
MaTepHasbHON CHMMeTpPUH iucka. B aTom cyuae K- =.J.@ (cM. hopmyay 14.26). 3nech BekTop yriio-
BOI CKOPOCTHM @ HANpABJIEH B TIOJOXKHUTENLHOM HampasieHun ocu Cz' witH, Bcé paBHO, 4to ocu Oz, o
MO0 paBeH U- /R, a J. =MR2/2, CrenoBaTeNbHO, HampaBlieH BeKTop K/ B MONOKUTENHHOM Ha-
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npasiaeHud ocu Oz U MO MOy JIFO ‘Kg’ =MRuv. /2. OKOHYATENBHO PUXOANM K BBIBOAY, YTO HATPABIEH

BEKTOP KMHETHYCCKOIO MOMECHTA NUCKa B IOJIOXKHUTEJIBHOM HaIpaBJICHUHU OCH Oz u o MOAYJIIO paBCH

3
—MRuv, .
5 &

14.16. Teopema 006 U3MeHeHHN KHHETHYECKOr0 MOMEHTa OTHOCHUTEJIHLHO TOABHK-
HOTO IeHTpa Macc. Paree Opi10 mosyueHo ypasHenue (14.30), onpenensroniee 3aK0H H3-
MEHEHHsI KMHETHYECKOrO MOMECHTA OTHOCHTEIIPHO HEIOJABHIKHOTO IieHTpa. Ho, Kak yBH-
JIUM HIDKE, JJT PEIICHUH 3a]a4 TUHAMUKHA BaKHBIM SIBJISIETCS TaK)KE€ 3HAHWE 3aKOHA, KO-
TOPOMY YIOBJIETBOPSIET H3MEHEHNE KHHETHYECKOTO MOMEHTA OTHOCHTETFHO MOIBMKHOTO
LIeHTpa Mace cucteMbl. K BBIBOY TaKOTO YpaBHEHHS ceilyac MPUCTYIAaeM.

Hrak, paccMOTpUM [BIJKCHUE MEXAHWIECKOW CHCTEMBI COCTOSIIEH U3 Touek A, A,

..., Ay Macchl KOTOPBIX COOTBETCTBEHHO PaBHBI M, M, , ..., M, . BBeném B paccmotpe-
HHE JIBE€ CUCTEMbI OTCUéTa, HEMOABIKHYIO XYz ¥ moaBmxkHy0 Cx'y’z" ¢ Ha4ajIoM B IieH-

TPpe MacC CHUCTEMBI W OCSAMH MapAJICIbHBIMU COOTBETCTBYIOIIMM HEMOJABHUIKHBIM OCSM.
Jliia TeoMeTprUeCKOl WIUTFOCTPALAX HAIIAX PACCYKIACHUH Oy/1eM MCIONIh30BaTh PUCYHOK
14.9.

B ypaBHeHuM, BhIpakaromieM TeopeMy 00 U3MEHEHUU KUHETUYECKOTO MOMEHTA OTHO-

CUTCJIbHO HCTIOJABHUIKHOT'O LICHTPA @]
dk, o =
. Z(’”k ka(e)),

dt k=1
samenum K, cormacuo (14.36) u 7, cornmacuo (14.34)

d (- S Nl _\ =
E(rc X MDp + Ké)z kzl[(rc + 7 )X Fk(e)]
¥ PaCKpOEeM CKOOKH:

— . T
irel X MDg + T X o ]

N N
=S xFO+S 5, xEF© 14.37
d dt dt kzzl E kZ:lpk . ( )

dr; _ _
B MONMy4eHHOM BBIPAKEHHH: —— X MOy = Dy x MU =0 Kak BEKTOPHOE MpOM3BE/e-
dt

= N
MO S Ee s
HHE KOJUIMHEAPHBIX BEKTOPOB; 7o X ———=="7xx »_ F* ¢ yu&TOM TeOpeMBbl O NBHKCHHH
dt =1
N _ N _
I[EHTPa MacC MeXaHuuecko cucremsr; 3 7o x ) =7 x 9 — e zapucsmas ot un-
k=1 k=1
JCKCa CYMMHUPOBAHHA BCJIMYKWHA FC BBIHCCCHA 3a 3HaAK CYMMBI,

7

N — — —
> Pi X Fk(e) => M, (Fk(e)) — TI0 ONPEIEIICHUIO BEKTOPHOTO MOMEHTA CHJIbI OTHOCHTEITh-
k=1 k=1
Ho mieaTpa C .
Torma, ypasaenue (14.37) mpeoOpasyeTcs K BUIY
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dKL N,
L k=l

B MMPOCKIUH HAa OCH HOJABHKHOM CUCTEMBI KoOpaAuHarT

dK—éx, = %M Cx' (ka)l

a o
dK¢, N _
Y - S'Mo\F®©
dt ,Z:l Cy( k )
dKéZ’

dt = ]%M ce (Fk(e))

(14.38)

(14.39)

VYpaBuenue (14.38) BeipaxkaeT TeopeMy 00 U3MEHEHUH KHHETHUECKOTO MOMEHTA OTHO-
CUTEJTFHO TOABIIKHOTO IEHTPA MACC. MPOU3BOOHAS NO 8pPeMeHy Om GeKmopda KuHemuye-
CKO2O MOMEHMA CUCIEMbl, BbIYUCTIEHHO20 8 KEHU20BO0I cucmeme OmMcyémad, paeHd GeK-
MOPHOL CYyMME MOMEHM 08 8CEX HEULHUX CUIL OMHOCUMETILHO YeHMPa MACC.

14.17. IndppepeHumanbHble ypaBHEHUsI MJIOCKOr0 ABMKeHUs1 TBEpaoro teja. On-
peaearM MOJIKEHUE TBEPOTO TeNla MPHU TUIOCKOM €r0 JBMKEHUU KOOPAUHATAMHU X, V(o ,

OTIPEIENAIONMMAMHA TIOJIOKEHUE 1eHTpa Macc (' Tea, U yrjoM TOBOPOTA ¢, OMPEILIISIO-
IIeM MTOBOPOT TeJia BOKPYT meHTpa mace (puc. 14.11). [Ipw aprkeHUM TeIa STH KOOPIUHA-
THI MEHAIOTCA. KakuM ypaBHEHHAM TTOAUAHSICTCS X U3MCHCHHUE?

Ilo TCOPEMEC O JBMIKCHHUH LHCHTPA MACC CUCTEMBI B ITPOCKIIMK HA OCH Ox n Oy

N N
Mag, = Y S, Mag, =Y FS - (14.40)
k=1 k=1

rae M — macca Tena, dey, U dg, — IPOCKLHUHU yC-

KOPEHUs IIEHTPA Mace Tejla Ha COOTBETCTBYIOIIHE
OCH.

CornacHo TeopeMe 00 M3MEHCHWH KHUHETHYEC-
CKOTO MOMEHTA OTHOCHTEJIFHO TOABHKHOTO IICH-
Tpa macc (14.39) B mpoekunu HA MOJBUIKHYIO OCh
Cz'

dK N =@
zZ S Mo AEE ) 14.41
dt kZ::l G ( & ) ( )

Puc. 14.11

Yutém, 40 de, = ¢, doy =Vo, Koy =Jop@. Torna ypasnenus (14.40) u (14.41)

MOJKHO MEPENUCATh B BUAE CIAEAYIOLIEN CUCTEMBI YPABHEHHUMN
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N
ﬂ’f_ft-- = z .F'Ef},
k=1

N
My = Z:,f.”, (14.42)
k=1

Jop= }i‘. ML":' (F&m)a
=l

KOTOphie npeactaenatoT coboi audibepeHunanbhbie  VDABHEHHA NIOCKOTO JIBHKEHHA
TREDIOrO TEma.

He obGazarentHO ansa onpeneneHHa NONOMEHHA LEHTPA MACC TENa HCNONBIOBATE JI€-
KapTOBBI KOOPIHHATEL X+, V. MOKHO TEOpeMy O ABHMKCHHH LeHTpa Mmace (14.3) cnpoe-

HHpOoBATE, HANpHMep, Ha OCH ECTECTBEHHOH CHCTEMBI KGDIC}HHHBT Tﬂrﬂﬂ HEPBHE Aea

ypasHenus u3 cuctembr (14.42) Gyayt umers sun M3, = Zif @ Ml (c) Z,Fff:J :
k=1
S¢ — AYroBas KOOPAMHATA LEHTPA MACC Tella,

Mpumep. Beayuwee koneco ABTOMALINHBL HAMMHACT ABHAKCHHE M3 COCTOAHMA NOKOA ¢ npodykeoBkoil
noa pefictenem spawarouero momenta M =50 Hu .

KoadduuneHT TPeHHA CKONBHKEHHA MEKIY KONECOM M
goporoit [ =05, Macca xoneca m =20 kr, ero paagu-
ye R=02m.

HaiiTu ypagnenns NRHMEHHA KONECA, NPHHAR ET0
33 OAHOPOMHEIT JHCK M NpeHedperas TPeHHEM Hade-
HHA,

Pemenne, Koneco copepuiaeT nAocKoe IBHMKE-
HHE nuxamem erg B NpoM3BBOAEHOM MOMOMEHHH {pHC.
14.12) v obosHaunM ASHCTEVIOUIHE HA HETO BHELIHWE
CHIBI M MOMEHTHI BHELIHHX CHIT. CHNA TAKECTH Mg,

HOPMankHAA peakuna N OnNopHOA NOBEPXHOCTH, CHIa
Tpenus f. # wmoment M uddepenumansheie

ypaeuenua (1442} nns nanHoi 3ag1a4i HMEIOT BT
mi-=F., fer)
O0=N-mg, ()
mR* -
T{ =-M,, +F, R 3]
Mz ypassenus (0) cnegyer N =mg =20-981=1962H .
Mo yenosmo 3aqaun KOMECO KATHTCR ¢ NpOCKANk3kBanmeM, B aTom cnyuae cuna TpeHHs QocTHraeT
CBOENQ MAKCHMANEHO BO3MOmHOTO 3Havenna £, = N =0.5-196,2 = 98,1 H n u3 ypasnenns (a) cneayer
_ w981

= = =4, fi[ﬁ , @ H3 YPABHEHHA (B) Clenyer

4 : 2
p=—"_(M —F Rl=—= _(50-981-02)=7595¢2
P mki: W“p i ] 20-0,2% ( )
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t
[lepeiina o7 NOCTOAHHBIX  YCKOPEHHIT K KOOPIHHATAM, HMEeM x¢.=4_9ﬁ55+uﬂ_g + X

i
I

i
@= ?5,95?—::},,." +0, . 3aeck Ly, =y =0 no yenosue 33034l (OBNKEHHE HAYHHASTCH M3 COCTORHHA

nokos ). [Tonesy Acs NPOHIBONLHOCTERY BROOPE HAMANA OTCUETE KOOPINHAT, MPHHUMAEM X, =@, =0 .
UKUH‘IBT&J.‘TI}HU, VPABHCHHA OBHACHHA KOUTEcH HMEH)T BHIO
X, =245 M, yo =R=02m, p=37.96¢" pan.

Teopema o wiMeHeHUN KUHEMUYECKON THEPIUN

14.18. Kunernueckasn Heprusi 7oukM U cucrembl. Teopema Kénwra, Kunemuve-
CKVIO FHEPSUIO MAMEPUATBHOT MoYky Maccoil m, apuayweiica ¢ abcomoTHOH CKOPOCTRIO
U . onpeaendior no gopmyne

r=mv*i2,

KuneTHueckas IHEPrHA MEXAHHHMECKOH CHCTEMBI PABHA CYMME KHHETHUESCKHX HEPTHI

TOMEK ITOH CHCTEMBL:

N
Mg
z] LE, (14.43)

KuHerHueckas 3HEpPrua — NOMOKHTENbHAA CKANApPHAA BenWuuHa. Eaunuueii nsmepe-
HHA KHHETHYECKo# 3Heprud B cucteme CH apngerca oroyns { J#).

KaK MOMET BRIYHCTATRCA KHHECTHYUCCKAA '_'-}HEp[‘H:FI CHCTEMEI I'I]:IH CIIKHOM eé JBHKE-
Huu? Jlna oreeTa Ha AaHHBIH BOMPOC AOMNOMHHTENEHO K HENOABHMKHOA cHCTEME oTcuéTa

ror_t

(xyz (puc. 14.13) peném B paccMoTpenye ené NoJBHAHYIO0 cHeTeMy oTcuéra (xy'z' ¢

HaYanoM B UEHTpE macc — Touke (', OBHAKY-
IYHCH MOCTYNATENBHO C IEHTPOM MAacc (KEHH-
roBy CHCTEMY OTcuéra). AODCOMOTHOE JBHAE-
HHE CHCTEMBI TIPH 3TOM MOMKHO PACCMATPHBATE
KaK COBOKYITHOCTH MEPEHOCHOTO (BMECTE ¢ LeH-
TPOM MACC) W OTHOCHTEABHOTD (110 OTHOLLEHHIO
K LEHTPY MACC) ABUAEHHH CUCTEMBI.

Jns noboro MOMEHTA BPeMEHH MONoKEeHHE
NPOM3BONLHOH TOYKH M), CHCTEMBI 1O OTHO-

IWEHHID K HENOABHKHOMY ueHTpy () onpejpens-
eT paamyc-ekrop Puc. 14.13
.Pl. = .I"C_ = ﬂ.‘."
rie g, - paamyc-gekTop Toukd 4, no orHomenno K uentpy mace . [Ipoandpepenn-
POBAB ITO PABEHCTBO [0 BPEMEHH, HAiinéM afCoMOTHYIO CKOPOCTL TOYKH CHCTEMbI
O =0p + 0

rae 0, =dp, /df - OTHOCHTENLHAS CKOPOCTL TOYKH (CM. BbiBoA (14.35)).

YuureiBas, 4TO KBAJPAT BEKTOPA PaBeH KBAIPATY €ro Moayid, npeodpaiyeM Bolpamke-
HHE KHHETHYECKOH YHEPIHH CHCTEMBI K BHIY
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1N , 11X , 14 , ¥ 1N 2
I — — — —r —r
1 =§kavk =52mkvk =52mkvc + > DUy +§ka(0k) :
k=1 k=1 k=1 k=1 k=1
3mech
N N N 45 d( N
— =7 _ = —r _ — P = - | _
D> mc Oy =0¢ Y, im0y —Uczka—U 7 > mpy |=0,
k=1 k=1 k=1 t 1\ j=1
]\/T

MIOCKOIbKY Y 1y P, = Mp- =0.
k=1
Takum obpazom,

1 2 :
T =MoL, (14.44)
N 1N
rae M = m; —macca MCXaHHYECKOH CHCTEMBI, 1 = > > my (U,Z)Z — KHHETHYECKast
k=1 k=1

SHEPTHS CUCTEMBI B €€ TBMKCHUU OTHOCUTEIIBHO KEHUTOBONH CHCTEMBI OTCUETA.

@®opwmyna (14.44) seipaxkaer Teopemy KeHura: xunemuueckas sHepaus MexaHuyecroll
cucmemvl 6 €€ aOCONOMHOM OBUICEHUL PABHA CYMMe KUHEMUYECKOU dHepeuu yeHmpad
Mace, 8 npeonoNIONCeHUY, YMO 8 HEM COCPeOOMOYEeHd 6Cs MACCA CUCIEMbL, U KUHemuye-
CKOT DHepeul CUCMeMbl OMHOCUMENbHO YEHMPA MACC.

14.19. Kunetnueckasi 3Heprusi TBEpA0ro Teja Npyu MNOCTyNnaTeJIbHOM, BpalaTe/ib-
HOM M IUIOCKOM ero ABMKeHusixX. [Ipyu mocTynmarenbHOM JBHIKEHUU TBEPAOIO TeNla CKO-

POCTH BCEX €r0 TOUEK OJAMHAKOBBI M PaBHBI CKOPOCTH LIEHTPA Macc, MO3TOMY
N 2 N 2 2 N
_ m Uy, m;Uc- V¢ 1 2
Tnocm_z ) ZZ > ZTkaZEMUCD
k=1 k=1 k=1
rae M - macca TBEpIOTO Tena.
[Ipu Bpamennn TBEPAOTO TENNAa BOKPYT HEMOABHKHON OCcH (Jz C yTIOBOM CKOPOCTHIO @

CKOPOCTB €r0 MPOU3BOJIBHON TOUKH

Uk =0 hk >
rje h;, - kparyaiiiee pacCTOSHUE OT TOYKH M, 10 OCH BpaLICHUS.
Torna
2 N
1.2 » 1 al 2 @ » 1 2
Lo = EZMM =52mk(whk) =—— 2 mh; = EJZw 5
k=1 k=1 k=1

N
rae J, =Y m kh,? — MOMEHT MHEPLUH TeJla OTHOCUTENBHO OcH BpatieHus Oz .
k=1
[Inockoe nBHKEHUE TBEPAOTO TeNla MOKHO pacCMaTpuBaTh KaKk COBOKYIHOCTh MOCTY-
MATENIBHOTO JABIKEHUS BMECTE C LEHTPOM MacC CO CKOPOCTBIO U- U BPAIIATEIBHOTO

JBUYKEHHSI C YIJIOBOM CKOPOCTBIO @ BOKPYT MOABHXKHOM ocu Cz', ABMKYIIEHCS TTOCTYIa-
TEJIBHO BMECTE C IEHTPOM Macc. Toraa KuHeTuueckas SHEPrusi OTHOCUTEIBHOTO JIBHIKE-

1 "
s 15 =1, = ;JCZ,a)z u 110 Teopeme Kénnra
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L, o 1 )
T, =—Mvs+—J~0°.
ni > C 3 Cz

14.20. DnemeHTapHas U MmoJiHAsi padoTa CWJIbI 1 MOMEHTA CHJIbL. DlemMeHmapHoil
Ppabomoti cuiibl HA3BIBACMCS CKANSPHOE NPou3gedene 6eKmMopa CUlbl HAd 8EKMOP dleMeH-
mapHo20 nepemewerus mouxu npunosxcenusi cunvt (puc. 14.14):

dA = Fdr . (14.45)

CkansipHO€ TIPOW3BEJICHHE BEKTOPOB MOXKHO BbI- o
YUCITUTh KaK TPOW3BEICHUE MOMIYJIEH TepeMHOXKae- Mo
MBIX BEKTOPOB Ha KOCHHYC yIJia MEXIy HEUMHU. Toraa \
noJyJaeTes cieayromas GopMysia Ui BBEIYUCICHHS F
3NIEMEHTAPHON pabOThl CHIIBL: h

dA=|F| -‘d7|-cos(17/\di7). % J
Eclli  M3BECTHBI DasiOKCHHA BEKTOPA  CHJIBI
F=Fi+F,j+Fk u pammyc-BeKTOpa VA% j 4

F=Xi+ y/+zk 1m0 Ga3sHCHBIM BEKTOPAM, TO CKaISp-
HOE TNPOM3BEJCHHE MOKHO BBIUHCIHTh KaK CyMMY Puc. 14.14
HONApHBIX MPOM3BEAEHUIN KOOPAMHAT M IS DJIEMEH-
TapHO# paboTHl CUIIBI OMyUYaeTes (POPMyJIa, Ha3bIBAEMAsA AHATMTHIECKOM
dA = Fodsx + Fdy + Fdz (14.46)
MoskeT ObITh HONE3HOM emé onHa (OpMyJIa Ul BEIYKMCICHUS SJIEMEHTAPHOM paboThl

_ dr .
cubl. M3 onpenenenns BEKTopa CKOPOCTH U = = cnenyer dr =v -dt. Torna

dA=Fdr =Fodt .
dA —_
MOoIHOCTBIO CHIIBI HA3bIBACTCS MPOU3BOIHAA PabOThI IO BpeMeHu W = 7 =1y . Xa-
!
pakTepu3yeT OBICTPOTY COBEPIICHHS PAOOTHI.
Pabomoii cunvl (noanoii pabomoii cuitvl) Ha hepemeuyeHuy moYxy us noiodcenus M, 6
noaoscenue M, nazvieaemcs unmezpan om sj1emMenmapHoll pabomel cuibl 6001b KPUBO-

qunennot oyeu MM, (puc. 14.14):

_ Ml Ml_ Ml tl_
AF)= [dA= [Fdr = [(F.dx+F,dy+F,dz)= [Fodt.
A/IO MO AMO tO

[Tomyunm, manee, popMyiTy I BEIYACICHUS JIEMEHTAPHON W TIOJTHOW pabOThl MOMEH-
Ta CUJIbI. HyCTL Ha HCKOTOPYHO TOUKY TBépI[OI‘O TCJ1a UMCHOIICTO BO3MOKHOCTh BpalllaThb-
¢ BOKPYT HEMOABMKHOM ocu Oz feiicTByerT cuna I (puc. 14.15). Dnemenrapnas pa6oTa
cunbl dA = Fodr . Tlo gpopmyse Diinepa 0 =@ x 7 . Torza
dA=TF (@xF)dt =@ -(FxF )t =@ - Mo (F)dt = 0 np (M (F))-di =

=@-Mw dt =M ,do.
dt
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3neck yepe3 M, 0003HaYeHA MPOEKL U BEKTOPHOTO MOMEHTA CUJIbl HA HAIPaBJICHUE
BEKTOpPa @ YIJIOBOM CKOPOCTH.

[TonmyueHHBIH pe3ybTaT MOXKET OBITh MCTOIKOBAH €mé M B Takou ¢opme. [lelicTBre
CWJIBI Ha TBEPAOE TEJO, UMEIOIIEE BO3MOMKHOCTh BPAILATHCA BOKPYT HEMOJABHIKHOW OCH,
XapaKTEPU3yeTCs €€ BPAILAIOIIUM JEHCTBUEM, YTO KOJIMYECTBEHHO OLICHUBAECTCS MOMEH-

TOM 5TOW cmibl. [Ipm moBopoTe Tema MOMEHT cuiibl M,

COBEPIIIAET HIEMEHTAPHYIO PadoTy z
dAM ) =M ,dp. (14.47) 2|

PaGora Oyner MONOXKUTENBHOW, €CITM HAMPABICHUSA MO- -

menta M _(F) w npupamenus yrma d¢ cosmagaor. B

NPOTUBHOM cilyyae paboTa OTpULaTelIbHA.

?1
PaGora momenTa cunmbt A(M,) = IM ,dop. Ecnu mo-

Po
MEHT MOCTOSHEH, TO €r0 MOXKHO BBIHECTH 32 3HAK HHTE-
rpaja u, JUls 3TOr0 4acTHOrO Ciydas, noiydaercs (opmy-

na AM,)=M,(p,—¢y). Puc. 14.15

14.21. PaboTa cuibl npu cBOOOHOM JABH:KeHHH TBEpPAOro tesa. B kuHemaruke Obl-
JI0 JA0Ka3aHO, YTO CBOOOJHOE ABM)KEHHE TBEPAOTO Tella MOXKHO MPEACTaBUTh KaK COBO-
KY[HOCTh TOCTYMAaTEeIbHOTO BM)KEHUS BMECTE C
HEKOTOPOH TOYKOM Ha3bIBaeMoOM MomocoM (Touka A
Ha pucyHke 14.16) u cdeprueckoro IBHKESHHUS BO-
KpyT nomoca. B 3Tom ciaydyae ckopocTh MPOU3BOIb-
HOW TOYKM M CKIaABIBACTCA U3 MEPEHOCHOW CKO-
POCTH BMECTE C MOJIOCOM U OTHOCUTEILHOU BOKPYT
MoJIroca

F

D=0, ,+0OXT,

A€ @ — BEKTOP MTHOBEHHOW YIJIOBOW CKOPOCTH
chepuueckoro JIBUOKCHUSL. Torna
dA=F -odi=F -v,dt + F - (@ xF)dt =
=F-dry+ao-M,(I)dt=F -dry + M ,(F)de.

Takum oOpazom, snemenmapnas paboma ciuvl,
NPUTIOJICEHHOT K MOYKe MEEPO020 mend cogepuiaioujeco c800O00Hoe OBudceHue, pasHd
cymme 3l1eMeHmMApHuix pabom HA 21eMeHMAPHOM NOCMYNAMeEIbHOM NepemMeljeHul eme-

cme € NOMOCOM U IIIEMEHMAPHOM PAULAMETLHOM NepeMelyeHull OKPY2 MCHOBEHHOI OCU,
npoxoosiueti yepes noJioc.

Puc. 14.16

14.22. PaGora BHyTpeHHHX cHJ TBEpaoro Ttejaa. Broimenum B TBEpIOM Teme
(puc.14.17) nBe MPOW3BOJNBHBIC TOYKA W BBIUHUCIMM CyMMY SJEMEHTApHBIX PadOT CHIT
B3aMMOJICHCTBUSA ITHUX TOYEK.

dACFY) + dA(F") = KO - Tdt + FP Dyt = (1,70, cosa + F\ v cos B)dt =
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= (v, cosa— F{ vy cos f')dt . C yaérom paBeHCTBa MOYJIEH CHIT B3aHMOIEHCTBHS
JBYX TOUEK, a TAKKe PABEHCTBA MPOEKIHil CKOPOCTEH JBYX TOUEK HA OCh, MPOXOISILYIO
4epe3 ITH TOUKH,
(EPv, cosa — v cos B)dt =
= F (v, cosa —vgcos f)dt = 5 -0-dt =0 .
CIie10BaTENbHO, TS CHJT B3aHMO/ICHCTBHS
JBYX JIFOOBIX TOUEK TBEPAOTO TENId CyMMa pa-
GOT Ha BCAKOM SIEMEHTAPHOM, CJIe0BATEIb-
HO, ¥ KOHEYHOM IMEPEMEIICHHH PaBHA HYJIIO.
A TaK KaK BCiA COBOKyHHOCTB BHYT'peHHI/IX CHUJI
pa30HBacTCs HA TOMAPHBIE CHJIBI ACHCTBUA U

MPOTUBOAEHCTBHA, TO U CymMMa paboT Bcex
BHYTPEHHUX CHJI TBEPAOrO Tejla PaBHA HYJIIO.

Puc. 14.17

14.23. PaGora cuasbl TsekecTH. Ecou st cucteMsl koopauHaT Oxyz ock (Jz Hampa-

BHTh BEPTHKAJILHO BBEPX, TO BEKTOP CHIIBI TSKECTU Mg 4depes OpTHl i, j, k oceil koop-

JIMHAT 3aIUIIETCS B BUAE MZ = —mgk . DIIeMeHTapHas pa-

bora dA=F.dx+F,dy+F,dz=—-mgdz. Pabota cuisl, npu z bM 0
~
NEPEMEINEHNH TOYKU U3 MONOokeHus M B monoxenue M ‘I\
— N\

(puc. 14.18) mgy \M

M z i

A(mg) = [dA(mZ)= [-mgdz=-mg(z—z,). /0 y
X
MO Zg

.14.18
Yacto 3TOT pe3ynpTaT 3amMCBIBAIOT B (opme Pue. 14.1

A(mg)=+mgh, rne h — nepenan BbICOT (KOTOPBIM CUMTAEM BCET/IA MOJOKHUTEIbHBIM). B

MocIeAHEH (PopMyJie HYKHO B35Th 3HAK «+», €CIIM MaTepuaibHasd TOYKA IEPEMECTHIIACh C
00JIbIIIEH BHICOTHI HA MEHBIIYIO.

14.24. PaGora cuabl ynpyroctu. Paccmorpum
NpYKHAHY, paboTaOIyI0 HA pacTsHKeHHE (WIH CHKa-
tue). JImuHy NpyXUHB B HEAS(HOPMUPOBAHHOM CO-
crosiaun 0003HaunM /,. [lpy W3MCHEHWH UTHHBI

TAKOW TMPYXKWHBI IO 3Ha4YeHWs |/ BOSHHUKAET CHJIA
YIIPYTOCTH, MOJyJTb KOTOPOH, B COOTBETCTBUH C 3a-
koHOM ['yka, Beumcmsercs mo  Qopmysie
‘Fynp = c-|/1
A=(l-1y) — nepopmanus npyKuHbI.

npyxuHa He
[0 deghopmupoesaHa

, Tne ¢ - Ko3(h(UIUEHT KECTKOCTH,

Puc. 14.19

[yctb anmuHa nedopmanin mpy>KuHbI W3MeHeHa oT 3Hauenus A, 10 A. Heobxoaumo

BBIUUCIIUTB PaboTy, KOTOPYIO COBEPLIMJIA CHJIA YIPYTOCTH. {1 3TOro paccMOTpUM Mpy-
KHHY B TIPOM3BOJIBHOM JeOpMUPOBAHHOM coctosiauu (puc. 14.19). Bexrop cuibl ynpy-
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yp =
BEKTOpA TOUKH NPUIIOKeHus cuitbl. Clie10BaTENbHO,

AFg) = [AAT)= [ Fyp 7= [ (-2,

CKaJIIspHOE NMPOU3BENEHUE Ty - dF PABHO JJIEMEHTAPHOMY VIUIMHEHUIO dA TIPYKUHBI IPU
0

TOCTH MOXHO BHIPa3UTh (HOpMyITOit —c-(I-1))fy=—c-A %, rAe T, - opT paguyc-

W3MEHEHUW  paauyc-BEKTOpa OT 3HadeHWs 7 10 F+dr. JlelcTBUTENBHO,
Ty - dF =|Fy|-|dF|- cos(FOAdf)z 1-|d17|-cos(770/\d77)= dA . Torpa,

AR, )= —cf/w - —%(,12 _2) (14.48)
Ao

14.25. Teopema 00 u3MeHeHHH KHHETHYeCKOI 3Heprum Touku. [Ipu nBmxeHun Tou-
< 1
KH €€ KuHeTHIecKas sHeprus 1'(0) = Em 0, B o0mem ciyuae, MeHserca. Kakomy 3akoHy

MOAYMHAETCA 3TO U3MeHeHue? J{Jisi 0TBETa Ha 3TOT BOMPOC 00€ YaCTH YpPaBHEHUS
dv =
m

dt ’
BBIPA)KAIOIIETO BTOPOH 3akOH HBIOTOHA, YMHOKMM CKAJISIPHO HA BEKTOP dF SleMeHTap-
HOTO nepeMemeHHﬂ TOYKH
L (14.49)
dt
B npaBoii yacTu moaydyeHHOrO PaBEHCTBA CTOMT JIEMEHTapHas paboTa CUJIbl, EHCT-
2

Byltomas Ha Touky. [Ipeobpasyem neByIo 4acThb: ma;,—l;df = modo =d| "X

=d7l . Cne-

JoBarenbHO, ypaBHeHue (14.49) numeer Bujg
dl'=dA (14.50)
W BBIPAXKAET TeopeMy 00 M3MEHEHWH KMHETHUYECKON »Hepruu Toukd B auddepeHmams-
HOM popMe: Jupghepenyuan kunemuuecrotl sHepeur MOYKU paseH 2NeMeHmapnot pabome
cuvl, Oeticmaylougeti Ha MouKy.
Ecmu 06e wactu ypasuenwus (14.50) momenuts Ha df, TO MONYyYHM €mE OMHY 3aMHUCh

v dr
TOM K€ TEOPEMBI = =W.

[IpounTerpupyem ypasuenue (14.50) B1omb TpaeKTOPUM IBUKECHUS TOUKU TIPU €€ Te-

T M
peMEILEHNH U3 MOJIoKeHUsA M, B nonoxkenue M JdT = IdA , WA
i M,
M ,
T—TO_A|M0 (14.51)

VYpasuenue (14.51) BeipakaeT TeopeMy 00 U3MEHEHUN KHHETUUECKOW YHEPTHH TOUKH B
WHTETpaIbHONU (popMe: usmeHneHue KuHemu4eckol dHepeuu mo4Kku pasHo pabome Culbvl,
oeticmayiougetl Ha MoYK).
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14.26. Teopema 00 U3MeHEeHUN KHUHETUYECKOH YHEPrUM MeXaHUYECKOil CHCTeMBbI.
Ha kaxxayro TOuky MeXaHMUYeCKOW CHCTEeMBI JAECHCTBYIOT, B OOIIEM Clyyae, paBHOJAEHCT-

BYIOIIasg BHEUIHUX CHJI ]7k(e) U PaBHOACHCTBYIOIAsA BHYTPEHHUX CHJI 1716(1). Torpa, ypas-
Henue (14.50) ans npon3BOIbHONM TOYKK MOKHO 3alUCaTh B BUJE

d mvi | _ dAFY+dA(F"), k=1,2,..,N. (14.52)
HpocyMMI/IpOBaB 9TO YPaBHCHHUEC IO BCEM TOUKAM CUCTCMbI U BLIHOCA B JIEBOUM YaCTH 3HAK
nmudepenirana 3a 3HaK CyMMBI, HOTy4uM d ]szmk_u,g = %dA(E{(E)) + %dA(F,{(")), Win
. Nk:l | k=1 k=1
dl' = S dA(E)+ Y dA(E®). (14.53)
k=1 k=1

®opmyna (14.53) BeipakaeT TeopeMy 00 H3MEHEHHUH KMHETHUECKON SHEPTHH MEXaHH-
yeckol cucteMbl B auddepeHmmansaoi dhopme: Jughghepenyuan kunemudeckoi sHepeuu
MEXAHUYeCKOt CUCmeMbl PAGeH CYyMMe DIeMEeHMAPHBIX pabom 6cex GHeULHUX U 6HYMpPeH-
HUX CUJL, OCTUCMBYIOWUX HA CUCTEMY.

[Tonenus ypaBuenue (14.53) Ha df, nonyunm emé oAHy 3aMKUCh TOW ke TEOPEMBI:

AT _ S (FOY 4 S (ED
o EIW(Fk )+1§1W( k)

[IpoussooHnas no epement Om KUHEMUYECKol SHepeUl CUCeMbl PASHA CYMME MOUHO-
cmeti 6Cex GHEeUHUX U GHYMPEHHUX CUTL, OCTCMEYIOWUX HA CUCTIEMY .

[IpounTerpupyem kaxnoe u3 ypapHenuit (14.52) mo cOOTBETCTBYIOIIECH TPACKTOPUH U

MOCJIE ATOTO MOWIEHHO MPOCYMMHUPYEM IO BCEM TOUKAM CHUCTEMBI. [lomydnm

N N
T=Ty= X AF) + ZAFD). (14.54)
k=1 k=1
VYpasuenue (14.54) Beipakaer TeopeMy 00 M3MCHEHWH KUHETHUYCCKOW SHEPTHH MEXa-
HUYECKON CUCTEMbI B MHTETPAIIbHOU (DOPME: UZMEHEHUE KUHEMUYECKOT dHePeUul MexaHu-
YeCKoll cucmemvl npu eé nepeMenyeHut U3 HAYaIbH020 NOJOJCEHUS. 8 KOHEUYHOE PABHO
cymme pabom 6cex GHeUHUX 1 BHYMPEHHUX CUIL Hd SMOM NepemMeujeHuu.

Homeuuuwlbuoe cujioeoe nojie

14.27. IloTeHIAIbHOE CHJIOBOE I0JI€ H ero BoicTBa. Ci/106bIM NOJICM HA3BIBACINCS
Yacmes NPOCMPANCMSEd, 8 KOMOPOM HA MAMEPUAILHYIO MOYKY OeliCmeyem Cuild, 3a6Ucs-
wasi om KOOPOUHAM MOYKU U BPEMEHU:

F=F(x,y,z,).

Ecnu cuna sSBHO He 3aBHCHT OT BPEMEHH, TO CHJIOBOE IMOJIE HA3bIBACTCS CTAlMOHAP-
HbIM. B yacTHOM ciydae, cuiia MOKeT ObITh MOCTOSIHHOM. CHIIOBOE IMOJIe B ATOM CiIy4ac
Ha3bIBACTCS OJTHOPOIHBIM.
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Cmayuonapnoe cunogoe nojie HA3wleaemcsi NOMeHYUIbHbIM, eclu Cyuyecmeyem ma-
kasi cxansipuas @ynxyus U(x,y,z), Haswieaemas cuiosoi gyuxyuei, yepes KOMopylo
NPOEKYUU CUTBL HA OCU KOOPOUHAM BbIYUCISIOMCS NO opMmyIam

5= p O o BT (14.55)
ox T 0y 0z
Ot TPH CKAJIAPHLIX PABCHCTBA MOJKHO 3allMCATh B BUAC OJHOI'O BCKTOPHOI'O
F = gradU , (14.56)

rae gradl = @f+£]+£l€.
ox 0z

oy
Kak cnenyer w3 onpenenenus (14.55), ecnmu BMecto cuoBoit ¢dynkumu U(x, y,z)

B3aTh U(x,y,z)+C, tone C — nrobas MoCTOsHHASA, TO 3HAYCHHUE CHJIBI HE M3MEHUTCS. Ma-

TEMATHKH 3TOT (DaKT BBHIPAKAIOT TaK: CHIIOBAs (PYHKIHS OMPEICIIAETCS C TOYHOCTBHIO JI0
aTATHBHON TOCTOSHHOW. [IJi1 WH)KEHEPOB U (PU3UKOB, MOXKET ObITh, 0OJICe IICHHBIM SIB-
nseTcss MHas (OPMYJIMPOBKA 3TOrO CBOMCTBA: HAYajo OTCUETA CHIIOBOM (DyHKIHMI MOKHO
BBEIOMPATH OT JTIFOOOTO MOJIOKCHUAS MEXaHUICCKON CHCTEMBI.

CBolicTBa MOTEHUMUAJBHOTO CUJIOBOTO moJisA. 1. DneMenTapHas paboTa CHJIbI
MOTCHIIMAILHOTO CHJIOBOTO MOJIs paBHa quddepenimany cutoBoi (yHKITHH:

dA=dex+Fydy+dez=%—de+a—Udy+%—Udz=dU.
: e z

oy
2. PaboTa cuiibl MOTEHIIMAIBHOTO CUJIOBOTO TMOJIA PaBHA PAa3HOCTU 3HAYEHUH CHIIOBOM
(I)YHK]_II/II/I B KOHCYHOM U HAYAJIBHOM ITOJIOXKCHMUAX:

M M
A= [dAd= [dU =U(x,y,2)-U(x, ¥, 2).- (14.57)
M, Mg

B wactHOCTH, ecin HauanbHASA M KOHEUHAS TOUKH COBMAIAIOT, TO paboTa paBHA HYJIIO.
3. YcioBue MOTEHIMATIbHOCTH CHJIOBOTO TOJIS BBIPAXKACTCS CUCTEMOHN YPaBHEHUH

oF, OF, _, o, o, _ OF, oF
dy Oz oz ox T oax oy

Jokaxxem nepBoe u3 3Tux paBeHcTB. CormacHo onpenenenuto (14.55) umeem
oF, @a(oUu\_dUu oK, o(oU)_d'U
oy - 8y[ oz )_ oz0y’ oz oz oy - dyoz

Jlna neaxcawl quddepeHnmpyemoi GyHkmuu {/ , 4TO MPEANnonaraeTcs, 3Ha4eHHUEe CMe-
IIIAHHBIX TTPOM3BOIHBIX HE 3aBUCUT OT nopsaka nuddepenuuposanus. [losromy, ecnu mo-

oF.

JlydeHHBIE PABEHCTBA TIOUIIEHHO BBIUECTh, TO yOemuMes, 4To —= — —= = (. AHAJOrH4YHO
oy 0oz

JIOKA3bIBAIOTCS JIBA IPYTHUX PABEHCTBA.

14.28. IlorenunanbHas YHeprust. [ MOTEHIIHANIBHOTO TOJISE CHJT HAPALY C CHIJIOBOM

dbyskEed U MCnoib3yeTcs Tak jK€ HeCKOJNBKO WHas (DyHKITHS, XapaKTepU3yroIias 3amac
SHEPTUU B JAHHOW TOUYKE CHUIIOBOTO TOJIA, — MOTEHIIMAIbHAS SHEpTHA [] .
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TomenyuaneHoli snepeueti NOMeHYUATbHO20 CUT0B020 N0 6 OUHHOIL MOYKe HA3bI6A-
emcs paboma cullbl OIS OCHCMEYIoWel Ha MAMepUansHylo MoyKy npu nepemeueHuu eé
u3 0anno2o nonodicenus M 6 navanenoe M y:

. M, M,
M=A]"= [dd= [dU=U,-U
M M

Kak BUIHO U3 3TOr0 onpeAeieHus, MOTEHIUAIbHAS SHEPTUSA C TOUYHOCTHIO 0 HECYIIIE-
CTBEHHOMW MOCTOAHHOHN U/, OTIHYaeTCs OT CHIIOBON (DYHKIIUH JIUIIH 3HAKOM.

14.29. Ilpumepsnl BbIYHCIeHHs] CHJI0BOII (PYHKIMH U MOTEHIHAJLHOW IYHEPrUH.
Jlnst omHOPOIHOTO TOJIsA CHUTHE TspkecTH (puc. 14.16)  dU = dA = —mgdz . CnenoBarenbHO,

U=[dU=-mgz+C,, (14.58)
II=mgz+C,.
Jlns paboThl CHITBI YHPYTOCTH TPYXKWHBI paHee Obiia mosiydena gopmymna (14.48)

AP JadF) e 2=~ 2)

1\40

. ¢
CrnenoBarensHO, JUis CHIIOBOH (pyHKIMK cnipaBeauBa dopmyna U = —5/12 + (), a mna

o c
MOTEHIIMAJILHON SHepruu [[ = 5/12 +C,. 3nech pedopmarus Npy>KHUHbL A JOJKHA OBITH

BBIpa)KEHA Yepe3 KOOPAMHATHL X, V, z. Ecnmu Hauano ocell BHIOPAHO B MOJIOXKEHUH, TTPU
koTtopoMm A =0, TO

U=—§(x2+y2+22)+C1, H=§(x2+y2+zz)+C2. (14.59)

14.30. IToBepxHOCTH YPOBHSI CWIOBOI (PyHKUMU. [ MPUBJICUCHUS A3bIKA PUCYH-
KOB MPH U3YYEHUU CBOMCTB MOTEHIMAIILHOTO CHJIOBOTO MOJIsi BBOAUTCS MOHSATHE MOBEPX-
HOCTH YPOBHS CHJIOBOH (DYHKIIHH.

[losepxnocmpio YpOBHS CUNOBOU (HYHKYUU HAZBIBACCS MHOJICECMB0 MOYeK Npo-
cmpancmesa, yoogiemsopsiouee ypasuenuio U(x,y,z)=C = const.

[IpunaBas nocrossuHoM ' pa3NMUYHbIE 3HAYEHUA TOJYYHM CEMEHCTBO MOBEPXHOCTEH,
pasbuBaroiniee mpocTpancTBo. [1o BUAY 3TUX MOBEPXHOCTEH M UX B3aMMHOMY PaCIOIONKe-
HHUIO MOKHO CYAUTh 00 OCOOCHHOCTAX MOTEHIMAIBHOIO MOJs. JTOT aHAJIM3 OCHOBAH HA
CIEYIOIMX CBOMCTBAX.

Cgoiicteo 1. Cwma, aeicTByromas Ha MaTePUAIbHYIO TOYKY CO CTOPOHBI TOJISA, Ha-
MpaBjeHa TMEPNEHANKYJISIPHO TMOBEPXHOCTU YPOBHS B CTOPOHY BO3PACTaHUA CUJIOBOMU
byHKIMH.

Csoiicteo 2. Cuma, AeHCTBYOIAd HA MAaTEPHAIBHYIO TOUKY CO CTOPOHBI TOJIS, HMEET
OonbIIMA MOAYJH B TE€X TOUKAX MOJIA, TI€ TMOBEPXHOCTH YPOBHS PACIOJIOKEHBI TYIIE
(Onwke apyT K APYTY).

OTH 1Ba CBOMCTBA cleAytoT u3 ypasHeHus (14.56).
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CaoiictBo 3. PaboTta cuiibl, IEHCTBYIONIEH HA MAaTEPUATIbHYIO TOYKY CO CTOPOHBI MOJIS
PaBHA HYJIIO, €CJIM HAaYAJIbHOE U KOHEYHOE TMOJIOKEHUE TOUKH PACIIOJIOKEHBI Ha OJAHOU U
TOM € MOBEPXHOCTH YPOBHSL.

[Tocnennee cpoiictBo crienyer u3 ¢opmynsl (14.57) u onpeneneHus MOBEPXHOCTH
YPOBHS CHJIOBOM (PyHKITHH.

Jlnisi OMHOPOAHOTO MO CHIIBI TSKECTH MOBEPXHOCTH YPOBHS CHIOBOH (DYHKIMH, KaK
cnenyet u3 (14.58), onucwiBatoTcst ypaBHeHueM —mgz = (', T.€. SABJIAIOTCS TOPU3OHTAIb-

HBIMU TUIOCKOCTSIMH.
U3 (14.59) cneayet, uTo A7 MOJA CHIIBI YOPYTOCTH TMOBEPXHOCTHU YPOBHS CHJIOBOH
(byHKIIMHM TPEACTABIAIOT cO00 KOHIIEHTpUUECKHE cephl, TAK KaK OMUCHIBAIOTCS ypaBHE-

HueM x> + 12 +z2 =C.

14.31. 3akoH coxpaHeHHsi MeXaHU4eCcKoii 3Heprun. [lycTh HA MEXaHUYECKYIO CHUC-
TEMY JEWCTBYIOT JIMILb MOTEHIHAIbHBIE CUJIbI, T.€. CUJIbl, 3HAYEHUE KOTOPBIX MOKHO BbI-
YUCIIUTH Yepe3 CHIIOBYIO QYHKIHIO 10 hopMyiamMm

oU oU _ou

Fu= 5o Ty =g T =

k=12 .,N
o ( )

0z},
[To Teopeme 00 M3MEHCHWH KWHETHUCCKON SHEPTUM MEXAHHUECKOH CHCTeMbl B audde-
peHIHaTbHOM opme

N N
k=1 f=1\ 0%, Wk 0z

Ecnm mepeiité OT cMiioBOM (PyHKIMM K TMOTCHIMAIBHOW SHEPTHH, TO MOCIICTHUHA pe-

3yJIbTaT MOKHO 3amucars B Bune d(7 + I1) =0, oTKyaa cieayer, uro
T'+11=Ty+1l,.

JleBas yacTh MONYYEHHOTO YPAaBHEHHS MPEACTABIAET IMOJIHYKD MEXaHWUYECKYIO SHEp-
THIO0 B KOHEUYHOM MosokeHnun: 7'+ [1 = I . [IpaBad 4acTb MpEeACTABIIAET MOJHYIO MEXAHU-
YECKYIO0 CHCTEMY B HauaJlbHOM mojoxenuu: [, + 11, = E,. CienoBarenvHo, npu osuice-
HUU MEXAHUYECKOT CUCeMbl UL NOO OeliCmEuem NOMeHYUAIbHbIX CUIL NOTHASL MeXAHU-
yeckdaa srHepeus OCMAEmcst Heu3MeHHOU.
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I'masa 15. [TPUHIIATT JTAJTAMBEPA

15.1. Hpunuun /{lanamoepa. Cuna unepuum. [puniun Jlanam6epa chopmynupoBan
B 1743 r. u mepBoHaYabHO, B OTIIMYKE OT 3aKOHOB HproTOHA, OBLT TIpeaHA3HAYECH I
U3YyYEHUs [BUKEHUs HECBOOOJHBIX MEXAHMUYECKHX cHcTeM. B Hacrosiiee Bpems 3TOT
MPUHLMI ¥ BBITEKAIOUINH U3 HETO0 METOJl KMHETOCTaTHKH PAacCMaTPHUBAIOT KakK yIOOHBIN
npuéM, TO3BOJSIOMMN MuddepeHInaTbHbIE YPABHEHHAS NUHAMHUKH CBOOWTH K (popme
ypaBHEHHI PABHOBECHS CTATHUKH.

PaccmotpuM, BHavase, 3TOT MPUHLIKAI TPUMEHUTENIBHO K TOUYKE. B cOOTBETCTBHM € ak-
CHOMaMH TMHAMHUKHA OCHOBHOE YPaBHEHHUE JBMKCHUA MATEPHATbHON TOUKH UMEET BH]T

ma=F+R, (15.1)
rae 7 - paBHOAEWCTBYIOIIASA aKTHBHBIX CHJI, K - PaBHOJAEHCTBYIOILAS PEAKLMN CBA3ECH,
_ dF
d =— - abCOIOTHOE YCKOPEHHE TOUKH.

dt

VYpasuenwue (15.1) MokHO TakKe 3amucaTh B BUIE
F+R+(-ma)=0.
Cmaraemoe (— mﬁ) o6o3HaYaroT @ W HA3BIBAOT OAIaAMOEPosoll cunoil unepyuu (unm
npocTo cuiioi uHepiwn). OCHOBHOE YPaBHEHHE TUHAMUKHA MAaTE€PUATbHON TOUKHU MPH HC-
TOJTb30BAHUH CHJTHI MHEPIIMW IPUHUMACT CJICTYIOIIANA BU/I;
F+R+D=0. (15.2)
Tak kak yKa3zaHHBIC BBIIIE CHJIBI O0Pa3yIOT CUCTEMY CXOIALINXCA CUJI, TO YPAaBHEHHUE
(15.2) MOXHO paccMaTpUBaTh KaK YCIOBHUE PABHOBECHS CHCTEMbI CHII (17 ,R, 6). B sTom

u coctout npuHuun JlanamOepa 11 MarepualibHOM Touku. GOpMYJIMPYETCs OH TaK: npu
OBUMNCEHUU MAMEPUANLHOT TMOYKU 6 TI000T MOMEHM 8peMenl NPULoOdCeHHbvle K Hell aK-
MUGHbBIE CUIbL U PEAKYUU CEs3ell GMecme ¢ CUNOU uHepyuu oopaszyiom cucmemy Cuil, JK6U-
BANICHMHYIO HYTIIO (YPAGHOBCULEHHYIO CUCEMY CUTL), T. €.
(F,R,®)wn0 (15.3)

Otmertum, uto B popmynupoBke npuHimna Jlanambepa peub UAET 00 ypaBHOBEIIIEH-
HOCTH OTIPEIeTIEHHON CHCTEMBI CHII, 2 HE O PABHOBECHH (TIOKOE) MAaTEPHATBHOW TOUKH.

Takum 00pazom, JOMOJHSS CUCTEMY aKTHUBHBIX CUJI M PEAKUUi CBs3€H, NPHUIIOKEH-
HBIX K TOYKE, CHJIOM MHEPLMH, MOJIy4aeM YPABHOBEIICHHYIO CHCTEMY CXOJAIIMXCS CHI,
JUT KOTOPOHM JTOJDKHO BBIMONHATBCA ycrmosue (15.2). B mpoekmmsax Ha OCH JIeKapTOBOM
CUCTEMBI KOOPJMHAT UMEEM:

FitR+®, =0, F +R, +D, =0, I, +R, +D, =0,

rae O, =-mi, ©,=-my. O, =-mZ.

15.2. Ilpunoun /lanaméepa nyiss MexaHu4ueckoii cucrembl. PaccMoTpuM MexaHuue-
CKYIO CHCTEMY, COCTOAITYI0 H3 N MarepuanbHbix Touek. [Ipumenss npunmmn J{amambepa
K K@)KJI0M TOUKE CHCTEMBI, MTOJTydaeM
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rie 6k =—mday, Fk u }_Qk - PaBHOJCHUCTBYIOIIME AKTUBHBIX CHJI U PEAKLMI CBA3EH, MpH-
JIOKEHHBIX K k -0H Touke. Ycnosue (15.4) MOXKHO IPEICTaBUTh B BUE
(F,,R,,®,) 00, k=12,..N,
Takum oOpaszom, i CUCTEMBI MaTepPHATBHBIX TOUeK npuHIm [lamambepa Gopmyim-
PYETCS TaK: Mpu OBUNCEHUU MEXAHUYECKOU CUCmeMvl 8 J000T MOMEHM 8peMeHU Npuilo-
HCEHHBIE K KANCOOU MOYKe aKMUGHbIE CUIbL U PeaKyUl C6s3€eli 6Mecme ¢ CUNaMU UHepYull

006pazyiom cucmemy Cuil, IKGUBANEHMHYIO HYIIO.
Cymmupyst eBbie YacTH ypaBHeHHH (15.4) Mo BceM TOYKaM CHCTEMBI, TIOJTydaeM

N_ N_ N__
k=1 k=1 k=1
YMHOXUB Kaxnoe ypaBHeHHe B (15.4) BEKTOPHO cjeBa Ha paauyc-BeKTOp 7, k -oi

TOYKH U IPOCYMMUPOBAB HUX, OJIyYUM

N _ N _ N __
7 <y + 3T xRy + 3 T x @, =0,

] P s
HnJIn

N L N . _ N L

> My (F )+ XMy (R )+ 3 M, (@, )=0, (15.6)

ol el ]

W3 (15.5) u (15.6) cnenyer, 4TO paBHBI HYJIIO TJIABHBIA BEKTOP W TJIABHBIH MOMEHT OT-
HOCHUTEJIBHO TMPOU3BOJIBHOIO IIEHTpa npuBeaeHUs () AKTUBHBIX CHJI, PEAKLMHA CBA3CH,
MIPUJIOKEHHBIX KO BCEM TOUKAM MEXAHWYECKOW CHUCTEMBbI, M CHJI MHEpLMH. B mpoekumsx
Ha OCH JEKapTOBOW CHCTEMBI KOOPJAWHAT, HAYAJIO KOTOPBIX COBMAMAET ¢ LEeHTpoM (), 3TH
YCIIOBHSI IPUHUMAIOT BHJ W3BECTHBHIX YPAaBHEHHH PAaBHOBECHS TPOM3BOJIBHOW MPOCTPaH-
CTBEHHOW CHCTEMBI CHIL

N N N
D+ 2R + D P =0;

k=1 k=1 k=1

N N N

ZFky + ZRky +Z(I)ky =0;

k=1 k=1 k=1

N N N

szz +2sz + Z(Dkz ZO;

Yoo (15.7)
ZMx(Fk)+2Mx(Rk)+ZMx(®k):O;

k=1 k=1 k=1

N N N .

SM(F M (R )+ > M ,(®))=0;

k=1 k=1 k=1

N N N .

kZ—:IMZ (Fk )+kz_le (Rk )+]¢Z—:1MZ ((Dk ):0

Ecmm CHJIbL, IMPUIIOKCHHBIC K k -o¥ Touke CUCTCMBI, PA3JIOKUTh HC HA aKTUBHBLIC U PEC-
AKIIUHU CBﬂSCﬁ, d Ha BHCIIHIOIO Ej W BHYTPCHHIOKO F}CI , TO YPABHCHHUC IIPUMCT BU

50



FO L FO, 5 =
FO9+FY+@, =0,
Tax xak riIaBHBIN BCKTOpD H IJIaBHBIH MOMEHT BHYTPCHHUX CHUJI CUCTCMbI OTHOCHTCIILHO

MPOU3BOJILHOTO LIEHTPA NPUBEACHNUA paBHbI HyO, TO s (15.5) u (15.6) umeem cootBet-
CTBEHHO

N _ N _ N _ N __
SEO+ 33, =0 T, (F)+ 2 5,(@,)-0. (158)
k=1 k=1 k=1 k=1
[Tpoeumpys (15.8) Ha ock nEKaPTOBOM CHCTEMBI KOOPIMHAT, MOyYaeM IIECTh YPaBHEHU
PABHOBECHS CHCTEMBI CHJI, aHAJIOTHUHBIX ypaBHEHUM (15.7). OcoOeHHOCTh STHX ypaBHe-
HHUI COCTOUT B TOM, YTO B HUX HE BXOJAT BHYTPEHHUE CHUJIBI.
[lonarue o cune nHepuuu 1 npuHumn /lanamGepa COCTaBIAIOT OCHOBY METOMA KUHE-

mocmdamuxu, KOTOpBIfI CTaBUT CBOEH LICJIBIO MNPUMEHCHUE METOAOB CTaTUKHU, B YaCTHOCTH,
K 3aJa49aM JUHaMUWKHU MAaIlluH U MCXaHU3MOB.

15.3. I'naBHbIIi BEKTOP U IJIaBHbIIi MOMEHT CHJI HHEpUUH. B TprMeHeHUH ypaBHe-
Huit (15.7) npeaBuasaTcs cieayromue TpyJHOCTH. Tak Kak TOueK B MEXaHMUYECKOHW chcTe-
M€ MOXET OBbITh CKOJIb YTOJAHO MHOTO, TO HEOOX0AMMO OYyJIET YUUTHIBATh CTOJIb k€ 0O0JIb-
Mo¢C YUCJIO CUJI HHCPLIUH 5]( , IPHUJIOKCHHBIC K Kﬁ)KI[OfI U3 TOYCK. HO, U3 CTaTUKHU U3BCCT-
HO, YTO MPOM3BOJIBHYIO CUCTEMY CHJI BCEra MOKHO 3aMEHUTH JIByMs BEJIMUUHAMU: [J1aB-
HbIM BCKTOPOM H TJIaBHBIM MOMCHTOM. OTHOCHUTEIBHO MMPOU3BOJILHOTO HETIOABHIKHOI'O
1eHTpa () TJIaBHBIM BEKTOP CUJI MHEPLIUU

o Y N, o\ da(¥ d . = _
R =z(pk=2(_mkrk)=__2 D MTy | =——5 Mo = M = -Ma,
k=1 k=1 dat” =1 dt
a FHaBHBIﬁ MOMCHT CUJI I/IHepHI/IH
N N o N JdT d N JK
—D _ _ 1] _ _
Iy =Y My(®@) =Y (7 x D, )= _Z[rk X My, —kj =—— (B xmy)=——2.
k=1 k=1 k=1 dt dt 5 dt

Takum O6p8.30M, npu 0O0M OGUINICCHUU MEXAHUYECKOT CUCEMbl /IAGHbLT GEKMOp CUJ
unepyuu paeen 6354momy o 3HAKOM MUHYC npouseedeuul() MACCHlL CUCMeEMbl HA BEKMOp
YCKOpeHUA Yyenmpda mdcc, d CHNAGHBIH MOMEHM CUTL UHepyuu OmuoCcumelbHoO nNpPou36oibHO-
20 yenmpda 0 paeser 635MOU CO 3HAKOM MUH)YC npou3600H0ﬁ no eépemeHu om Kunemuue-
CKO2O MOMeHnmd cucmemvl OMHOCUNIENIbHO NO2O JHCe YeHmpd.

(I)opMyny JJIA TJTIaBHOTO MOMCHTA CHJI HHEPLIHMKU MOXKHO OBLIIO BHIBECTH H3 TCOPEMbI 00

dky; X¥_ -
U3MEHEHUH KHHETHYECKOIO MOMEHTA CUCTEMBI 0 > M, (Fk(e)). Ecmm nepenmcars
a5
dk,

N — —
nocrne/iHee ypaBHeHue B Buae » M, (Fk(e)) + 7t0 =0 ¥ CpaBHHUTbH PE3YJIbTAT C IPHH-

k=1
munom Jlamambepa st Mexaandeckoi cucteMsl (15.8), To monyunm Tyxke dopmyity, 9To
U BBITIIC.

VY w3yvarommx npuHmmn JlamamOepa BOIEpBbie WHOT/IA BO3HWUKAET BOMPOC: OyneT Jin
MPABUJIBHBIM, €CJIM BCIO COBOKYMHOCTH CHJI WHEPIHH 3aMEHUTh €€ TJIaBHBIM BEKTOPOM
R® npunoxennsiM B rieTpe Mace cucteMbl? UToGbl OTBETUT HA JAHHBIN BOIIPOC, 3aIld-
nreM Gopmyny (14.36) BeIUHCIEHUS KHHETHYECKOTO MOMEHTA TIPH CJIO)KHOM JIBHIKCHUH
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Mexanuueckoii cucrembl K, = F. x MO + K. U3 nannoii gopmynsl crieayer, u4to eciu

KHHETHUECKHIT MOMEHT f[f‘ OTHOCHTENBHOID ABHMCHHA MO OTHOIICHHIY K USHTRY Macc
PABEH HVIK, TO OTBET TMONOWHTENEeH. JIEHCTBATENBHO, B 3TOM

cayuae E}’ - —% = —%[F{u x MDp )= F-x{-Md,), Te. rnas- \
HBIil BEKTOP CH MHEpIHH R =M, TpHIoKeH B UEHTpE RL e “
Macc. JTOT cayuail peannayercs, HanpuMep, NpH NOCTYIIATE b= ___./
HOM JABHKEHMH TBEpaoro Tena. Ecam we K[ # 0. To oTser 0T- by
pHLATENEH,

[Ipn pewieHWM 3a0a4 Ha CEMHHAPCKMX 3aHATHAX HAWDONEE 4acTo BCTPEYANOTCA Clie-
JYVIOLIHE TUIBL ABHACHHH TBEPAOrO Tena: nocrynare/ibHoe; Bpaareib-
HOE BOKPYT HEMOABMMKHOH ocH, nnockoe. Moryt OwTe npeanokens 7®.

s 2 &

CAENVIONIHE PEKOMEH AWK MO YUETY CHIT WHEPIIHH B 3THX CITY4anXx, fj/""\\

1. an MOCTYMATCNBHOM ABHACHHH CHIIEI HHEPIHH 3aMCHACM Tllab- r o g ]

HBEIM BEKTOPOM CHJI HHEPUMIi, NPUI0KeHHBIM B LenTpe Mace (puc. 15.1), \-‘_ 4
—

4TO ODOCHOBAHO TOJIBKO YTO.

2. Jlna Teépaoro rela COBEPIIAIOIIEI? BPALIEHHE BOKPYD HENOABHIK-
HOM ocH (Jz, cOBMafaIed ¢ OCBI0 MATEPHANBHOH CcHMMeTpHH Tena (oce (Jz rhaBHas
[EHTPANEHAS OCh HHEPLMH), IABHEIH BEKTOD CHII HHEPLIMH PaBeH HYIIO, 4 TNABHBIH MO-
T dE{; ﬂ'

Pue. 15.2

MEHT CHI WHepumu [, =- =——(J,@)=-J.F
df i —
(puc. 15.2).
3. [pn nnockom JABHKESHHH TBEPAOTO TENA, B CIVUAS ¥ ‘{g T
ecnM nojpWikHas ock (z' rnaBHas LEHTpPaTbHaA oOCh {"i;_,r_ |
MHEPLHH, KHHETHYECKHH MOMEHT OTHOCHTENLHOTO 1BH- = o |
senna K. =.J @ . Torna X
dk, d | -
Ip=—"-2= ——(r,;- x MU + K[-]:
dt dr 0
— = _ X
=F-%R" —JF.
‘ e Puc. 15.3

CJTE!IEU'BRTEHI:HD, COBROKYTTHOCTR CHI HHEPHI‘Tﬁ JamMe-
HAEM TNMABHBIM BEKTOPOM Eﬂl_‘ NPHIGKEHHBIM B HEHTPE MACC H I'.Eﬂpﬂﬁ CHIT © MOMEHTOM

Jeog (puc. 15.3).
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I'masa 16. OCHOBBI AHAJIUTUUYECKOU MEXAHUKN

B anamuTHUeCKON MEXaHUKE HU3YYAIOTCS PAa3IMYHBbIC BUOBI ABHKCHUN MEXaHUYECKUX CHUCTEM (a Tak
JKe MX PABHOBECHE) MO €IMHBIM aJITOPUTMAM.

Hampumep, B npenbiayiieii riase ObUIO TOKA3aHO, 4YTO A BbiBoAa nuddepeHiranbHbIX ypaBHEHHH
MOCTYMATEebHOrO ABIKEHMSI TBEPIOTO Tejia HEOOXOAMMO BOCIIONB30BATLCS TEOPEMOM O IBUKEHUH [IEH-
Tpa Macc, a uist BbiBoja AudhepeHaTbHOr0 YpaBHEHUS BPAIATENbHOTO ABIDKEHHsT TBEPIOTO Teja CO-
BCEM JIPYTOii TeopeMoil — TeopemMoii 00 M3MEeHEeHNH KHHETUYeCKOTO MOMEHTa. B aHaIuTU4eCcKoil ke Me-
XaHHKe, KaKk yOequMmcst Mo3ske, 3TH Pa3Hble 3aa4 PEIAOTCs [0 eANHON METOIUKE.

16.1. Csi3u u ux kjaaccupuxammst. Cea3amu 6 analUMuyeckoll Mexanuke Haswl6d-
I0MCsl 02panuyenus Ha NoaoJceHue moyex uiu men u ux ckopocmu. Hanpumep, HeOO0Ib-
mo# npeaMer (MaTepuabHas TOUKa) HAXOAALIMICA Ha CTOJIE HE MOXKET OBbITh MEPEeMEIIEH
HIKE TIOBEPXHOCTH CTOJIA. ITOT (PaKT U3 CJIOBECHOU (POPMYIHMPOBKH MOKHO TICPEBECTH B
MareMaTH4eckyro. [ 3Toro BBeAEM cucTemMy koopauHat (Oxyz ¢ KOOPAMHATHOHW TIOC-

KOCThIO (JXxy COBNAJAIOLICH C MOBEPXHOCTBIO CTOJIA M OChIO (Jz HANpaBJICHHOH BBEPX.

Toraa ykazaHHoe orpaHHYeHHE MOYKET OBITh BHIPAKEHO HEPABEHCTBOM
z20. (16.1)
CBsi3u (PU3HYCCKH PEATH3YIOTCSA B BUIC PA3IMUHBIX YCTPONUCTB WK TEN (CTEPIKHU, HH-
TH, IIAPHUPHI M T.11.). MaTeMaTnyecku CBs3b OMMCHIBACTCS, B OOIIEM Cilydae, ypaBHEHHEM
J (X V15215 X0 5 ey 2N X1 V15 215 X5 s Zn5 1) =0
100 HEPAaBEHCTBOM
J X V15 215X 5 cees 2N X1 V15 215 X5 s 45 8) 20
He oGs3arensHo ¢yHknus f OyaeT 3aBHCETh OT BCEX MEPSUMCICHHBIX apryMeHTOB. B

HEKOTOPBIX MPOCTHIX CIy4asX 3Ta 3aBUCUMOCTb MOXET OBITb BCETrO OT OAHOH NEpeMeEH-
HOI, kak B HepaBeHcTBe (16.1).

OrpaHuuunBas ABUKEHHE MEXAHWYECKOW CHCTEMBI, CBA3U ACWCTBYIOT HA €€ TOYKU TO-
CPEACTBOM CHJI, KOTOPbI€ HA3bIBAIOTCs peakuusaMu cBs3eil. [Ipu n3yueHun paBHOBecus U
JBMOKEHUS MEXAHWYECKHX CHUCTEM MNPUMEHSETCA aKCHOMa OCBOOOMKAAEMOCTH OT CBS3H:
cucmemy € HANOACEHHBIMU CEASSAMU MOJICHO PACCMAMPUBAMb KAK c60000HYI0 (0e3 c6si-
3eil), nPUIoNKUE K e€ MOYKam peakyuu, COOmEencmeyuue (MvlCleHHo) OmopouleHHviM
CEA3SM.

[Tepeiiném k knaccH(pHUKaAIMU CBsA3el. 371ech HEOOXOIMMO UMETh BBHIY, UTO OJHA M Ta
e CBA3b KJIACCU(PUIIMPYETCS IO HECKOIBKUM TIPU3HAKAM.

CBsi3p Ha3bpIBaeTCA IOJIOHOMHOM, €CIM YPaBHEHUE CBA3M HE COAEPIKUT CKOPOCTEH TO-
Yek:

(X, V1521, %05 0 Zn-0) = 0. (16.2)
B npoTtuBHOM cilyyae CBsI3b Ha3bIBACTCSA HETOJIOHOMHOM.

B kauectBe mpumepa paccmorpum cdepudecknii masTHuk (puc. 16.1). Touka A 3a-
KpEeIIeHa Ha KOHIIE CTePKHA JHHBI [ . CTep)KeHb 3aKPEIUIEH B HETIOABMKHOM Touke O ¢
MOMOIIBIO cheprudeckoro mapHupa. B sTom cioyyae Touka 4 He MOXET 3aHUMATh MPOU3-

BOJIBHOE IOJIOKEHHE. E€ KOOpAMHATHI yIAOBJIETBOPSIOT COOTHOLIEHHIO xfl + yfl + Zfl =12,
W
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eyl =0, (16.3)
B ypaenenne (16.3) He BXOAAT NPOESKUMH CKOPOCTH X,
¥y. Z,. CnenosarellbHO, JIBM3KEHHE TOYKH NOJ4HHEHO

FOMOHOMHOH CBA3H, X

["eomerpuuecknii ofpas ronoHOMHOM CBA3H — NOBEpX-
HOCTE B MPOCTPAHCTEE COOTRBETCTRYHOIIEND YHCIA H3Mepe- ¥
HHH, B wacTHOCTH, yparHeHHe (16.2) ecTh yparHeHHe cibe-
Phi € IEHTPOM B HAYANE KOOPIMHAT paauyca [ .

Koneuno we, echu npoaudubpepenumposars no speme- Puc. 16.1
Hu ypashenue (16.2), T0 noayv4MM Apyvroe ypasHeHHe, B
KOTOpOe OyIYT BXOAHThE cKopocTH. Hanmpusmep, ecniu B paccMOTPEHHOM BEILIE NMpHMEpE
cthepuueckoro MAaATHHKA BEIMMCIHTE MPOHIBOJHYIO MO BpeMeHH oT obewx uacteii ypae-
Henus (15.3), To nonvunmM vpapHeHHE

'x.-i‘*.-‘l + ¥, [_]:f'.r +:..rf‘| =, (164)

Ho, B 31OoMm cnyuae, oT ypaeHenna (16.4) o0paTHo, HHTETPHPOBAHHEM, MOMHO NEPeiTH K
HCXOJHOMY VPaBHEHHIO, HE COJIEPWKAIIEMY CKOpOCTEH. YpaBHEeHWE e HErOJOHOMHOI
CBA3H HEHHTETPHPYEMO.

CpA3b Ha3bIBAETCA CTALIMOHAPHOW, €CIIH YpaBHEHHE CBA3H HE COACP/KHMT BpemeHH. B
MPOTHBHOM CIYYAE CBA3L HA3ZLIBACTCH HECTALMOHAPHOI.

Vpapuenue (16.3) ONHCHIBAST TOMOHOMHYK), CTALHO-
Hapuyo cease. [lpueeném npumep roJOHOMHOH HecTa-
UHOHAPHOH CcBA3A. 1A 9TOro HECKOIBKO MOJASPHHIHPY-
em npeas Ay npusep. [peanonoixum, uTo B noTonke
HMEeTCHA OTBEPCTHE, Yepe3 KOTOPOEe BTATHBACTCA HHThL C
NOCTOAHHON CKOPOCTBIY U, 4 K HUMKHEMY KOHLY HHTH
npuesazad veGoabwoi rpy: A (puc. 16.2). B srom ciny-
ude, ¢ Y4ETOM, MTO HHTh MOMKET OBITE M B HEHANPAKEH-
HOM COCTOSHMH, TPY3 MOXKET 3aHMMaTk moboe nonome-
HHE BHYTpH cepsl nepemenHoro pagmyca [ = (/, —uvi),

rae [, — nnuHa ceHcalowel vact HUTH npu [ =0, CneaoeatelbHO, KOOPJIHHATEL Ipyia

Puc. 16.2

YIOBINETBOPAIOT HEPABEHCTBY X + V7 +27 < (I, — v1)*, KOTOpOE Nepenuilem B BHE
(hy —vt)y —(x% + 32 +22)20. (16.5)
Ypaguenue (16.5) apnaerca ypapHeHHEM MUIOHOMHOA HECTALLHOHAPHOH CBAZH.

Ceatbh HASBIBASTCA YASPKHBAIOIIEH (ABYXCTOPOHHEH ), 8CIH OHA BRIPAKASTCA PABEHCT-
BoM, Hanpumep (16.3). Heyaepiupsaoman cea3b BRIPAKASTCA HEPABCHCTBOM, HanpHMeEp
(16.5). BooOpa3um, uTo TOUKA JBHAETCA B 3a30pe MEKIY ABYMA OIH3IKO pacnonoKeHHbI-
MH NoBepXHOCTAMM. Tak MOKHO NpeacTaBnaTh cebe yiaepaiHBaoiLy o cealb. Ecin umeer-
CA JIMLIL OHA [OBEPXHOCTh, TO TOYKA MOIKET [1EPEMEeLIATLCA 110 ITOH M0BEPXHOCTH, a
MOMKET M NOKHHYTL €€, Takos reomerpuueckuii 00pas Hey IePKHBAIOLIEH CBAIH.

B AAHHOM KYPCE TF,‘.'DPETH'-I&GK(!ﬁ MEXNAHHKH 5}",&1’#&1 H3VHATE MEXAHHYCCKHE CHCTEMEIL,
KOTOPBIE MOTUHHEHB! TOTOHOMHBIM YAEPAHBAIOIIAM CBA3ZAM.
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16.2. O600ménnnie kKoopauHaThl. [IycTh Mexannueckas cucremMa COCTOUT U3 N Ma-
TepHANBHBIX TOUEK. EE MmonokeHrne B MPOCTPAHCTBE onpeaesieTcss 3N IeKapTOBBIMH KO-
opauHaramMu. Eciim Ha CHCTEMY HAJIOKEHO 71 TOJIOHOMHBIX YICPXKHBAIOIIMX CBSI3EH, TO
HE3aBHCHUMBIX MEXy coOoi OyayT He 3N , a n=3N —m koopauHat. Unciao n Ha3bIBAtOT
YUCIIOM CTEIIEHEH CBOOOIBI MEXaHHUYECKOW CHCTEMBI. BBIOpaB n IeKapTOBBIX KOOPJWHAT
CUCTEMBI B KAYECTBE HE3aBUCHMBIX, OCTAJIbHBIC 7 KOOPAMHAT MOKHO HAWTH TIPH MTOMOIIIH
ypaBHEHUH cBs3eil. BoiOOp AekapTOBBIX KOOPAMHAT B KAuECTBE HE3aBMCHMBIX MJIA psla
3a/1a4 MEXaHWKH OKa3bIBACTCS HEPAIlHOHAIBHBIM, TaK KaK MPHUBOIUT K TPOMO3IKHAM BBI-
kimagkam. [TosToMy 1ieaecoo0pa3Ho HCIOIb30BaTh U APYTHE HE3aBHCHMbBIE KOOPIHHATHI.

Hesasucumvie mexncoy coboil napamempsi, 0OHO3HAYHO ONpeoeisitouue NON0NCEeHUE
MEXAHUYECKOU CUcCmeMbl 8 NPOCMPAHCMEe 6 000U MOMEHM BPeMeHU HA3bIBAIOMC Sl
0600wénnvivu Koopounamavu. Ix obosnauaror ¢;(t), rme i=1,2,..,n. B kauectse

0000IIEHHBIX KOOPAMHAT MOXKHO WCIOJIb30BaTh JJTUHBI MPAMOJUHEHHBIX OTPE3KOB, JJTH-
HbI YT, YIJbl, TUIOMIAAU U T.4. B yacTHOCTH, 000OIIEHHBIMU KOOPAUHATAMH MOTYT ObITh
W JCKApTOBBI KOOPAWHATHI. (71 OJHOM M TOH k€ MEXaHMUECKOW CHUCTEMBI MOXET ObITh
HECKOJIbKO BapHaHTOB BhIOOpa 000OIMEHHBIX KOOPIMHAT.

Jliia cucremsl, cocTosAmet u3 N TOYEK, Ha KOTOPbIE HAJIOKEHO 71 TOJOHOMHBIX YyIEp-
JKUBAIOIIMX CBA3EH, depe3 000OIEHHBIE MOTYT ObITh BBIpAXEHBI # =3N —m HE3aBUCH-
MBIX JICKApPTOBBIX KoOpauHAT. OCTajbHbIC ACKAPTOBBI KOOPJAMHATHI BHIPAXKAIOTCS Uepe3 T
ke 0000IMEHHBIE KOOPAMHATHI ¢ TIOMOIIBIO 71 ypaBHEHHUH cBsizer. ClienoBarenbHO, U pa-
JINYC-BEKTOPHI BCEX TOUEK BBIPAXKAIOTCS uepe3 0000MIEHHBIE KOOPAUHATHI:

Fk = ’7]{(Q17QZ7"'>qn7t)

IIpumep. IlycTte MexaHnuyeckas CUCTEMA COCTOUT JIMLIbL U3
onHoM Touku A . E€ aBMkeHHe MOJYHHEHO IBYM CBA3SIM: y
¥2+)y2—R*=0. (16.6) '
IlepBas CBSA3b NPUHYKAAET TOUKY OCTaBaTbCA B KOOPAWHATHOH A
IINIOCKOCTH Oxy, a BTOpast CBsA3b IMPEANUCHIBACT TOYKE OCTa- R

2

z,=0

BaThCS B YKa3aHHOW IIOCKOCTH Ha OKPYKHOCTH paamyca K ¢
LEHTPOM B Hadaje koopauHat (puc. 16.3). Torna N =1, m=2
U 49ucio crenenei csobompr 7 =3N —2=1. CiemnoBareibHO, o) X 4 5
JIMIIb OFIHA eKapToBa KOoOopAuHATa Oyaer He3aBHCHMOM. B ka-
YeCTBE TAKOBOH MOKHO BBIOpaTh, Hampumep, X,. Ho, B kaue-

CTBE KOOPAMHATBI, ONPENeAOIYI0 MOJOXKEHHE TOYKH B JaH-
HOW 3a/made, MOKHO BbIOpaTh He NEKapTOBY KOOPAHHATY, a Puc. 16.3
yTOJN ¢, YKA3aHHBIH HA PUCYHKE, WITH IUTHHY OYTH S, .

ITpumem 3a 00600mEHHYIO0 KOOPAUHATY yroa ¢ . HesaBucimas nekapToBa KOOpAMHATA X, BHIPaXKaeT-
csi yepes oboOménnyto Qopmynoit x, = Rcos@. 3aBucumas IeKapToBa KOOpAHMHATA ), BBIpaXkaeTcs
BHA4ajie 4Yepe3 HEe3aBUCUMYK [€KapTOBY KOOPAWHATY X, W3 ypaBHeHuil cmsseil (16.6) mo dopmyie

Vi = i\/Rz -x3, a 3aTeM U yepes 0000IIEHHY 1O KOOPIUHATY

Yy = i\/Rz -x = i\/Rz —(Rcos@)? = Rsing . B utore, pamiyc-BeKTOp TOYKH A OKA3alCs BBIDAKEH-

HBbIM Yepe3 00OOIMEHHYE0 KOOPIHHATY |
7, =Rcos@i+Rsinpj+0-k.
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16.3. Bo3mo:xkHble niepemeineHusi. /lelicTBUTe/IbHBIE TIEepPeMeIeHUs. BO3MOICHBIM
nepemeueHueM Ha3vbl8Aemcst MblCIuMoe, OeCKOHEeUHO Maloe nepemeujenie mouku, 0onyc-
Kaemoe ceszimu 8 Oanuwlil momenm epement. OO03HAYAETCS BEKTOP BO3MOXKHOTO TIEpe-
MEIIEHUS TOUYKH OF M HA3bIBAETCS BapHallMel paauyc-BeKTOpa.

Jleticmeumenvhvim nepemewentem moyku Haswieaemcst eé OecCKOHeyHo manoe nepe-
MeugeHue CoOBMeCmuUMOoe Co CEA3AMU, COBCPULAEMOE 3d CKOb Y20OHO MATbLLE NPOMENCYIMOK
spemenu dt noo oeticmeuem 3a0aHHBIX CUI NPU 3A0AHHBIX HaYaTbHblx yenogusix. O003HaA-
4aeTCsl BEKTOP JCHCTBUTEIBHOTO TIEPEMEIIICHUS — dF .

Bo3moxkHOE mepeMeleHne — OAHO U3 OCHOBHBIX MOHATHN aHATUTHUECCKOW MEXAHUKHU.
Ho, uTo0bl nyuiie ero ysiCHUThH, BHauaje HAWAEM yCIIOBHE HAa BEKTOP JICHCTBUTEIBHOTO
MEePEMENICHNS] TOUKH, HAa JBHKCHHE KOTOPOW HAJIOKEHA TOJIOHOMHAs HECTAIMOHApHAs
CBSI3b

f(x,y,2,t)=0. (16.7)
B HekoTOpBIA MOMEHT BPEMEHHU [ TOUKA UMEET KOOPAWHATHL X, ), Z W MPUHAAJCHKHUT

3TOW MOBEPXHOCTU. Uepe3 37eMEeHTapHbIH MPOMEXYTOK BPEMEHH df KOOPAMHATHI X + dX ,
y+dy, z+dz TOUKH TaKXKe TOJKHBI YIOBIETBOPATh YPABHEHHUIO CBSA3M, T.€.

f(x+dx,y+dy,z+dz,t+dt)=0. (16.8)
Paznoxxum GyHKIHIO, CTOSIIYIO B JIEBOM YaCTH MOCIIEAHET0 PaBeHCTBa B psan Teiinopa.

f(x+dx,y+dy,z+dz,t+dt)= f(x,y,z,t)+gclx+@dy+%dz+%dt+ -

Ox oy oz ot
Ecin B »TOM Pa3JI0KCHUKU OT'PAHUYUTHCA JIMIb YWICHAMHW OO0 IMEPBOTO MOpAAKa MaJlOCTH
BKJTIOUUTENEHO 1 yuecTh (16.7), To u3 ypasHenus (16.8) momydwnm, 9ro

@dx+afdy+ fd +ldt—0 (16.9)
ox oy oz ot
Breipaxxkenune (16.9) ects yciaoBue, KOTOPOMY MODKHBI YAOBICTBOPSTh KOOPIAHHATHI

BeKTOpa dF = dxi + dyi + dzk JEHCTBHTEIBHOIO IEPEMELIECHHS TOUKH.

[Tpu paccMOTpeHHH BO3MOXHOTO MEPEMEINCHHS BpeMs ! (UKCHPYeTCs (3aMOpaXkMBa-
etcst). Torma, KOOpAUHATHL X+0X, Y +0y, Z+ 0z

HOBOTO TOJIOXKEHUSA TOUKH YJOBJIETBOPSIOT ypaB-
HEHUIO f(X+ X, y+ 0y, z+dz,t)=0. Ecnm, kak u

BBIIIIE, JIEBYIO YaCTh 3TOTO YPABHEHHUS Pa3JIONKHUTh
B psan Teimopa, OrpaHHUYMTHCS B PaA3IOKCHUHU
YJICHAMH JI0 TIEPBOTO TOPAIKA MAJIOCTH BKITIOUYH-
TETBHO M ydecTh paBeHCTBO (16.7), TO momyuwnm,
4yTO

1 (x,y,2,t)=0
6f5 +— f j —oz=0. (16.10)
ox 8y 8 '
Bripaxxenune (16.10) ects ycnoBue Ha Bapua- X
LU0 (M3mMeHeHue) KOOpAMHAT BEKTOpa Puc. 16.4

OF = &I + 8] + ozk BO3MOIKHOTO MepEMEIIEeHHS TOUKH.

Ha s3pike reomerpum ypaBHeHue (16.7) ecTh ypaBHEHWE, U3MEHAEMOW C TCUCHHEM
BPEMEHH, TIOBEPXHOCTH B TPEXMEPHOM €BKJIMIOBOM TpocTpancTse (puc. 16.4). Ecim Bpe-
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MA 'EIJHHCHP}-'ETCH, TO 3TA MOBCPXHOCTE «3aMOPaKHBACSTCAN. H3 MareMaTHueCcKoro aHammsa

—_— Of . Of - Of ¢
M3BECTHO, YTO BeKTOp gradf =——i+— j+—Fk
¥ a oy’ e
NeHARKYIAPEH 3TOH noBepxHocTH, a venosue (16.10)
VKA3LIBAET HA OPTOrOHANBHOCTE BEKTOPOB grad [ U OF .

CrnenosatelbHO, BEKTOP BO3MOKHOIO NEPEMENICHHA OF
BCErAa JIeAHT B INTOCKOCTH, KacarenkHoH K MOBEPXHO=
et f(x,¥,z.t)=0 (puc. 16.4).

Bekrop dF neficTRHTENBEHOTO MEpEMEEHHA MOKHO
MPEACTABHTL COCTOALIMM H3 OTHOCHTEMBHOTO MEpemMe-
LEHHSA 10 NOBEPXHOCTH H MEPEHOCHOTO BMECTE ¢ ITOH
NOBEPXHOCTRIO (puc. 16.5) ¥ A08 CTAUMOHAPHON CBA3H Puc. 16.5
Jx,v.2)=0 oH coBnanér ¢ 0JHAM H3 BOIMOMHBIX OF .

BO3MOMKHBIM MEpeMeleHHeM CHCTEMBbl HAZBIBACTCA MO0as COBOKYMHOCTE BO3MOMKHBIX
nepemeriennii seex eé todek. /Ina ceofonnol cucremsl, cocrodmieid us N Touek, BO3-
MOskHBI 3N BapHaimii 0000mEHHBIX KoopauHaT. [1pn HanoXKeHHWH HA cHCTEMY M Tono-
HOMHBIX VACPKUBAIOLWIMX CBAZCH BAPHALMH KOOPAHHAT TOYEK CHCTEMBl JOJIAHLI YA0BIe-
TEBOPATE YCIOBHAM, aHanorasHes (16.10):

N /)
—Jt;, + S +—+&; |=0. =12, ..m
Z[ ax, & T £ Wy + oz, ! J=4

nep-

Ecin  nonoskenne cucrembl  onpeenderca  000OMEHHBIMH - KOOPAMHATAMH ¢,
(i1=1,2,...,n), H, cneJ0BATENBLHO, CBA3IH Y#E YUTEHBI, TO BEKTOP BOZMOKHOTO MEpeMenie-
HHA vepes BapuHaurK dy; 000DMEHHEIX KOOPIHHAT MOJKHO BEIMHCIHTE KAK NOMHBIH and-
(hepenuman pyukuum 7, = Fi (g, 1) npa (PHKCHPOBAHHOM BPEMEHH:

o uA 5!;.1
I&?I 5‘{;2 aq &1::: Z

or,  ox; - En‘ o BT
3necy —&=—%] i B PR 3
ad; r"q 6‘% ad;
aﬂeMEHTﬂpHﬂﬂ ﬂﬁﬁLTBHTe,’:ILHﬁE He’pﬂMELT.IEHHﬂ TOYMKH ﬂnp&ﬂ_ﬂﬂﬂﬂ[}ﬂ KK I'IUJ'I'HI:Jﬁ
audibepenumnan Gyukunn 7, = F (g, 1), HO Bpems npu 3toM He dukcHpyercs:
Hoap, oF,
! I
dr, =3 —=dy, +a—ﬂ” :
I=] Wy it

[Mpumep. Touxa aemkeTca B KOOPAMHATHOH naockoctn (xy. B waue-

,_ug

(16.11)

crBe 0GOOMIEHHBIX KOODIWHAT MPHHATHI TMOMAPHBIE KOOPAHHATHL (pHC. y

16.6) ¢, = R =|0M|, g, = ¢. Haiitit BekTOp NeiiCTEHTENLHOMO NEpeMelLe- R _~AM

HHA ToukH, ecni dfil = 0,005 m, o =01 pan, ¢
Pewenue. Bupazum JekaproBbl KOOPAHHATHL depes 0000WEHHEE: 0 X

r=fﬂmsw ,}'=Rsin¢:r Torna, dF = dvi + dyj, re
Puc. 16.6

cle —-—Rcﬁf+—-:fm - cos g o — Hsing dp =0,005cosp—0 1R sing,
i L5
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dy = %dR +%d(p =sin@ dR+ Rcos@ dp =0,005sin @+ 0,1R cos ¢ .
4
IMpumeuanue. Eciu Oyner yka3zaHO YacTHOE MOJIOKEHHE TOUKHU, TO OU(PPEpEHIHNATBI JEKAPTOBBIX
KOOPIMHAT IPUMYT YUCIIOBbIe 3HA4YeHus. Hanpumep, mpu R=0,1m, ¢ = 7r/ 3 pan,

dx =-0,00616 M, dy =0,00933 ™, dr =-0,00616i +0,00933; .

16.4. Bo3mo:knas padota cuibl. UneaabHble cBsI3U. Bo3voxCcHOl pabomoii culvl Ha-

3618AeMCsl paboma Cuilbl Had BO3MOICHOM NepeMeuyeHUl MOYKU NPUTOICEHUS] CUTIbL
SA(F)=TF-6F.

Bo3mosknas pabota MOMEHTA CHITBI, TPHIIOKEHHOTO K TBEPIAOMY TEITY, BPAIAfOIIeMYyCst

BOKpYT ocu Oz, OyneT BEIYHCHATHCA 10 hopmyde (cm. 14.47)
CAM,)=M, -5¢.

(6536 Ha3pI8ACMCsl UOCANILHO, eCU PAGHA HYJIIO CYMMA BO3MOJICHBIX pabOm peaxyuil
CBs13U HA OOOM BO3MOJICHOM NepeMeljenul CUcCmemvl (U3 3aHUMAECMO20 8 OAHHbLI MO-
MeHM NONIOJCEHUsL).

Ecnu peakimu cBsiseit 0603HaYnTh, Kak OOBIYHO, R, , TO ONPEIENEHUE UACATBHOM CBS-

N o _
3 MO>KHO 3aIucarh B BUAE HOpMyJIbl Z(Rk - T, )= 0.
k=1

IIpuBeaém npuMepsl WACATBHBIX CBI3EH.

1. I'magkast moBepXHOCTh (IUIOCKOCTH) AJIsi MAaTepUAIbHONW TOUKH. B 3TOM ciiyuae peak-
1A TOBEPXHOCTH COCTOMWT JIUIIIb U3 HOPMAJIBHOM COCTABJIAIOIICH NEPICHANKYISIPHON MO-
BEpXHOCTH, R = N, a BEKTOD BO3MOKHOTO MEPEMELIEHHs JF PacronaraeTca B MIOCKO-
CTH, KacaTelbHOH K 5Toil mopepxHocTd (puc. 16.4). CnemosarensHo, R L&F u
SAR)=R-=0.

2. Hepacrsxkumast HUTh. Peakins HUTH — cuiia €€ HaTsHKEHUS — HanpaBJieHA BJIOJIb HU-
TH, 2 BEKTOP OF TEPNEHAUKYJIAPEH HUTH.

3. Hwmaapuueckue u chepuyecKre IIAPHHUPHI, €CIH WX
MOBEPXHOCTH CUMTAIOTCSA MIACANBHO TiankuMu. Peakium mpu-
JIOKEHBI B HETMOABMXKHBIX ToUuKax. [lostomy oF = 0.

4. Kauenue 0e3 CKONBKEHHWS TBEPIOTO Tea MO TBEPAOH
nosepxHoctH (puc. 16.7). B 3tom cnydae peakrms R mpuio-
KEHa B MTHOBEHHOM 1eHTpe ckopocteit (MLIC) — Touke P, a
OECKOHEUHO MAaJioe MEepPEMEIICHUE Tejla MOXKHO MPEACTAaBUTh
KaK TOBOPOT Ha OECKOHEUYHO Majiblii yroim S¢ Bokpyr MIIC.
CnenopatenbHO, Ha  BCAKOM — BO3MOXKHOM — TEPEMEILICHUH Puc. 16.7
OHp=0u SA(R)=R -6rp =0.

16.5. O600ménnbie cubl. [lycTh MOT0KEHNE MEXAHUUYECKOM cUCTeMBbI U3 N Marepu-
aNbHBIX TOYEK Ompeaessercss 000OUIEHHBIMU KOOPAMHATAMH ), {5, ..., ],. BBUHCINM

CYMMY BO3MOXXHBIX pa0OT BCEX CHJI, AEHCTBYIOIIMX HA TOUYKH CHCTEMbI, HA KAKOM-JIN0O €&
BO3MOYXHOM IEPEMELLEHHHU:
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N N N
S (=Y F, - &, .
k=1 k=l
Cornacuo (16.11), pexrop BOIMOKHOrO nepeMellents Jf, BBIPAKACTCA Yepes BapHa-

£ - o e G -
UMK 0GOGWIEHHBIX KOOpAHHAT &7, &5, ..., &, 1o dopmyne &F =Y —£ a7 . Cnenosa-
i=1 Y4

N . N - 'r'”l nf N . f.:f-l
TensHo, » dd(F )= F; - Z a, =% 3 F =~ by,
k=1 k= i=1 94 | i
CRanapHY BEIHYHHY
N N o
QﬁZﬁ'ai“Z ax*”h'a"‘ﬂzﬂ'*’ (16.12)
k=l aq; 5'f1"r' aq; o

HasbiBaloT 0000WEHHOH cHilol, cooTBeTCTBYIOWEH [ —0H 0Dobwénnoi koopauuare. Ouna
MOMKET 3aBHCETH OT OOODIWEHHBIX KOOPIOMHAT ), {3, ... (,. O00DMEHHBIX CKOpOCTEH

Gis Gy --es £, H BPEMEHH |,
C eeBeaeHdeM noHATHA 0000MEHHOH CHIBL, BOIMOKHYI) padoTy MOMKHO 3AMHCATE B
BH/IE

A
> 3A(F) =018y + Qay + ..+ 0, (16.13)
k=l

Kak cneayer w3 nocneaneil GopMynsl, pasMepHocTs 0000IIEHHOH CHABI 3aBHCHT OT

PAIMEPHOCTH COOTBETCTRYIOMIEH 000GMEHHONH KOOPIHHATH: [Q,]:%. Ecan paimep-
)

HOCTE KOOPJAMHATHL ¢, — MeTp, To pasMmepHocts (), — uwioton (H). Ecan we pazmepnocts
¢; — PaaHaH, TO pa3MepHOCTE (J; — HBIOTOH YMHOMKEHHBIH Ha MeTp (Hw).

16.6. Cnocofbl BeIMHCIeHAA 0600 MEHHBIX cHA. CVIIECTBYIOT HECKOIBKO CnocoboB
BEIMHCIEHHA 0D0OIEHHEIX CHIL.
l. Ileperiii cnocob cneayer w3 onpenenedna (16.12) obobmwénnoi cune. Hanbonee
stpdrekTHEEH HTOT METO B NPHMEHEHHH K CHCTEMAM C OJHOH CTENneHbiO CcBoDOIbI.
Mpumep, Kpupomanio-nondyHHsE MEXanniM,
COCTORALIME 13 Kpueowyna 1, watysa 2 n nonsyya ¥ A
3 IEMMeTCA B BePTHKANLHON mnockocTH (pue. 16.8), 1 2
Macchl 3pEHBEE COOTBETCTBEHHO PABHEI M = 4KT
my =3kr, my =1kr. KpHeowmn u watyH, npei- G C5
CTABNAKOUIHE COOO ONHOPOIHLIE CTEPHHH, HMEKT mg m,g
onnHakoeyio auny: Od = AF=/=02wm. Kpome 3 B F

CHA  THMECTH HA  MEXAHMIM  AelcTBYeT CcHna 0 o

F=20H xkak nokaaHo Ha PHCYHKE, - g
[Mpunae 33 oboDWEHHYID KOOPAHHATY Yoo @ &

MNOBOPOTA KPUBOUWINMA, BEMHCANTE  0000MEHHY Puc. 16.8

cuy O
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Pewenne, Brpazny JekapToBs KOOPIHHATEL TOUEK NMPUIMGKEHHA cuil depes 0DolEHHYH)Y KOOpP-

auHaty, Cuna mF  npunoseda nocepeawne crepaua |, B touke (). Koopawnatel 27oil Toukn
f i z _ i
Xe, =Ecas;¢, Yo =Emn¢:. Koopaunarsl toukn () NPUAOKeHUs Cuibl mpg o X, =?cus(a,

I = =
Yoy =z SN, Koopannatel Tourn B npunosmenns cun msf u b vy =2 cosgr, yy =0,

Janmmem  3uauenms  npoexuwii | geficteyiommx  can (mg), =(mg), =(mg), =F =0,

(mg), =—4g, (mg), =-3g,(mg) =-g, F, =-20.

LA i, ;
Mo dopmyne (16.12) O, = Z(I‘hﬁ +Fy E] =—0,7gcosg+8sing.
kel O :

2. Ecnm 3anate CHCTEME TAKOE BOIMOIKHOE NMEPEMELLIEHHE, MPH KOTOPOM JIMIIL OJHA W3
0000IEHHBIX KOOPIHHAT ¢, MOAYYaeT NpHpalleHne dq, , To H3 (16.13) cneayer

N
2 H(F)
e B B
o
Muneke g; B uncanrene (16.14) xkak pas o3nauaer, uro paboTa cuil onpeaensercd Ha Ta-
KOM TIEPEMENIEHHH CHCTEMBI, TIPH KOTOPOM W3MEHASTCA MHIIL i — A 0000mEHHaa Koopan-
HaTa nojyyaer OECKOHeYHO MA/loe MIMEHEHHE &f, , 4 OCTalkHbE 0000MEHHBIE KOOPIHHA-
Thl He MeHAoTeA. JlaHHbiH cnocol Haubonee ynoTpedbuTENeH, Nockoaby Beeraa sdwpexT-

BEH,

Lh). (16.14)

Mpumep. Tonzyu | macce m, MomeT D83 TpeHNA nepe-
MEIATBCA M0 MAOCKOCTH, HAKTOHEHHOH NOO YTIOM F K Io-
puzoHTy. C MONZYHOM MAPHHPOM CBA3AH HEBECOMBIH cTep-
#eHb ()4 anmuel /, Ha KOHUE KOTOPOTO 3aKpenieHa marte-
pHATLHAA TOUKA MACTHL 1, (pue. 16.9).

nﬂﬂ:ﬂ]’ﬂﬂ, YT MEXAHHIM Eﬂ-BepLﬂﬂE’T JABHIKEHNE B BEPT.I!-
KANBHOH MAOCKOCTH, BROpaTe 0000WEHHEE KOOPOMHATEL H
BBIMHCIHTE CODTBETCTBY FOLUHE HM 0000LIEHHBIE CHILBL.

Pewernne. Cuerema nmeer ape creneu ceobonm. Ko-
opanHatoil 5 onpeaenum nonokeHne nonavua. Koopawxa-
TOI ¢ OnpeaennM OTKEAOHEHHE cTepina (M4 OTHOCHTENEHO
BEPTHKANN.

Hna Bemycnenus obobménnoi cuam (), nonaraeM, 4To
CHCTEMA COBEPLUMIA H3 NPOHIBOIBHOM NOJIOMEHHA TAKOES Puc. 16.9
NepeMeleHne, NpH KOTOPOM KOOPAHHATA § BO3POCAA HA
CKONb YTOOHO MANYH BETHMHHY §5, a KOOpOHHATA @ He H3MeHnnack, dg = 0. Torna,

N
[Zﬂm r] _
=1 , _ mg-ds-cos(90° —a)+myg - & -cos(90° —a)
g o
Mna BerMucaenus (J, NpeNCTaBHM, YTO CHCTEMA COBEPIINIA M3 MPOH3BONBHOTO MONOKEHHA Takoe

Q=

={my +m,)gsing.

NEPEMELIEHNE, MPH KOTOPOM KOODAHHATA 5§ HE H3IMCHHIACH, a5 = 0, a KOOPAHHATA o HIMEHHTACH Ha
CHOJE Y IOAHO Many i senuuuay dgr . Torna
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N
{Z §A(Fk)} 15 %
0,- k=1 p _Mg-15p- cos(90° + @) — gl
5o 5¢

3. Eciin Bce chyIbl TOTEHIMAIBHBI, TO WX TPOCKIuH, coracHo (14.55), Beraucisiorcs

ou ou oU .
no dopmynam fp, =—, by, =—, Il =——. lloacraBus 5Tu 3HAYCHUs NPOCKLMHA B

8xk 8yk aZk

dbopmyny (16.12) onpenenennst 0600MIEHHON CHITBI, TTOTYYHM
N N
0,=3|F, Wi 0z U 0%y , 0U dy, , 0U 0z | _ 90U
k=1

%‘FFky—‘i‘FkZ— = S
0q; oq; 0q; ) =\ 0% 0q; Oy Oq; 0Oz 0q; ) Oq,

Taxum 0Opa3zom, eciu Bce CHITHI IOTCHITMAIBHBI U U3BECTHA crtoBas (pyHkmws U (wm
NOTEHIMAIbHAS dHEpTus 1/ ), TO 000OMEHHBIC CHJIBI MOTYT OBITh BBIYHCIICHBI KAaK YaCT-
HBI€ TIPOM3BOHBIC OT CHUJIOBOH (DYHKIIMH MO COOTBETCTBYIOIIMM 00OOIEHHBIM KOOPANHA-
Tam:

0= H a5
oq; oq;

Ipumep. Ha pucynxe 16.10 n300paxén MaTeMaTHYECKH MasITHUK, T.€. HEBECOMBIH crepikenb OA
INUHBL [, 3aKperuiéHHbIH KOHIOM () C MOMOIIBI0 HETOIBH)KHOTO LMIMHAPUYECKOrO IApHUpA, Ha APY-
rOM KOHIIE KOTOPOTO NPUKpEIIeHa MaTepHaIbHasl TOUKa MacChl 17 .

Haiitu 0000ménHy o crity, NIPUMEHHUB TPETHH CIoco0 €€ BhIYUCIICHUS.

Pemenue. Cucrema numeer ofHy crenenb cBoOOmbL. 3a 0000-
MEHHYI0 KOOPIWHATY TPHMEM yTOJ ¢ OTKJIOHEHUS MasTHHKA OT

BepTukanu. [lpu nBIDKEHMH MasiTHHKA pa0oTy OymeT CoBeplIaTh

JHILIb CUNA TSDKECTH, KOTOpask OTHOCHUTCS K IOTEHLHUAIbHbIM. BbI-

YHCIIUM MOTEHIMAJBHYI0 SHEPTHI0 Kak paboTy CHII IIpH HepeMelne-

HUH CHCTEMBI M3 MPOU3BOJILHOIO IOJIOXKEHUS B IOJIOKEHHE PaBHO- ~
BECHS:

M
= AIMO =mgh=mg(l—Icosp).

Torna,

Q:—ﬂz—mglsin(p.
o

Puc. 16.10

16.7. IlpuHIIAT BO3MOKHBIX NepeMenmiennid. /[aHHBIN MPUHIIATT YCTaHABIMBAET YC/I10-
eue pagHogecua MEXaHNYECKUX CUCTEM, MOTUYMHEHHBIX UIEATbHBIM, CTALIMOHAPHBIM CBS-
35IM.

Umobwi OanHoe No0JICeHUe MEXAHUYECKOU CUCTEMbl C UOEAIbHbIMU CIAYUOHAPHBIMU
CeA3AMU ObLIO NOJIONCEHUEM PABHOGECUsl, HEOOX00UMO U OOCMAMOYHO, 4mMoObl CyMMa
NeMEHMAPHBIX pabom 8cex AKMUBHBLX CUT HA JH0OOM 803MOICHOM NepemMetjeHul cucme-
Mbl U3 IMO20 NONOJCEHUS ObLIA PAGHA HYJIIO:!

N
S F 67, =0. (16.15)
k=1
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JlokazarenscTBo HeoOxoaumocTu. [lycTh MexaHmdeckas cucrema, cocrosmias uz N
MaTEPUATBHBIX TOYEK, HAXOAWTCSA B PABHOBECHM. TOrjga MPHUIIOKEHHBIE K MPOU3BOJIBHON
TOYKE aKTHBHBIE CUJIBI U PEAKLIMM CBA3EH COCTABJIAIOT YPABHOBELIEHHYIO CUCTEMY CHIL,

F,+R,=0 k=12,.,N. (16.16)

YMHOXHUB CKJIIPHO Kakaoe u3 ypasHeHuit (16.16) Ha BekTOp 7, BO3MOXKHOTO TIepe-

MEIEHU k — Ol TOUKH ¥ MPOCYMMHPOBAB TI0 BCEM YPABHEHUAM, MTOJIyUUM

N _ N _
2l + 2Ry o =0
k=1 k=1

C yuéroM onpenencHus UACAbHBIX CBA3EH MOCIEHEE YPABHEHUE SKBUBAIEHTHO YPaBHE-
Huto (16.15). Tem cambiM nOKa3aHa HEOOXOIMMOCTb.

Jloka3aTenbCTBO JOCTATOYHOCTH MPOBEAEM METOJIOM OT MPOTUBHOTO. [1yCcTh U1 HEKo-
TOPOTO TOJOXKEHUSA CHCTeMbl BbIONHAETCA paBeHcTBO (16.15). Ho, momeménnas B 310
MOJI0’KEHHUE CHCTEMA C HyJIEBBIMU CKOPOCTAMH TOYEK, IPHUIIUIA B ABMIKCHUE. JHAYNT, Hall-
JETCSl TOUKA CUCTEMBI, KOTOPas 3a MPOMEXKYTOK BPEMEHH df COBEPIUUT ACHCTBUTEIBHOE
nepemernenye dr,, Kotopoe GyleT HamlpaBjieHo Mo paBHOAeHcTBYOIIEH [, + R, M, clie-
nosatensHo, (F}, + R, )-dF, >0 . Jlna cTamvoHapHbIX CBA3eil JeHCTBUTENEHOE MepeMele-
HHUE dF;, COBNAAACT C OJHUM M3 BO3MOXKHBIX OFj, . YUMTBIBAS 3TO U CyMMHPYs IOCJIEIHHUE
HEPABEHCTBA M0 BCEM TOUKAM CUCTEMBI, TOJYYHM

N N _ N _ N _
U +R)-7 >0 = D F-M+YR-h>0 = > I-6n>0.
k=1 k=1 k=1 k=1

[TomyueHHBIH pe3ybTaT MPOTHBOPEYHT paBeHCTBY (16.15). D10 yKa3piBaeT Ha TO, UTO
MPEANONI0KEHUE O HAPYIICHUH PABHOBECHS CHUCTEMbI OIMIMOOYHO M, TEM CaMbIM, J0CTa-

TOYHOCTb NPUHIHIIA JOKA3aHa.

IIpumeuanne. /s mM3ydaromux NPUHOWIT BO3MOXKHBIX NMEPEMEINEHUI BIEpBbIe, Ka)KETCsl Mapamok-
caJibHBIM, 9TO OfHO ypaBHeHue (16.15) onuchiBaeT BCE COCTOSHUE PABHOBECHSI MEXAHHYECKON CHCTEMBI,
MIOMHS U3 CTATUKH, YTO PAaBHOBECHE NMPOCTPAHCTBEHHON CUCTEMBI CHJI ONUCBHIBAETCS LIECTHIO CKAJPHBI-
MU ypaBHeHusMH. «Pasrazka mapamokca» B TOM, 4TO ypaBHeHHH (16.15) MOXXHO HONYYHTH CTOJIBKO,
CKOJIbKO HEOOXOIUMO, BBIYUCIISS CyMMY PabOT Ha PasiMYHbIX BO3MOXKHBIX IIEPEMEILEHUAX CHCTEMBI.

16.8. YcioBue paBHOBecHSI MEeXaHHYECKOIl cUCTeMbl B 0000IEHHBIX cuiax. Eciu
MOJIOXKEHUE MEXAHUYECKON CUCTEMBI U3 N MaTepHalIbHBIX TOUEK, B CHITY HAJIOKEHHBIX HA
HE€ TOJOHOMHBIX CTAIlMOHAPHBIX YACPKUBAIOIIMX CBA3ECH, OMpeaeaeHo 000OMEHHBIMU
KOODAMHATAMU {y,(,,....(, , TO PAJLyC-BEKTOP KaXI0H Touku Oyner dyHKUHUEH ITUX KO-

opauHar: 7, =7.(q,,95,--.4, ) - Bapuauus paanyc-Bekropa yepe3 Bapualuu 0000IMEHHBIX

o

KOOpIMHAT ompesenseTcsa no dopmyne o =Y —&dg; (cm. 16.11). Torna ypasHeHue
i=1 i

MPHUHITATIA BO3MOXKHBIX Tiepemetnenwii (16.15) MoxxHO mpeoOpa3oBars K BUAY

N n a’—,k n{ N _ a;k n
ZFk' 2—5% ZZ ZFk— 5‘11':ZQ1'5%'=0~
k=1 i-109; is1\k=1  0g; =i

Tak kak Bapuanuu 0OOOIIEHHBIX KOOPAWHAT B3aUMHO HE3aBUCHMBI, TO TIOCJICIHEE YPaB-
HeHue OyAeT BBITMOIHATHCA JIIIb B CIIy4ae, €Clii Bce 0000IEHHDBIE CUITBI PAHbI HYJIIO!
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0,=0, i=12,.,n. (16.17)
ITomyyeHHas cucteMa U3 # ypaBHEHUM €CTh YCJIOBHS PABHOBECHS MEXAHWUYECKON CHUCTe-
MBI B 0000IMIEHHBIX CHJIAX: OJisl 020, YMOObl HEKOMOPOe NONONCEHUE MEXAHUYECKOU CUC-
memaul, NOOYUHEHHOT UOCANbHBIM 20T0HOMHBIM CMAaYUOHAPHBIM CEA3AM ObLIO NOJIOJICCHU-
€M paBHOBECUSL, HeobxX00UMO U OOCMAMOYHO pasencmed HYJIO 6 2MOM NOJOANCEHUU 6CEX
0000 EHHBIX CUIL.
Tpumep. /st MaTeMaTHYECKOTO MasTHUKA, TIOKa3aHHOTO Ha pucyHke 16.10, Obuta BbuuciaeHa 0000-
ménnas cuna O = —mglsin@ . CornacHo (16.17), monoxxeHus: paBHOBECHS] MasITHUKA OTPEAEISIFOTCS 13
ypaBHeHHA — mgl sin ¢ = 0, KOTOpoe JaéT Ba OYEBUAHBIX pemeHust: ¢, =0, @, =7 .

Ecnu BCce cuibl MOTEHIMANBHBI, TO O00OOIEHHBIE CHIIBI, KaK OBLIO AOKA3aHO BHIIIIE,
MOKHO BBIPA3UTh Yepe3 CHIOBYIO (PYHKIHIO (JITMOO MOTSHIIMAIBHYIO SHEPTHIO) TI0 hopMy-

ne O, = 2% — _2—5 . B atom ciyuae ycnosue pasHoBecus (16.17) mpeoOpasyroTest K BHIY
6_U=O oo a—HZO) i=1,2,...,l/l.
oq; aq,

16.9. lMpunuun lanamoéepa-Jlarpan:ka. O0uiee ypapHeHue auHaMHuKH. PaccmoT-
PUM CHCTEMY, COCTOAMLIYIO W3 N MaTepHaJbHBIX TOYEeK. B COOTBETCTBHE C MPUHIMIIOM
JanamGepa, NpUIOKEHHBIE K KAKIOW TOUKE aKTHBHBIE CHJIBI, PEAKLUM CBSA3€H U CHIIBI
MHEPLUH B IOOOH MOMEHT BpEMEHH 00pa3ylOT YPaBHOBELIEHHYIO CHCTEMY CXOAALINXCS
CHJL:

F+R,+®, =0. (16.18)
3nech F, U R, - paBHOIEHCTBYIONINE aKTUBHBIX CUJI M PEAKIHii CBA3EH, TPHIIOKEHHBIX K
k —oit Touke, @) =—m, ) — CUIa MHEPIIHH.
YMHOXHM 00e gacTi ypaBHeHus (16.18) ckamapHO Ha BO3MOXKHOE MEpEMEIICHUE o7,

k — ol TOYKHM W MMPOCYMMHUPYEM TOJYUSHHBIE I BCEX TOUEK CHCTEMBI Mpou3BeacHUA. B
pe3ybpTare uMeeM

N
S(F, +R, +®, )67, =0, (16.19)
k=1

OT0 ypaBHeHHE BhIpaxkaeT mpuHumMn JlanambGepa-Jlarpanxka: npu osuocenuu mexanuye-
CKOUl cucmemvl 8 JI000I MOMEHM SpeMeHU CyMmd pabom aKmueHulX CUul, CUl peaKyuti
ces3ell u Cull uHepyuu Ha J1H000M 6O3ZMONCHOM NEPEMEULCHUU U3 3AHUMACMO2O0 NOTONCEHUS
pasna Hyno. Eig 370 ypaBHEHHE HA3bIBAIOT OOIIUM YPAaBHEHHEM TUHAMUKH, TOTOMY UTO
W3 HErO MOTYT OBITh BBIBEJCHBI BCE APYTHE YPABHEHUS, OMUCHIBAIOIINE ABUKECHHUS MEXa-
HUYECKUM CUCTEM.
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N
Eciu cBsi31, HalIOXXCHHbBIE HA CUCTEMY, UACAIbHBIC, TO Y [ - OF, = 0 u obuiee ypas-
k=1
l\/y - -
HEHHWE IPUMET BUJL Z(Fk +O k)- or, =0, 4TO MOKHO 3aMucaTh U B HECKOJILKO HHOM (op-
k=1
N N
MC: Z5A(Fk) + Z5A(@k) =0.
k=1 k=1
[Ipu osudicenuu cucmemvl ¢ UOCAILHLIMU CEAZSAMU 6 000 MOMEHIN peMenl QOIICHA
Obimb pasHa Ym0 CYMMA BO3MONCHBIX paOOM AKMUSHBIX CUTL U CUTL UHEPYULL.

Ecmu juid u3ydyeHus OBHIKEHHA CHCTEMBI NPUMEHAIOT 00OOMIEHHBIE KOOPAMUHATHL, TO
o - Ik
7. =7 (q1.92 0 s, ot) B O, => —%-5q, . TloncTaBup BHIpaskeHHE T BO3MOMKHOTO TEpe-

=194
MelleHus oF, B (16.19) n n3MeHUB NOPAAOK CyMMUPOBAHHUA, IOy YUM
n| N afk
3| S (F + R, + @) )= |sg, =0 (16.20)
i=1| k=1 aq;
Y 5\ % . .
Tak xak Z(F TR )-a—zQ,- - 00001IEHHAsA cuila, COOTBETCTBYIOWIAs / -i KOOpAMHATE, TO
k=1 qd;

N _
>, ~%= T 0600mERHAs CHITa HHEPIIHH, COOTBETCTBYIOLIAs TOM JKe KOOD/IHHATE.
= 0q;
Bcenencreue He3aBUCHMOCTH MEXTy cOOOH Bapuanuii 0000IIEHHBIX KOOPIUHAT, YCIOBHE
(16.20) npuanMaeT BUA
0, +0™M =0, i=1,2,...n.

[TocnenHee BrIpaXKeHUE HA3BIBACTCS OOIIMM YPABHEHHEM JTUHAMUKH B 000OIIEHHBIX CH-
Jax.

[Ipu u3ydeHun ABMKCHUS TBEPIOTO Tella CHJIbI MHEPIMH HY>KHO MPHUBECTH K KAKOMY-
00 IEHTPY, HAPUMEDP LEHTPY Macc Tena. Toraa cyMMmy BO3MOJKHBIX PabOT CHIT HHEP-
IIMF MOXXHO BBIUMCITUTD CIICAYIOIIUM 00pa3oM:

N

Zak 67, = Ryppy - O +LgH 0,

k=1
rac EHH 5 LZH - I‘J'IaBHBIfI BeKTOp n FJ'[aBHBIﬁ MOMCHT CHJI I/IHepHI/II/I OTHOCHUTCIIBHO MT'HO-
BCHHO# OCH BpAICHHUS, MPOXOIAIICH Yepe3 EHTP Mace; O - BOZMOKHOE TIEPEMEIICHUE
LIEHTPA Macc; ¢ - BO3MOKHBINA yToJ MOBOPOTA T€Ia BOKPYT MTHOBEHHOM OCH BPALLEHUS.

16.10. YpaBHenus Jlarpan:ka BToporo poaa. YpasHenus Jlarpanka BTOporo poja
MPEACTaBIAIOT co00l auddepeHnraabHbie YpaBHEHUS ABM)KCHUS HECBOOOIHOW MeXaHH-
YECKOM CHCTEMBI, COCTaBJICHHBIE B 000OMIEHHBIX KOOPAMHATAX.

[lycTe Ha ABM)KEHHME MEXAHUYECKON CHCTEMbl U3 N MarepualbHBIX TOYEK HAJIOKECHbI
m WMACATBHBIX TOJIOHOMHBIX yACpPXKHUBAIOMMX cBsa3el. OO0Imiee ypaBHEHHUE AUHAMHUKH IS
TaKOW CHCTEMBI UMEET BU]I
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S (7~ myf )07, =0. (16.21)
k=1
OnpenenuM MOJIOKEHUE CUCTEMBI  OOOOIIEHHBIMU KOOPAWHATAMHU §),q,....{, , TAE
n=3N—m. Toraa pamguyc-BeKTOp KaXJ0W TOUKH OyaeT (PyHKIIHECH yKa3aHHBIX KOOP/IH-
HaT U BPEMEHH, 7, =7, (ql,qz,...,qn,t), a BO3MOYKHOE TIEPEMEIIEeHUE k — O TOYKH BBHIYHC-
asieTcs mo opmyse
8rk

=27 -

i= 1
[Moacrasus (16.22) B (16.21) u momenss nopﬂ):[OK CYMMHPOBAHUSA, NOJYyYUM

T or, X dr, (or
S|3h T s B ( g, =0, (16.23)
i=li=l - 04 =1 “ar aq;

[lepBoe cnaraeMoe B KBaJIpaTHBIX CKOOKax €cTh 0OOOIEHHAS CHJIAa COOTBETCTBYIOIIAS

(16.22)

4/ 67”k d—k 8I”A
i — olii 0000mMEHHON KOOPIMHATE: ZFk = (), . [Ipeobpazyem BelpakeHHEe ——
P dr \ oq; )
drk o |_d 5 oF - d oy . (16.24)
di \ og; T 8ql di\ og;
= &0 e
BriBeiem Teneph JBa BCIOMOTOTENBHBIX TOXKAECTBA. Tak Kak 7, = Za—q, o TO
i=1
i _ Ty (16.25)
aq; 0
PagentBo (16.25) Ha3biBaeTCA nepevim modcoecmeom Jlazpansca. 3aMeHB Ha OCHO-
BaHUM 3TOTO TOXKIECTBA MPOU3BOIHYIO Zi Ha gi B IIEPBOM CJIaraéMOM BBbIPAKEHUS
qd; q;

(16.24), nomyunm

i;.%_i;% d|of#
di\ ¥ aq ) dat\* 8q, ) di|eg\ 2 )|

N 32 '
ka 8rk _d| a > ik _4d(or i (16.26)
Pt 8q, Cdr| g \5 2 dt\ 0q;

rae T - xuHeTHUYEeCKast OHEPrus MEXAHUYECKOH CHUCTEMBI.

CnenoBarebHO,

d (o
[Ipeobpasyem Temeps MPOW3BOAHYIO E[ai] Tak kak 7, =17k(q1,q2,...,,qn,t), T
q

i

or, T . .
T byHkIus 0000MIEHHBIX KOOPIUHAT U BpeMeHH. [103TOMYy, ¢ OHOM CTOPOHBI,
q

i
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— 2— 2 2— 2—
AT |\ Ok gy Tk oy o Oy 0T (1607)
dt\oq; ) 0q,0q; 8612061, 04,09 o10q,
C nmpyroii CTOPOHBI,
. lLor . oR,
=) —q;, +—
k an, 4, ot
151
- 2— 2 2— 2—
o O°F or g or, ,+8rk (1628)

= + .. :
A AT
Comocrasnsas (16.27) u (16.28), 3aximouaem, 4to

dr\ oq; aq,-'

910 emopoe modycoecmeo Jlazpanica. C yaéToM TaHHOTO TOXKIECTBA, MOTYYaeM
N N o)
zmhy ( ] Y % 8 fsmdi |_of (16.29)
k=1 dt\ 0 oq, oq,\i% 2 o,

C yuérom (16.24), (16.26), (16.29) U ompeenieHns 0000IMEHHON CHITBI 001Iee ypaBHe-
Hue auHAaMHKH (16.23) MOXKHO 3amucarh B BUZE

oT orT
fodZghe

BenenctBum HezaBHCMMOCTH Mexay co0oil Bapuauuii ¢&g; OOOOIIEHHBIX KOOPAMHAT,

ypasuenwue (16.30) Oyaet BHITOTHATHCS JIUIIG B CITyYae, €CIIA PABHBI HYJIIO BBIPAKEHUS B
KBAIPaTHBIX CKOOKaXx, T.€. €CIIn

AT O 5 ic1.2,..n. (1631)
dr\ 8,

VYpasuenus (16.31) naspiBatores ypasHeHusaMu Jlarpanxa Broporo poaa. Yucmo 3Tux
YPaBHEHHI PAaBHO YHCITy CTETIEHEH CBOOOIBI.

16.11. YpaBHenus Jlarpanxa B ciydae noreHuuajJbHbIX cujl. [ukanyeckue ko-
OPIUHATHI M HUKJIHYeCKHe HHTerpajnl. Eciu Bce cuitbl, IeHCTBYIOMME HA TOYKH CHC-
TEMbI TOTCHLIHAJIbHBI, TO 000OIIEHHBIE CHITBI BBIYUCIIAIOTCA Yepe3 MOTCHIUAIBHYIO YHEp-

ruo [1=11(qy,q,,....49,,t) 1o dopmyne O, = —gﬂ. Torna ypasnenus Jlarpanxa (16.31)
aT]_a_T__a_H

aq; ) 0q; aq;
OyHKUMA, paBHAsA PAa3HOCTH KMHETHYECKON W NOTEHUMAIBHOW YHEPIrUid MEXAaHUYECKOM

CUCTEMBbI, Ha3biBaeTcsa (pyHkumeit Jlarpanka:
L=T-1I.

MOT'YT OBITH 3aITMCaHbl B BUJC p [
t
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. . oIl
Tak kak noTeHUManIbHAsl SHEPTHsl HE 3aBUCUT OT 00OOMIEHHBIX ckopoctell, — =0, To
i

2—_L = S—T [Ipn ncnonp3zoBanmnn ¢yrxiwn Jlarpanxka ypasaenus (16.31) umerot Bua
Qi QI

dfoL) oL _ 0

dt\ oq; ) oq; .

O0600menHass KOOpAWHATA, KOTOpas SBHO HE BXOJIUT B BhIpakeHHe (GyHKuuu Jlarpan-
Ka, HA3bIBAETCA LMKIMYECKOH KoopauHatod. Ecim ¢, — uMkindeckas KOOpAMHATA, TO

oL d| oL
—=0 u u3 nocnenHero ypaBHeHus cieayer —| — |=0, oTKyaa, B CBOIO Ouepe/b,

oL oL ,
noTyuaem, 4to GyHKImA —— He Mensiercs: —— = C; = const .
q, aq,

DyHKIMSA KOOPMHAT, CKOPOCTEN U BPEMEHH, KOTOPAst HE MEHSETCS HA PELIEHUAX (-
(bepeHL[I/IaHLHBIX ypaBHeHHfI, HA3bIBACTCA HepBLIM I/IHTerpaJ'IOM. 3HaquI/Ie HepBBIX HHTC-
IPagoB B TOM, YTO OHH yHPOLIAKOT HHTErPUpOBanke auddepeHmatbHbIX ypapHeHuii. Ta-
KUM 00pasoM, eciii yJaaércsi BhIOpaTh LUKIMYECKME KOOPIAMHATHI, TO TO TapaHTUPYET
CymeCTBOBaHI/Ie HepBbIX I/IHTera.]-[OB7 Ha3bIBACMbBIX B STOM CJ‘IyIIae IUKIIMYCCKUMHU UHTC-
rpanamuq.

16.12. Crpykrypa ypaBHenuii Jlarpan:xka Broporo poaa. Kunernueckas sHeprus

MexaHquCKoﬁ CHCTEMBI, COCTAIICH U3 N MaTepUaIbHBIX TOUCK, ONMPEaeNeTcs mo ¢op-
N

myse ' = Zm P rk Ecnu nannas cucrtema ¢ TOJTOHOMHBIMH HECTAIMOHAPHBIMH CBSI3SAMH

. - LOF . OF,
VMEET 71 CTeneHel CBOGOBI, TO 7, = = di +E U KMHETHYECKYIO SHEPTHIO CHCTEMBI
i=194;
MOJKHO 3aIACATh TAK:
1Y (&or . o o]
T'= my| Y g +—k _ZZ QiCIj+ZBiQi+_C> (16.32)
2k 1 U=19q; ot 25121 i1 2
TJic BBEICHBI 0003HAYCHAL
N or or N oo, oF, il 6r
A Z  — Yk Z  — Yk YTk Z Yk
o 0q 0q; i ogq ot = ot

6rk
Ecnv HanokeHHbIE HA CUCTEMY CBSI3M CTallMOHAPHBIE, TO a—zO u toraa B; =0,
A

C =0. B sToM cnyuae KMHETHUYECKAs SHEPTUS CUCTEMBI ABIAETCA OJHOPOTHOW KBaapa-
THYHOH POpMOI 0000IIEHHBIX CKopOCTeﬁ'

r== ZZ i4id ;- (16.33)
l 1j=1
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[Mpowzsoansie T KHHeTHveckoH 3Heprum (16.33), cooreeTcTByIOmME NEBOH HaCTH
}'panuemﬁ Jlarpan#a, pagHbI

u‘ ar B
E idis — zAﬁ‘fJ+E EAJJ"?JJ“Z E i |4 »
3{{, i1 j=1\i= 13()‘
-::u'_l” "‘5:‘1“..
b 2 g,

[loacTasnas 3Tu Hblpa}I{EHHH B ‘l.-'paBHEHHH Jlarpan:#a, nonyuaem

Z"Lf:,rq_.l_Fzz 'EL__ZZ_ELQ; Qf: F—I, P {“534}

J=li= R -.' I j=1
Gﬁoﬁmeﬁﬂble CHIIBI Q,- €CcTh (PYHKIMH 0000IEHHBIX KOOPIWHAT, BPEMEHH H, BO3MOWK-

Ho, obobwénnex ckopocreid. Toraa w3 (16.34) cneayer, 4To HAMBLICLIME NOPAAOK NPO-
H3BOJHBIX MO BpeMeHH oT 0000meénnpx koopauuar — sTopoit. [lopanok ypaBhenwii ne
H3IMEHHMTCA W NMPH HECTALIMOHAPHBIX CBAZAX.

Takum obpasom, ypasHeHns Jlarpansaa BTOPOro pojia TS MEeXaHHYECKO#H CHCTEMbI C©
FOJAOHOMHBIMH CBA3AMH npeactapnaor coboil cueremy obbiknopennbx audepenunans-
HBEIX YPABHEHHH MOPAIKA 21 OTHOCHTENBHO 0DODIIEHHBIX KOOPIHHAT.

[locnenopatensHOCTH NEHCTBHH NMPH HCNONL30OBAHWH ypasHeHwWii Jlarpanxka sToporo
POJia NPH PELIEHH 3324 CI1e/ Iy I0ILAn:

1) onpenenuTs uncno creneHed cBOOOAE CHCTeMBI M BeIOpaTe Hanbonee yaoOHBIE
0DODIMEHHEIE KOOPIHHATHI;

2} BEIYMCIHTE KHHETHYECKYIO FHEPTHKD CHCTEMEBI B e€ a0COMIOTHOM [BHIKEHHH H BBIpa-
FUTh ITY IHEPrHI0 yepes 0000WEHHbIE CKOPOCTH M, BOIMOKHO, 00001WEHHBIE KOPAHHATEL,

3) BEIMMCIHTE NPOMIBOIHEIE OT KMHETHYECKOH HEPrHH, BXOJALIHE B NEBYH) HACTh
ypaeHeHwWi Jlarpanxa;

4) onpenenuTs 0000MIEHHBIC CHITBL, COOTRETCTBYIOIIHE 0000IIEHHBIM KOODIHHATAM:

5} NOACTABHTDL BCE BRIMHCIEHHBLIE BETHYHHE] B YPABHEHHA .]]E‘I.['pali}lﬁﬂ.

[pamep. [LnaHeTapHbiil MEXaHH3M, COCTOSIMNE BoaMna | MAcesl M7, catennura 2 MACChl M, M He-
NONBUAHON CONHEYHOI WeCTepHH 3 NBIAETCA B FOPHIOHTANBHOH NMNOCKOCTH MO NeACTEHEM NOCTOAH-
HOrQ Bpawaouero MoMenta M, npuiokeHHOro x Boauay (puc.

16.11)

[Mpunse 3seno | 3a onHOpOIHEE cTepiens, 4 3peH0 2 3a OJHO-
poaHBI QHCK, cOCTABNTE AN(ePeHLInANBHOE YPABHEHHE IBHIKEH IS
JAHHOH MEXAHHYECKOH CHCTEMBL

PE,,'_'I,H}'C]:I BTOPOND W TPETREND 3BEHLEE OOHHAKOBLI W PABHM r.
ITpoCcKANBIBIBAHKE MERLY IBEHBAMH 2 0 3 OTCYTCTEYET.

Pemenwne. CucTema HMeeT o0HY CTenedk croDomH. 3a obob-
WEHHY K KOOPIHHATY NMpHMEM yron nosopora o 3eeda | Cnenosa-
TENBHO, IBHUHKEHHE MeXanHIMa OYIET ONHCHIBATECA VpasHennem Jla-
rpamka

i[ix'_i_” Puc, 16.11
op) de

Cuyraem, 40 KPHEOWNI BPALMACTCH C YIVIOBOH CKOPOCTEID ¢ B NONOMHTENLHOM HANPABIGHHH OT-
cuéta yrna ¢ Kunernueckan suepris cucremsl 7' =7 +7, . [Nepsoe 38eHO COBEPILACT BPALIATENBHOR
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. 1 1 my(2r)* .
IBIDKEHUE BOKPYT HemonBIOKHOI ocu. CrenosaTenbHO 14 :Ejla)f ZE%(QZ. Bropoe 3BeHO co-

1o 2.1, 2
BepIuaeT ruiockoe aewkeHue. Ero kuHernueckast sneprust 7 zamzu 5 +=J,0; . Cxopoctb Toukn A

. v 2r¢ .
v, = 0,04 =2r¢@. YrioBas ckopocTh 3BeHa 2 MPH MIOCKOM €10 ABUKEHUH @, = —i = o 2¢. Torma
r

1 .2 1m 7'2 .\ 2 2.2 1(4 2.2
T, =—m,(2rg)’ +——2—2¢)* =3m,r’¢p*, T=—|—m +6m, [r’¢p”.
222(¢)22((9) 2P N 2 @
BBIMHCIINM IPOU3BOIHBIE OT KUHETHYECKON SHEPT UM
8_T. = [iml +6m2jr2(j), 4 8—T = (iml +6m2jr2¢, oar =0.
op \3 dt\ o¢ 3 op
N —
Z§A(Fk)
O000uIEHHYIO CUTy BBIMUCTUM 10 Gopmyne O = k=15—, JUISL 9€TO MPECTABUM, UTO YTOJ () yBe-
@
JIMYUJICS HA CKOJIb YTOAHO Mayio BeamduHy O . Ha TakoM mepeMenieHnn CUCTEMBI JIMIOb MOMEHT CILI
N
M,, cosepuur pabory. Torna Z(S‘A(Fk) =M, 60, (Q=M,  Tloncrasnss HaliieHHbIE BENMYMHDI B
k=1
ypasuenue Jlarpanka, mony4um
4
(Eml +6m, )rng' =M,,.

Ilocnennee YpPaBHEHUE SBJISACTCs OTBETOM B 3aJ1a1€.
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