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§ 1. Jlunamuxa moyxu

1. 3axounsl HeroTona

QI/IHaMI/IKa — pa3aca TGOPCTHHCCKOﬁ MCXAaHUKH, B KOTOPOM H3YUaCTCA
ABMIKCHUC MATCPHUANIbHBIX TOUYCK W TBCPABIX TCI IO HeﬁCTBHeM OPUIOKCHHBIX K
HUM CHIJI.

Hamr naparpad HaseiBaetcs “/{[nHamMuka TOUKH ; 3HAYUT, pedb celdac MONAET O IBIKE-
HUM OJHOMN MaTepuanbHOHN TOUkU. BCIOMHUM, YTO 3TO Takoe.

MaTepuajapHasi TOUKA — TPOCTEHINAs MOJEITb MAaTEPUATBHOTO O0BEKTa,
pa3MepaM# KOTOPOTO B YCIOBHAX JAHHOW 33[1a4l MOKHO MPEeHEeOpeyb.

BoBce He 00s3aTeNbHO CUMUTATH MATEPUATBHYIO TOYKY Majoil yactuueil. Tak, B O0ib-

IIMHCTBE 337a4 HeOEeCHOH MEXaHWKH BIIOJHE Pa3yMHO CYMTATh MATEPUANbHBIMU TOYKAMHU U
ComnHIle, 1 OTAENbHBIE TUIAHETHI (BKJIIOYAS HAIY 3eMJTIO ).

B crnenyromem naparpade Mbl akKypaTHO ¢HOPMYJIUPYEM YCIOBUS, TMPU KOTOPHIX MaTe-
pHaJIbHBII OOBEKT MOKHO CUHUTATh MATEPUATbHOMN TOYKOM.

Korna nmosp3yroTcss MOAEIbI0 MaT€PUAbHON TOYKH, TO MpeHeOperaroT JI0ObIMU Xapak-
TEPUCTUKAMU MOAeTupyeMoro odbpekra — (popmoii, 1iBeToM, Temnepatypoi u T.n. Tojibko oa-
HOW XapaKTepPUCTUKON TpeHeOperaTh HEMb3s: MacCOH.

AKcHOMa Macchl: JTOOOW MaTepHAIbHONW TOUKE COTOCTABJICHA MOCTOsIHHAS

IMOJIOKHUTCIIbHAA BEJIMUKWHA, HAa3bIBaCMasa MACCOM TOYKH:

m = const, m > 0 .
JlaHHast akcCHOMa HE TOBOPUT O TOM, HYTO TaKOE Macca. PeanbHbIil CMBICIT 3TOTO MOHSATHS
PACKPBIBAETCS B APYTUX aKCHOMAaX, K KOTOPBIM MBI H IEPEXOUM.
Peub nper 06 m3BecTHbIX 3akoHax HeroToHA.
3anuiieM Ha3BaHUE KHUTH, B KOTOPOI OHH BIEPBbIe ObLIH CHOPMYTUPOBAHBI.

“MaremMarndeckie Hadaaa HaTypaibHOW (unocodun” Mcaaka HeoToHa
(1710-1761): 1687 r.

3anvineM OpUTHHAIBLHYIO (POPMYJIHUPOBKY 3aKOHOB HBIOTOHA, B COOTBETCTBHH C MEPEBO-
ZIOM 3TOTO TpakTara, BhIMOJHEHHBIM akageMukoM A H.Kpwuoeeim. IlomyTHO magum u coBpe-
MEHHYIO MX TPakTOBKYy. Hamo Toipko MMeTh B BUAY, YTO TepMUHONOTUA HblOTOHa OTiIn4aeTrcs
OT HbIHE UCIONb3YEeMOI.

“Teno” (mo HetoToHy) = MarepuanbHas TOUKA.

I 3akon HbroToHa: “Bceskoe Teno mpoaoiikaer yaepKUBaThCsA B CBOEM CO-

CTOSAHHUH ITIOKOA HWJIIM PABHOMCPDHOI'O H HpHMOHHHeﬁHOFO JBUIKCHHA, IIOKA U ITIO-
CKOJIBKY OHO HC TOHYXIAACTCA MNPUIIOKCHHBIMH CHUJIIaMHW HU3MCHHUTH 3TO COCTOS-
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HHC .

B coBpeMeHHBIX Kypcax TEOPEeTHYECKOH MEXaHHKH 3TOT 3aKOH (OPMYJIHPYETCs MHAye.
W3 xuHematuku Bbl 3HaeTe, 4TO IS OMMCAHUS IBHXKEHHSI MOKHO MOJB30BAaTHCS PA3TUYHBIMU



cucTeMaMu oTcuera. Eciu B OMHOHN M3 HUX JIBI)KEHHE TOUYKH OyJIeT paBHOMEPHBIM U IPSMOJIH-
HEMHBbIM, TO B JPyroil OHO He obOs3arenpHO Oyner TakuM. [losTomy 3amuineM, Kakod CMBICI
HbIHE BKJIaabIBaeTCsl B 1 3axoH HbroTOHA.

CwmpIcn — CYCCTBYIOT CUCTCMbBI OTCUCTA, HA3bIBACMbBIC HHEPIHAJIbHLIMMH,

B KOTOPBIX €80000Has MaTepuaibHasg TOYKA, HA KOTOPYIO HE ACHCTBYIOT CHJIBI,
JIBMDKETCS PABHOMEPHO ¥ MpsiMOJIMHEeHHO: W = 0.

ITocnennsas dopMyna CKaTO BBIpaXkaeT CyLIECTBO fAeia. EcIu Touka IBUKETCS PaBHO-
MEPHO U TPSIMOJIMHENHO, TO €€ BEKTOP CKOPOCTH V TOCTOSTHEH IO BEJIMYUHE W HAMPABJIECHHIO, a
5TO PABHOCHIIBHO TOMY, YTO MPOM3BOAHAS OT BEKTOPA V, T.€. YyCKOpeHHe W, paBHa HyJro. Ciy-
yaii okos1, korma v = 0, CroJia TakXKe YKJIaablBaeTcs. Mbl BbIIEIWIM B NPUBEIEHHOM Gopmy-
JIMPOBKE CJIOBO “cBOOOMHAS”. DTO — TOXKE BAXKHO.

CB0001HAsI TOUKA — TOYKA, HA KOTOPYIO HE HAJIOXKEHBI CBS3H.

Ecnn Touka HecBoOOnmHast (HampuMep, €CIH CBSI3H HO3BOJISIOT €if ABHIaThCs TOJBKO IO
KaKOH-n00 MOBEPXHOCTU HJIM KPUBOIT), TO €€ IBIDKEHHE J1ake MPH OTCYTCTBUU aKTUBHBIX CHIJI
MOXKeT ObITh OTHIOJb HE PAaBHOMEPHBIM U MPsSMOJHMHEHHbIM. MTak, nepsblii 3akoH HetoToHA yT-
BEPKIAET CYLIECTBOBAHUE MHEPLUANbHBIX CUCTEM OTCYeTa. EcCiu Mbl HalIM OIHY TaKyr CHUC-
T€My, TO BCE€ CHCTEMBbI, KOTOPbI€ JBUXKYTCS OTHOCUTEJIBHO HEE MOCTYMAaTeJbHO C MOCTOSHHOU
CKOPOCTBIO, Takke OyIyT MHEPLUAIBHBIMHY, a IPyTUe CUCTEMBI OoTcUyeTa — He OyayT. DTo cpasy
clenyeT U3 U3BeCTHON TeopeMbl Kopuonuca o ClOXeHHHM YCKOPEHHH B CIOXKHOM JBHXKEHUH
Touku. BpIOOp MHEpIMAIBbHON CHCTEMBI OTCUETa B KOHKPETHBIX 331a4ax, PACCMAaTPHUBAEMBIX B
JUHAMUKe, OCYIIECTBIsIeTCs no-pasHomMy. Hanpumep, Bo3pMeM CUCTEMy KOOPAMHAT C Ha4ajIoM
B 1eHTpe Macc CONHEYHOW CUCTEMBbI U OCSIMH, HAlpaBJIEHHBIMU Ha HETOABUIKHBIE 3BE3[IbI.
OTuUM OIpenenseTcs CUCTeMa OTCYeTa, KOTOpasl SIBJIAETCS MHEePLMATIbHOM C BECbMa BBICOKOHN
CTEMNEHBIO TOYHOCTU. Takoil CHCTEMOH OTCUeTa MOJB3YHOTCSI B ACTPOHOMHH U KOCMOHABTHKE.

C npyroii CTOpOHBI, B 3ajavax JUHAMHMKH MAIlUH U MEXaHHW3MOB OOBIYHO JAOCTATOYHO
CUMTATh UHEPLUATIbHON CHUCTEMY OTCYETa, XKECTKO CBA3AHHYIO C 3eMJIeil.

[Tepexonum ko BTOpoMy 3akoHy HptoToHa. UTOOBI 3ammcaTh OpUTHHAIBHYIO (HOPMYIIH-
poBky HbroTOHA, BBEIEM ONHO ONpPEAECICHHE.

KoJimuecTBO IBHMKEHUSI MATEPUATIbHON TOUKHM — BEKTOPHAs MeEpa €€ Me-

XaHUYCCKOI'0O ABHIKCHUA, paBHAA IPOU3SBCACHHUIO €€ MACCHI Ha CKOPOCTD:

Q = mv.

II 3axon HbroToHA: “VI3MEHEHHE KOTMUYECTBA JABUKCHUSI MPOMOPLHUOHAIIb-

HO NPUWIOKEHHON ABWKYIIEH CUIE U IIPOUCXOAUT IO HAIIPABJICHUIO TOU NPSAMOMH,
M0 KOTOPOM 3Ta cujia ACUCTBYET .

ITon “n3menenueM” HpHOTOH MOHMMAaJ NpHUpaLIEHHE 32 Majblii MPOMEXKYTOK BPEMEHH,
T.C. IPOU3BOAHY IO IO BPEMEHU. KCTaTI/I, HMEHHO OH U BBEJI B MATEMATHUKY MPOU3BOAHBIC, HO B
CBOEM TPaKTaTe, PACCYUTAHHOM Ha JOCTATOUHO IIMPOKUI KPyT YUTATENeH, OH 3TUM HOBOBBEIE-
HHUEM He ITO0JIb30BaJICS.



Jlanee, OH TOBOPUT O NMPONOPLMOHANBHOCTH, a HE O paBeHcTBe. HO B cucTremMe eauHuL
CH, koTOpOIi MBI NOJIB3yeMCsl, €AMHNLA U3MEPEHHsI CHIIBI BBIOpaHa Tak, 4To kKo3dduuneHT npo-
MOPLMOHAIILHOCTH PaBEH €IUHHILIE.

Hrak, cmbicn 11 3akona HetoToHa — Clienyronuii.
Cwmbicn — st cBOOOHOM MaTepHUAIbHOM TOUKK B HHEpIanbHoi CO
d(mv) -
—— = F, Te.
dt

mw = F

3nech MbI BOCIIOIB30BATIHMCh AaKCHOMOM MaCCHI.

Kcrarn, II 3axoH HeroTOHa NMO3BOJIAET PACKPBITh CMBICKT NOHATHS Maccel. Ilpu omHOM M
TOM K€ BEKTOPE CHJIbl yCKOpeHHe OyeT TeM MeHblie, 4yeM Oolblie Macca.

BriBOA: Macca TOUKH €CTh MCpa €C unepmrocmu, T.C. CcocoOHOCTH COIIpo-

THBJISTHCS U3MEHECHHIO BEKTOpA V .

JIefiCTBUTENBHO, N3MEHEHHE BEKTOpPa CKOPOCTH 3a JAaHHBIA OTPE30K BPEMEHH PAaBHO WH-
Terpajly OT YCKOpEHHus, 4eM Ooublue macca, TeM Oonblie AOJKHA ObITh CHJIA, BBI3BIBAOIIAS
JIAHHOE U3MEHEHME.

3amerbTe: B (pOpMySIHPOBKE BTOPOro 3akoHa HplOTOHA mpenmosaraercsi, YTO Ha MaTepu-
AJbHYIO TOUKY NE€HCTBYET TOJBKO OfiHa cmia. Kak OBITh, €M NX — HECKOJIBKO?

OTBeT Ha 3TOT BONPOC AAeT CIEAYIOIIAsi aKCHOMA.

3aK0H HE3aBHCHMOCTH JEMCTBHUS _CHJI. HECKOJIBKO Cuji, OAHOBPCMCHHO

JCHCTBYIOIIMX HA MaTePUAJIbHYIO TOUYKY, COOOIIAIOT €M TaKoe YCKOpPEHHE, KaKoe
cooOmmmia Obl € OJHA CHJIa, PaBHAS UX T€OMETPHUECKON CyMME, T.€.

mw = Z ﬁk :
k
MO3KHO 3TOT 3aKOH (POPMYJTUPOBATH U HHAYE.
_ F. _
W = — = Wi,
k m

rie Wy, — YCKOPEHHE, KOTOpoe mMmelia Obl TOuKa, eciii Obl Ha Hee JCHCTBOBasIA
tosibko cua K .

HbroTOH, Mexay MpoduM, AaHHOTO 3aKOHAa He (OpPMYJIMPOBAJ, XOTsS KBHUBAJCHTHOE yT-
BEpPJKIAEHUE B €0 TpakTaTe uMeeTcs. Ho OH He paccMmaTpuBan €ero Kak akCUOMY, a IMbITancs AO-
Ka3bIBaTh (B OOLIEM-TO, HEYNAYHO, TaK KaK JAHHBIA 3aKOH M3 APYTHMX 3aKOHOB HbIOTOHA He
CJIenyeT — 3TO HE3aBUCHUMBbIN 3aKOH MPUPO/BI).

Ecnu Op1 HbIOTOH mOCTy I MHAYe, MbI TOBOPHITH OBl CETOIHS O Yemuipex 3akoHax Hbro-
TOHA.

Tenepr nepexonum k 11l 3axony HetoToHa (B OOLIENPUHSTON Hy MepaLyn).



BcnomHanMm, uTO cuna — 3TO Mepa B3aMMOJAEHCTBUSI MaTepHalbHBIX Tesl. st ciydas Ma-
TepUaJbHBIX TOYEK OpUrHHaNbHAs GpopMynupoBka HproTOHa Takosa.

111 3axon HeroToHa: “/lelicTBHIO BCEra €CTh PAaBHOE W MPOTUBOIOI0XKHOE

MPOTHBOACHCTBHE, MHAUYE — B3aUMOJICHCTBHSA JBYX TEJI JAPYr Ha Apyra Bceraa
MEXy coO0I0 paBHBI W HAIMPABJICHBI B MPOTHUBOIIOJIOKHBIE CTOPOHBI .
CMBICIT — CHJIBI B3aHMOJICHCTBHS MEXKAY IBYMSI MAaTCPHATBHBIMH TOUKAMH
1) paBHBI MO MOIYIIO;
2) MPOTHBOMOJIOKHBI IO HAMPABJICHHIO;

3) nexar Ha OJHOW MPSIMOH.

F
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OTa akcHOMa BBINONHAETCS B JIEOOOH cucTeMe orcyera (KaK MHEPLMAJNbHOH, TaK M He-
WHEePLHUAIBbHON), TOYKH IPH 3TOM He 00si3aHbI ObITh CBOOOIHBIMH.

HanomMHnM, 4TO mpeapiayInne 3aKOHbI CIIPABEAINBBI AJIs1 CBOOOIHBIX MAaTEPUANBHBIX TO-
yek. Kak ObITh, €CITN HA TOUKY HAJIOXKEHBI CBA3H?

371ech MPUXOAUTCS MOJb30BAThCA €Ile OAHOM akcuoMoi. OHa M3BE€CTHA M3 CTATUKH, a
JUISL CITydast MaTePUAIbHON TOUKH (OPMYJIUPYETCs TakK:

IlpuHIUN _0CBO00XKIAEMOCTH 0T _CBsI3eil: JIIOOYI0O HECBOOOJHYIO TOYKY

MOYKHO paccMaTpHBaTh KaK CBOOOMHYIO, €CJIH OTOPOCHTH CBSI3H, 3aMCHHB HX JICH-
CTBHE PEAKITHSIMH.

Hrak,
— AKTHBH

mw = F + N

rie N — paBHOAECHCTBYIOIIAS PEAKIHil CBA3CH.

>

[Ipu pemennn 3axa4 TUHAMUKH 7151 HECBOOOHOWM MAaTePHATLHON TOUKH HCIIONb3YeTCSI
MMEHHO 5TO COOTHOILIeHHe, a He ucxonHas popma Il 3akona HeroToHa.



2. JIBe OCHOBHBIE 32291 JUHAMHKH TOYKH

BHOBB paccMOTpHM CBOOOAHYIO MaTepHAIbHYIO TOUKy. IlycTh Ha Hee neHCTByeT cuia F;
MOCJIETHIOI0 MOYKHO PACCMAaTPHBATh KAK PaBHOAECHCTBYIOINYIO CHJ, ACHCTBYIOIIUX Ha HEe CO
CTOPOHBI IPYT'UX MAaTEPHANBHBIX OOBEKTOB, T.€. APYTHX TEJ WIIH, CKaXKeM, MOJeH.

Jns mpocToTel OyeM CYHMTATh, YTO HA TOUKY AEHCTBYIOT CHJIbIL, BBI3BAHHBIE €€ B3aHMO-
IOEeUCTBUEM C APYTUMH MaTEPUAJIbHBIMU TOUKAMU.

Jonymienue: B 3a7a4ax JUHAMHKA OJHOM MAaTepHAJIbHOM TOUYKH MPEAINoJia-
racrcsda, 4rTo I[GﬁCTByIOLLIaH Ha HCC CHJIa OIPCACILACTCA MOJIbKO MOJOKCHUCM TOY-
KH, €€ CKOPOCTBIO M, BO3MOKHO, BPEMEHEM

F = F(r,r,1).
DTO — BOBCE HE AKCHOMa, HE 3aKOH NPHUPOABL daxTruecku 3AECHh MMpeanojaracTcs, 4ro

paccMmaTpuBaeMas MaTepuajibHas TOYKa HE OKAa3bIBAET CYLLIECTBEHHOI'O BIMAHUS Ha IBUXKEHUE
B3aUMOJIEMCTBYIOLIUX C HEH TOYEK.

Hamnpumep, nycTe KOCMUYECKHI anmapar JEeTUT oT 3emid K Jlyxe.

Ha Hero neficTByIOT CHIIBI IPUTSDKEHUS CO CTOPOHBI 3eMin 1 JIyHBI, BIUSIONINE HA JIBH-
JKeHUE arnrapara.

ITo III 3akony HeroToHa, Takue >ke CHJIbI CO CTOPOHBI anmnapara AeHCTBYIOT Ha 3eMIII0 U
Jlyny. Ho macca anmapaTa HHYTOXXHO MaJjia IO CPAaBHEHUIO C MACCaMM 3TUX HEOSCHBIX TEJI U Ha
WX JBIDKEHHE NMPAKTUIECKH HE BIIHSET.

Tlockonbky 3emust u JIyHa IBIXKYTCS APYT OTHOCHTENIbHO ApyTa, To cuna F Gyner 3aBu-
CeTb He TOJIbKO OT MOJIOXKEHHUS CaMOr0 armnapara, HO U OT OTHOCUTENBHOTO MOJIOKEHHS 3eMITH |
JIYHBI; 5TO BIHMSHHE OTPAKAETCS 3aBUCHMOCTHIO F oT 7.

Ecnu >xe BIusiHUE paccMaTpUBaeMO MaTepUaibHON TOUKH Ha JBUXKEHUE APYTHX TOYEK
CYILIECTBEHHO, TO 3amucaHHas Hamu popmyiia yke He Oyaer umerh Mecto. Torma peds Oyner
UATH HE O 3a/a4ue AUHAMUKH OAHOM TOUKH, a O 3a/aue AMHAMHUKH CUCTEMbl MAaTEPHUANILHBIX TO-
YeK; TaKUMU 3a1a9aMU Mbl 3aiIMEMCSI TTO3KE.

IToncrasum 3amrcanHoe Bbipaskenue 1t F Bo 11 3akon HetoToHa:

mw = F

VckopeHne — 3TO BTOpasi MPOM3BOAHAS OT paauyc-BekTopa. [lomydaem:

d’F

m-— = F(T.T, 1)
dr?

Oro — muddepeHnraabHOE YPaBHEHHE JBHXKCHHS CBOOOIHOM Marepuaib-
HOM TOYKH B BEKTOPHO# (hopme; 3amucaHo B nHeprmaibHoi CO.
MO>KHO 3ammucaTh 3TO YPaBHCHHE U B MPOCKUUAX Ha OCH HeKapTOBOﬁ CUCTEMbI KOOpAU-

HaT. bynem mpennosarath, 4To 3Ta CUCTEMa KOOPIUHAT HEU3MEHHO CBsI3aHA C TOH MHEpLUAJIb-
HOI CUCTEMOM OTCUeTa, B KOTOPOH 3aiCaHO BEKTOPHOE YPaBHEHUE.

Hmeewm:



2
d<x
m=—s5 = Fy,
dt2 X
) d?y
- Fy,
M 442 y
2
md—g - £ (3iinep, 1750).
dt
.

HBIOTOH TakMMM ypaBHEHMSMH €lle He MONb30BAICS. Aprymentol y Qynkumii 7, [,
I, nnst KpaTKOCTH He BBIMKCAHbI (3TO MBI CIeNIaeM 4yTh MO3KE, HO M TaK IO-
HSTHO, 4TO 3TO — KOOPJMHATHI TOUKH, HX IEPBbIE IPOM3BOAHBIE [0 BPEMEHH U BPEMs).

Htak, B HaIIeM pacropsbkeHHH — TPU CKATAPHBIX U QepeHINaNbHbIX YPAaBHEHUsI BTO-
poro nopsnka. Ilepexogum k pacCMOTPEHUIO ABYX OCHOBHBIX 3374 AUHAMHUKH MAaTePHUAJIbHOU
TOYKHU.

IlepBasi 3a1a4ua; 3a/1aH 3aKOH ABMoKeHMs T = T (¢). Haiitu cuy, coo0-
IIAOIIYIO TOYKE JAHHOE JBH)KEHHUE.

Ecnu Bocnonb3oBatbest audepeHnnanbHbIME YPaBHEHUSIMUA IBHXKEHUST CBOOOHON Ma-
TepuaIbHON TOUKH, TO 3TA 337ayda PELIAeTCs MPOCTO.

JIBykpaTHOe nuddhepeHInpOBaHAE:

2_
F md .
dr?

npu sToM cia Haxomures B Buge F = F (1) .

Yacto 3TOro ObIBa€T JOCTATOYHO, BEAb TEEPb MbI MOXKEM HANTU CHIY B JIOOOH MOMEHT
BpeMeHn. OOHAKO 3TO pEIIEHUE SIBISACTCA HENONHbIM, TaK KaK B OOLIEM Ciydae B JUHAMUKE
CBOOOIHOM MaTepHaIbHOM TOUKH CHJIA PACCMATPUBAETCS Kak (yHKLUS IMONOXKEHHs, CKOPOCTH U
BpPEeMeHH. 3HAYMT, B OOINEM BUAE MOJYYUTh MOJHOE pEeIleHHe NEePBOH 3a1aui TOJBKO ABYKPAT-
HbIM nuddepeHnnpoBaHeM Heb3s. Eciu ke O cuiie U3BeCTHa Kakas-IuOo JOTONHHUTEIbHAS
nH(pOpMaIKs, TO HHOT/IA TTOJIHOE PEIleHHe OKa3bIBAETCS] BO3MOKHBIM.

Bropas 3anaua: 3agansl cuna F = F (¥, ¥, ¢), artaxke T(0) u T (0).
Haiity 3aK0H IBMIKEHUSA TOUKH.

HHpIMu cnoBamu, 37ech 00s3aTENbHO 33Ar0TCS INMOJIOXKEHHE M CKOPOCTh TOYKH B Ha-
YJaJIbHBII MOMEHT BPeMEHH (JUIsl MPOCTOTHI MBI CHUTAEM €T0 HYJIEBBIM).

Pacrmmem nuddepenianbable ypaBHEHUS IBIDKEHUS TOUKU B MPOEKIUSAX HA JIEKapToO-
BbI OCH, TIpU4eM OoJjiee NoAPOOHO, 4eM Mbl eJIajld 3TO PAHBIIE:



2

d4 x e e

D) = F (X, y 2, X, )Z)t))

dt2 X Y Y

) 42y ( SRR

m = I'ylx,y,z,x,y,z,t),
2
d4z ...

m = F,Cx,y,z,x,y,z,t).
442 z Y Y

.
Pemienne 3amaun cBOAWTCS K WHTETPUPOBAHMIO JAHHOW cUcTeMbl maudde-

PEHLMAIBHBIX YPABHEHHUH C YYETOM HAYAJIBbHBIX YCIOBUHM.

3HaunT, BTOpas 3ajqaua JUHAMHUKH 3HAYUTEIBHO CJOXKHee mepBoi. Ecmm
TaM pedb nuia o AudQepeHIMPOBAHNHN 3aaHHON (PYHKIIMM BPEMEHHU, TO TCIECPh
peub uAeT 00 MHTErPUPOBAHUM CHCTEeMbI Ju(depeHIMaTbHBIX YpaBHEHHN (KaK
NpaBUJIO, HENMMHEHHBIX). B o0mmeM ciyyae 3TO MHTETPUPOBAHWE HE MOXKET OBITH
BBITIOJTHEHO B 3aMKHYTOH (hopme. Torma mpuberatroT K YMCICHHOMY WHTETPHUPO-
BaHUIO (MPU TIOMOINM KOMMBIOTEPA); PELICHHE MPH ATOM MOJydyaeTcs: MpuoOIu-
KEHHBIM. PaccMOTprM Mmocnea0BaTeIbHOCTh AEHCTBHI B TOM Cilydae, KOTJa aHa-
JUTHYECKOE PELICHUE 3a/1a4l BCE JK€ OKA3bIBAETCS BO3MOXKHBIM. OOBIYHO M AJIA
YUCIICHHOTO, W U1 AHAJIMTHYECKOTO peIleHusa cuctemy auddepeHnaibHbIX
ypaBHEHHI MTPeoOpa3yroT K HopManbHOU hopme Kommu:

de
dy
— =V,
dt Y
g,
dt 7
d
O :in’
dt m
ﬂy_ipy,
dz m
d
= o 1 p
L d¢ m

[Ipennonoxum, HaM yIaJI0Ch B aHAJIUTHYECKOM BUE MOJYYUTh PELICHHE 3TON CUCTEMBI
mecTtr auddepeHnanbHbIX YPaBHEHUH MEPBOTO MOPSIKA.

O6ee pemenue:



x = «x(¢,C,,...,Cy),
v, = v,(¢t,C,,..,C,),

z

rae C, ..., Cy — MOCTOSHHBIEC HHTETPUPOBAHHS.
Yucno 3Tux IMMPOU3BOJIBHBIX INOCTOAHHBIX PAaBHO MOPAAKY CUCTEMBI.

I[J'Iﬂ MOJYy4YCHUA 3aKOHA NBUXKEHHA HYXKHO TCHEPL BOCIIOJB30BATHCA H3BCCTHBIMU B HY-
JIEBOM MOMEHT BPEMCHU IOJIOKECHHUEM U CKOPOCTBIO TOYKH.

Hauanbsusie ycmosus mpu £ = 0

x =x(0), y=y0), z=2z(0),
v, = x(0), v, =y(0), v, = z(0).

x y z

[Moacraensst B (*) ¢ =0 u 9TH HAYAIbHBIC YCIIOBHS, MOMYYaeM IECTh all-
reOpanueckux ypasHenuit ornocutenbuo C, ..., C.. Haiias ux 3HaueHus, mOA-
CTaBJISIEM ST 3HAUEHUS B (*) ¥ MOJIy4aeM MCKOMBIN 3aKOH BUKECHHUA.

3ameuanue. [Ipu peleHnn 3ana4 AMHAMUKA HECE0O0OHOU MaTEPUATBHON
TOYKM HY’KHO JONOJIHUTH YPABHEHUS JBUKEHUS YPABHEHUSAMH CBS3EH.

3. JluHaMHKa TOYKHU B HEHMHEPLHAJbHOI cCUCTeMe 0TCUeTa

Hanomunaro, uyto II 3axon HeloTOHA cripaBeasnB TOJBKO B MHEPLMAIBbHON CUCTEME OT-
cuera. YpaBHEHHsI BWKEHUS CBOOOIHON MaTepHaJbHOW TOUKH MbI IMUCAIU TOXXE B MHEPLIH-
aJIbHOM cuCTeMe OTcYeTa. B HEKOTOpBIX 3a/1auaX HCMOJIb30BAaHUE PAa3yMHO BbIOPAHHOW HEHWHEp-
[[UAJIbHOM CHCTEMBI OTCUETa MOJKET, OJHAKO, JOCTABIATH ONpeAesieHHbIe MpenmMyliecTsa. Yro-
Obl HAWITH ypaBHEHHs ABHXKCHHUsI MATEPHAIbHON TOUKHU, MbI Oy/1eM PacCMaTpUBATh €€ ABUKEHHE
KaK C/I0JICHOe.

Ilycte E — dukcupoBanHas WHepIMaabHas CUCTeMa oTcueTa (VCI08HO He-
noosuicnas CO, y.uH.CO) ¢ cucTeMOoi KOOPAWHAT X)Z.

! v o r_!
ITycts E — mpousBonsHO asmkytasics CO ¢ cucTeMoi KoopAuHAT X'y 'z,
Ona MOXkeT ObITh 1 HEMHEPIIMATIbHOM.
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X
B cucreme E 1l 3akon HeroToHa:
_ — _ d’r
mwa6c _ F, Wa6c — -
dr

Hunekc “abc” roBopUT HaM, 4YTO JAHHAS BEIWYMHA ONpenensercs: A aOCONOTHOrO
nBkeHus. B kuHemaTHke abCOMIOTHOE IBHIKEHHE ONPEAEIsUIOCh KaK BIKEHUE OTHOCHUTEIBHO
HCXOIHOHN CHCTeMBI OTcueTa (KOTopasi Moriia ObITh JIr000H). B nuHamuke maHHbIA TEPMUH HMe-
et Oonee y3Koe 3HaUeHHE.

AOCOJIIOTHOE JABHKEHHE (B IMHAMHWKE) — JBIKCHHUE OTHOCHTEIBHO

y.H.CO (00s13aTeNbHO HHEPITUATBHOM ).

— abc
3Ha4yuT, W — 3TO BEKTOp yCKOpeHusi Touku M B ee aOCONOTHOM IBMYKEHUH.

Msi ke cobupaemcsi paboTaTh ¢ OTHOCHTENbHBIMU BEJIMYUHAMHE, OIpPEAeIeHHbBIMU OTHO-
14
CUTEJIbHO cUcTeMbl oTcuera E . B wactHOCTH, HaM NOTpeOyeTcsi OTHOCHTENbHOE yCKOpPEHHE
Touku M.

CBs13b MEXIY OTHOCHUTCIIBHBIM U aOCOFOTHBIM YCKOPEHUAMU OA€T U3BCCTHAA Bam Teo-
pema Kopuonuca.

[To Teopeme Kopuonuca:
‘—va6c = WOTH L P 4 yKop ’
rae:
~,
— OTH d°r
w =
dt
T— JIOKaJIbHas1 MpOU3BOAHAA
— Ie — = ImE i .
P WA+[®:r]+[D7[D:r]]J

WKOp -2 [_D’VOTH]‘

s
[
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HanomHUM, 4TO IOKaJIbHAs POU3BOIHASL CYMTAETCS B TPETNOJNOKEHUH, 9TO OCU X )'z’
— HEMOABMXKHBL. MHBIMHU CIOBAMH, BEKTOP ONMPENENSETCS CBOMMH MPOEKIUSAMHU Ha TIOIBUKHBIE
OCH, a KOMITOHEHTBI JIOKAJIbHON MPOM3BOIHON TOTO BEKTOPAa HAXOMSATCS KaK MPOM3BOAHBIE OT
JaHHBIX POeKLHi. OTHOCHUTENBHAS CKOPOCTb, TOXKE MPEACTABIAET COOON JOKANBHYIO IPOH3-
BOIHY IO

~

VOTH dF

!

4

[ToacraBum BhIpakKeHHE IS BEKTOPA W 3¢ 5o 1T 3axon HetoToHa:

=— OTH T - TIC -— KO
mw = F+(-mwW™) + (-mw*P) .
Cnaraemble, comepsKalue MEPEHOCHOE U KOPUOJIUCOBO YCKOPEHHUs], MEPEHECEHBI B Mpa-
14
ByI‘O I{aCTb, HOTOMy qTO 5TO — U36ECHHbIC BCIINUYHUHBI (HBI/DKeHl/Ie CUCTEMBI OTCUECTA E OTHO-
CUTECJIBHO ycHOBHO HGHOI{BH)KHOﬁ CHUCTEMBI OTCUETA Hpe/:[HOJ'IaFaeTCSI I/ISBeCTHbIM). Hﬂﬂ OTHUX
craraeMbix (a Mo pasMEPHOCTH 5TO — CHJIbI) CYLIECTBYIOT CIENUAIbHbIE HA3BAHUS.

=< IIC — IIE (o) — KO
Bektopst @ T = -mwW™ u @ P = - mwW*P nHaspBaoTcs mepe-
HOCHOI M KOPHOIHCOBO CHJIAMH HHEPIIHH.

[TonyueHsl ypaBHEHUSI IBUKCHUS MAaTEPUAJIbHON TOYKH B HEMHEPIMATBLHOU

CO:

EZ T ] == Tep == KOp
m—— = F + ® + O

Taxum oOpa3oMm, ypaBHEHHs JHHAMHUKHM MAaT€PUAIBHOM TOYKHM MOXKHO IHCATh M B He-
MHEPLUANBHBIX CHCTEMaxX OTCUETA, TOJBKO HAaJO K HbIOTOHOBBIM CHJIaM A00aBUTb MEPEHOCHYIO
U KOPUOJIMCOBY CHJbl HHepLuH. [103ke B 3TOM Kypce MbI BCTPETUMCS U C APYTrOl pa3sHOBUIHO-
CTBIO CUJI UHEPLUH. BBeeHHbIe B JAHHOM IyHKTE MEPEHOCHAs! U KOPUOJIUCOBA CUJIbI HHEPLIUU
CYIIECTBEHHO OTJIHMYAIOTCS OT HBIOTOHOBBIX cril. Cdopmynupyem, B 4eM NPOSBISIFOTCS 3TH
pasnuuus.

HbrOTOHOBBI CHITHI:

1) xapakTepu3yloT B3aUMOACHCTBHA MaTePHATBHBIX TEIT,

2) HE MEHSIOTCS MPH MEePEX0e K IPYroi CHCTEME OTCUETA.

[TepeHocHast 1 KOPUOJUCOBA CHITBI HHEPITHH:

1) He cBsA3aHBI C B3aMMOACUCTBUSIMH (BBIYHMCIISIOTCS IO KHHEMATHUYCCKUM
XapaKTEPUCTHKAM JIBHKESHHSA ),

2) MEHSAIOTCS TPU TEPEeX0Ae OT OJHOW CHCTEMBI OTCYeTa K APYyroi (B
uHeprmanbHbIx CO WX POCTO HET).

11



Ho BepHeMcs K ypaBHEHHSIM JUHAMHKH MaTe€pHAIbHOW TOUKH B HEMHEPLIMAIBLHOH CHC-
TEME OTCYETa:

mw™ = F+®""+ @,
PaccmoTpuM HacTHBIN Cllydail 3TUX yPaBHEHU.
UacTHbIl ciyuaid: MycTh MaTepHajbHad TOYKA MOKOUTCS B mojaBuxkHON CO
E ' (oTHOCHTEIBHBIH TTOKOIA).

Hmeewm:
— — = KO
WOTH:O, VOTH:O = ) p=0.

>

JleficTBUTENbHO, KOPUOJIMCOBA CUJIa UHEPLIMH ONPEAENAeTCsl KaK B3ATOE CO 3HAKOM MHU-
HyC TPOU3BEIEHHE MAcChl Ha KOPHUOJIUCOBO YCKOPEHHE, HO MOCIeqHee MPONOPLHOHAIbHO OT-
HOCHUTENBHON CKOPOCTH.
Hrak,
— = Tep
0 = F + :
OTO — ypaBHEHHE OTHOCHTEIBLHOT'O PABHOBECHS TOUKH.

BekTop HbIOTOHOBO#M cuiibl F 1 mepeHoCHast cujla MHEPIUK B3aWMHO YPaBHOBEIIHUBAIOT-
csl.

4. AxkcejiepoMeTpbl

PaccmoTpuM oTHOCHTENTPHOE PAaBHOBECHE TPy3a, TOJBEIICHHOTO B Kamepe,
JBUKYIIEHCS MOCTYIATEIbHO MO BEPTHKAIHA B TOJIE CHITBI TSHKECTH.

!

A
% y'
M

Ha pucyHke moka3aHo, 4YTO MOABIJKHYIO CHCTEMY OTCYETa MBI CBSI3QJIM C KaMEpOH, OChb
z' HanmpaBHMJIM MO BEPTUKAJHM, & HAYaao MOJBUIKHOM CHCTEMbI KOOP/MHAT B3SUIM B MOJIOKEHHH,
NPU KOTOPOM TPy KUHA HEe 1e(hOpPMHUPOBAHA.

AN\N

7

X
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CreHku KaMepbl 31ech — y3kue U raakue. OHU Hy KHbI, YTOOBI UCKJTFOYUTD MONEPETHOE
IBIDKEHHE TPy3a, MPH KOTOPOM OH pacKayuBajics Obl MOTOOHO MAsITHUKY .

I'py3 B naHHOI 3ajaue €CTECTBEHHO CUUTATh MAaT€PUAJIbHON TOUKON. 3amuiueM 1JIsl Hee
YPaBHEHUSI OTHOCUTENBHOIO PABHOBECUSL.

Hmeewm:
O _ Fynp n fTSDK + 61‘[6p
niin
0 = —k¥ + mg - mw"™ |
B ob6miem ciyuae
w=w,+[or]+[T[Or]]:
Hoceifuac =0, @ =0 = W™ =w, = w¥.

Ilocnennee paBeHCTBO OUEBUAHO: MOCKOJBKY HAIll IPy3 MOKOUTCSI OTHOCUTEIBHO MOCTY-
MaTEJbHO BIKY IENHCS CUCTEMbI OTCYETA, TO YCKOPEHHs Hadaya CHCTEMbI KOOpAuHAT A U ca-
MO MaTepuaIbHOM TOUYKH COBIANAIOT.

B nanpHeiiimemM U30oKeHUH HaM MOTpeOyeTcsi OMHO olIIee OnpeaesieHrne, OTHOCSIIeeC s
HE TOJIbKO K JAHHOMY IPUMEPY .

Kaskyieecsi yCKOpeHHE — Pa3HOCTh aOCOJIOTHOIO YCKOPEHUS TOUKH U yC-

KOPEHUs CBOOOHOTO MaJCHHUS

WKa)K — ‘—)Va6c_§‘

Celiyac MbI BBISICHUM, KaK 3TO Ka)KyLIEEeCs] yCKOPEHUE MOXKHO HaWTHU.

[TpoekTHpyeM ypaBHEHHE OTHOCHTEIBHOTO PABHOBECHS HA OCh Z '

0 = —kz'—mg - mw™® = —kz' —m(w*+g).

Kax

W,

3nech € — MOAyJb YCKOPEHHs] CBOOOMHOrO majgeHus, kK — KOd()QHUIMEHT KECTKOCTU
NPy KUHBL Z' y HAC COBMAAAET ¢ nedopManueil npy KUHbL.

IIITpux B MHAEKCAX MBI ONyCTUJIU: BEIb B HALIEM IIPUMEPE MPOEKIMU BEKTOPOB HA OCH Z
u z' coBnanaror. SIcHO, uTO B 0603HaUeHNH ne)OPMALMU NPYKUHBI IITPUX OIYCKAThH HEJB3SL.

Orcrona

kz'
wa6c+g _ =
m

Ho Benuuuny z’ MOXHO U3MepHuTh. 3Hast Maccy M u k0d(pduuueHT xectkoctu k, Haxo-
JMM M3 3aIMCAHHON HaMK (POPMYJIBI KaxyIneecs: yCKOpeHue Touku M.

Ms1 paccMOTpeny MPUHIATT padOTH AKCeJIepoMeTpa — mpudopa Ajia u3Me-

PEHHSI KQXXYIIETOCS] YCKOPESHHUS.

13



OCHOBY TaKOro MEXaHHYECKOro akcenepoMerpa (a ObIBAIOT eIle aKcenepoMeTpPhbl, OCHO-
BaHHbIC HA APYTHX (PU3NYECKUX MPUHLMIAX) COCTABJISIET YyBCTBUTENbHBIN SJEMEHT (T.€. Hall
IPY3UK), YIOPYro COEIMHEHHBIH CO CTeHKaMH Kamepbl. Hain akcenepoMmeTp SIBISIETCS QOHOOC-
HbIM — W3MEPSIET TOJBKO MPOEKIIMI0 KaKYLIErocsi YyCKOPEHUs1 Ha 0Cb z. UTOOBI HAWTH BECh BEK-
TOP KaKyINEerocsl yCKOPEHHs, Hy KHBI eIle /B aHAJOTHYHBIX aKceiepoMerpa, paborarommue B
HAaIPABICHUH OCeH X 1 y. MBI HALIUTH TOJIBKO KaXKYyIUeeCs YCKOPEHHe rpy3a;, HO ero abCOMFOTHOE
YCKOpPEHHE HAWTH JIETKO: JOCTATOYHO TOJBKO BbIYECTh &. B melficTBUTEILHOCTH BCE HE Tak Mpo-
cro. Ecnu ot akcenepomerpa TpeOyeTcsi BHICOKAasi TOUHOCTb, TO HAJ0 YUYUTHIBATb, YTO £ He-
CKOJIKO MEHSIETCSI ¢ MI3MEHEHHEM TOJIOJKEHHsI IPy3a OTHOCUTEIbHO 3emiu (moapobHee 00 3ToM
MbI TIOTOBOPHUM B ClieAyIoLIeM MyHKTe). Ho 3TO B mpuHLMIIE — peliaemas 3a1ayva.

3aueM Hy>KHO 3HaTh aDCOJIIOTHOE yCKOpEHUe Ipy3a (WIH, 4TO TO Xe caMmoe, kamepel)? A
BOT 3a4€eM.

Ecnu z — koopauHaTa B cucTEME XYz 00BEKTa, HA KOTOPOM YCTAaHOBJIEH aK-
CEJNEPOMETP, TO

d.z_Z ot Wa6c = — g — ki’
dr? z m

JIBaXKbl UHTETPUPYEM 11O BPEMEHH:

1
(1) = ,(0) + [wi(n)dr,
0

t
z() = z(0) + |1, dr.
0
3mech z (0) u 7,(0) — HavanbHbIE 3HAUEHUS] KOOPIMHATBI K CKOPOCTH OOBEKTA.

PasmecTum Ha 00BEKTE ABAa AHAJOTMYHBIX AKCEJIEPOMETPA, U3MEPSFOIINX HMPOEKLUH YC-
KOPEHHUS Ha OCU X Uy (C HUMH BCe MPOoIIe — MPH HAXOXKIEHUN a0COMIOTHOTO YCKOPEHUsI He Ha-
IO BBIUUTATh g, TaK YTO 3TU AKCENEPOMETPbI HEMOCPEACTBEHHO H3MEPSIIOT MPOeKLHH adco-
JIOTHOTO yCcKOpeHHs oObekTa). Torma Mbl B pe3yJibTaTe MOJNYYHUM BCE TPH KOOPAUHATHI OObEK-
Ta, T.€. OyZAeM 3HATh €ro IOJIOKEHNE MTOJTHOCTHIO.

Jemaem BbIBOZ.

AKcenepoMeTphl UCTIOJIB3YIOTCA B CHCTEMAX HHEPHHAJILHOI HABUTALMHA —

YCTpOﬁCTBaX A onNpeaAcICHUA MCCTOIIOJOXKCHUA M OPUCHTAIWH ITOJABHIKHBIX
00BEKTOB 0€3 HUCIIOJIb30BAHMS BHEITHUX OPHUCHTHPOB WJIK CUTHAJIOB U3BHC.

Opuenranuio 00beKTa C MOMOIIBIO aKCeJIepoMeTpa He Hailpemb. JIJist 3TOro HyKHBI
UHbIe TPUOOPBI, O KOTOPBIX MBI Oy/1€M FOBOPHUTH ITO3/IHEE.

CucremMbl HHEPLUAIbHON HABUTALIMHM yCTAHABJIMBAIOTCS HA CamojieTax, OajTMCTHYECKIX
pakeTax, KOCMHUYCCKUX aIlraparax, moaABOAHbIX JIOAKaX (KOTOpre MOTYT 11O OJIroga HE BCINIbI-
BaTb Ha MOBEPXHOCTb OKE€AHA, TdK YTO BHCIIHUX OPUCHTHPOB HET, a paAHUOCBA3b OOCTYIIHA HE
BCErJa — 3ace4b MOTYT).

3akaHuMBasi pa3roBop 00 akceaepoMeTpax, PACCMOTPHUM YaCTHBIN CITydail.

14



abc

IMpu w; ~ = — g (xamepa cBoboano mamaer BHu3) kz' = 0, Te. F

= 0 u npyxuHa He 1e()OPMUPOBAHA.

Ho Bbl emiie 13 mKOJBHOrO Kypca (GU3MKU 3HAeTe, YTO CHIIA, C KOTOPOIi TEJIO BCIEICTBHE
MPUTSDKEHUs K 3emile AeMCTBYeT Ha ONOpY WJIM MOABEC, Ha3bIBAE€TCA 8ecoM Tena. ToJbko s
MOKOSIIIETOCS TeJla BEC COBIANAET C CHJIOH TsuKeCTH (M TO He BIIOJIHE, KaK Mbl CKOpO yOenum-
cs). B Hamewm ke ciyuae Bec mucues.

Hrak:

[Ipm 5TOM TpPY3 HAXOAUTCS B HEBECOMOCTH.

To4HO B TAKOM K€ COCTOSTHUM HAaxXOIWJICS Obl Ipy3, eciu Obl OH MOKOWJICS Ha JHE IUIaT-

¢dbopmbl, cBOOOAHO magaromeii BHU3. ['py3 He okas3biBaj Obl HA MOJ MIAT(HOPMBI HUKAKOTO IaB-
JIEHUsI.

Bonee Toro, mis mpOTSDKEHHOTO Ipy3a OTCYTCTBOBAJIO Obl M B3aUMHOE JABJICHHE OT-
JIENBHBIX €ro YacTed APYT Ha Jpyra, BbI3BAaHHOE B OOIEM Cliydae WX HEHYJIeBbIM BECOM. 3a-
MUIIEM B CBSI3U C 3THM OTIPe/ieJICHHe HEBECOMOCTH.

HeBecoMOCTb _ — COCTOSIHME Tella, IPU KOTOPOM JEHCTBYIOIIME HA HETO

CWIBI TATOTCHUS HE BBI3BIBAIOT B3aMMHOIO JABJICHHWS OJHOW YacTH Teja Ha Apy-
I'YIO.

Ecnu nanHoe “Tesio” — 9TO TENO YeoBeKa, KOTOPhIA HAXOMUTCS B CBOOOTHO MaJaroIieM
J'II/I(l)Te, TO YE€JIOBCK UCIIBITBIBACT AOCTATOYHO HCO6bILIHbIe Oy LICHH!A.

Ecnu Obl mpu 5TOM uenoBek B JIU(TE CTOSIT HA NPY KUHHBIX BECAX, TO CTPENIKA BECOB Ha-
XOIuIach Obl Ha HyJIEBOH OTMETKE.

PaccmoTpuM eme ofHO Ba)kKHOE MPUJIOKEHWE YPaBHEHUN ABHKEHUsI MaTePHABLHON TOY-
KM B HEMHEPLMAJIBbHOHN CUCTEME OTCUETa.

S. PaBHoBecHe MaTepuaJIbLHOW TOUKH HA MOBEPXHOCTH 3eMJIH

O6Cy,[[I/IM HeKOTOpble MEXAHUYCCKHUEC 3(10(1)61@1;1, CBsI3aHHBIC C BpaLL[eHI/IeM BCMJII/I BOprF
CBOEN OCH.

Bynem cuutath moBepXHOCTh 3emun cdepoit pamuyca R (R =~ 6370 km);
3TO — MOJE/b CTAHAAPTHOM 3emMin.

B neiictButenbHocTH (opma 3emuin OOJIbIIe HATOMHMHAET CJIErKa CIUTFOCHYTBIM 3JUTHII-
COMI, HO 3THM MbI MOKa OyeM npeHebperatb. A (akTUYeCKH NMPUBEIEHHOE 3HadYeHne K — 3To
CpeaHee 3HAYSHHEe 3€MHOTO Paanyca.

!
CBsKeM ¢ MOBEPXHOCTHIO 3eMin HeuHepuuanbayo CO E

Ona HeﬁCTBHTeHbHO HCHUHCpLHAJbHA, TaK KaK BPallCHUEC 3emau MbI YYHUTbIBACM.

A 4TO B JTaHHOM cilydae OyZeT yCJIOBHO HENMOABIDKHON CUCTEMOM oTcueTa?

PaccmoTpuM 0AHO MOHSTHUE, KOTOPBIM YAaCTO MOJIB3YKOTCS B MEXaHUKE — Hamnpumep, B
3a7avax, CBSI3aHHBIX C HABUTALIUEHN CYJ0B U CAMOJIETOB.
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1
Cdepa MmmmHCKOro . — BooOpakaemas cdepa ¢ IIEHTPOM B IIEHTPE 3eMITH
U PaJNyCcoOM, PaBHBIM 3€MHOMY PaauyCy, KOTOpas HE BPAIIACTCS OTHOCHTEIIBHO

HETIOJBYKHBIX 3Be3/. Y ciioBHO HenorxkHyio CO E cBsxem co cdepoii M-
CKOTO.

WuepuuanbHa 11 oHa? B acTpOHOMHM M KOCMOHABTHKE HMHEPLHUAIBHYIO CUCTEMY OTCYE-
Ta CBA3BIBAOT C HECIIOABH)KHBIMHU 3BC3AaMU. C(bepa HNmnuHackoro ABUIXKETCS MMOCTYIATCJIBHO, HO
HE MPSAMOJIMHEIHO: €€ LIEHTP, T.€. LUEHTP 3eMJIU, ABHKETCs MO OKpYKHOCTU BOKpyr ConHua. B
pemraeMoil HaMM 3afade — M BO MHOTUX JPYyTUX — 3TOH HeOOJbLIONH HEHHEPLHaIbHOCTHO
MOYKHO TIpeHeOpeyb.

[Tyctp Teneps TOuka M HaXOAWUTCS HA HIUPOTE (.

0,4

x!

YpaBHEHUA OTHOCUTEIIBHOTO PABHOBECHA:

= I'PaB = = IIC
0 = F*N+®".

T— CuJjia TpaBUTALIUOH-
NwnuHckuin  Anekcangp HOnbesurd f{i9iBke2003), BblAAOWMIACA COBETCKUIA
MEXaHWUK, akagemMuK, MPU3HaHHbIA naBa OTEYEeCTBEHHOW LWKOMbl MexaHuku. [lnopo-
TBOPHO MCMONb30Ban SAHHOE MOHATUE MPU PELLEHMM BaXKHbIX 3aaad MeEXaHuku. M-
nMHCKUK A. pabotan B pasHbiX 00NacTsiX MEexXaHuKW, B 4aCTHOCTU — B TEOPWUWU TUPO-
ckonoB. BHec Gonblion BkNag B pasBUTUE OTEYECTBEHHOW PAKETHO-KOCMUYECKOW MpPO-

rpammbl. MHorve npenopasatenu kadeapbl TEOPETUHECKON MexaHukn MOW, Bknovas
tOpus puropbesnya MapTbIHEHKO W aBTOpa 3TUX NEKLUMIA, ABNSIOTCA €ro yYeHnuKamm.

1
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Uro Takoe Bec Tena? Mbl yyke roBOpHIiN 00 3TOM, JaBaiTe MOBTOPHM.

Cuna, ¢ KOTOpPOH TOKOSIIeecs Ha 3eMJie TeIO0 NCHCTBYET Ha OCHOBAHUE, Ha-
3bIBACTCS] BECOM TEJa.

[To III 3axkony HeroToHAa:
F _ —N _ FrpaB+ 61‘[613.

Bo MHOrux 3aadax BTOPBIM ClIaraeMbIM MOXKHO npeHeOpeub, u Bec Toraa OyaeT paBeH
cute npuTspkeHust 3emuid. Ho BooO1e-To 3To pasHble MOHATHS, U MbI CeHYac OLIEHUM, HACKOJIb-
KO BEC 110 MOIYJIIO OTJIMYAETCA OT Mg.

HTaK, MpOBEAEM KOJIMYECTBEHHBIC OLICHKU.

3aiiMemMcst cCHa4aJia MEPBBIM CJIara€MbIM B BbIPpa’K€HUH IJIA BECa P.

3= I'paB
F "™ _ cuma IPAaBUTALIMOHHOIO MPUTSHKEHUSA TOUKH K 3eMJIe; MO 3aKOHY
BCEMHUPHOTO TATOTCHHA
< Tpa I”I’IM3
FP° o= y—
R
WJIA
rpas
F = Mg a5
Y M3
TA€ Zrpag = ——, — MOJIyJb YCKOPEHMA IPaBUTALMK HA MOBEPXHOCTH

cranmaptHoit 3emun, M3 — macca 3emin, Y — TpaBUTANMOHHAS TOCTO-

SIHHAas.

yCKOpeHI/Ie l"paBI/ITaLII/II/I, KaK MBI YBI/IZ[I/IM, HCCKOJIBKO OTJINYACTCA OT YCKOpeHI/Iﬂ CBO-
OOIHOTO ManeHUs.

Brruncisiem:

v
My = 5,977-10%k, v = 6,672-107 1M

Kr 2

2

TaK 4TO
8rpas = 2,828 M2 .

VYMHOKasi 3TO 3HAYEHHE Ha M1, TOJNydaeM MOIyJib NEPBOro ciaraeMoro B opmysie mis
Beca.

TlepexonM KO BTOPOMyY ciiaraeMoMy B (opmyie uist Beca P.

— nep

IMepeHocHas cuna unepuun @  ompenensieTcss MEPEHOCHBIM YCKOPEHHEM, 8 OHO CKJa-
IBIBAETCS, KAK MbI 3Ha€M, U3 TPEX COCTABJSIFOIIUX. YCKOPEHHUS ITOJI0CA, BPAIATENILHOIO U OCe-
CTPEMUTENBHOIO YCKOPEeHNUH. B HameM ciyyae:

V_VA:O,_D:const,@':O = @ =
- -m|OIOR]] = ~-mw>.

we = Q*h = Q*Rcoso .
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HanpagieHo ocecTpeMHuTeNIbHOE YCKOpEHHe OT TOYKH M K 3€MHOMN OCH; MEepPeHOCHAas CH-
Jia MTHEPLIUK 3a CUET 3HaKa “MHUHYC  HaIpaBjieHa B IPOTHBOIOJIOXKHYIO CTOPOHY.
JList KONMMYEeCTBEHHBIX PACUE€TOB HAM HYKEH MOZYJIb YIJIOBOM CKOPOCTH 3€MIIH.

Boobuie ropopsi, ero HaliTH mpocTo. 3a CyTKH 3eMJisi COBEpINAET OAMH 0OOPOT BOKPYT
CBOEH OCH, Tak 4TO HaJ0 27 pa3lIeNnuTh Ha YHUCIIO CEKyHI B CyTKaxX. Toibko Hajo pasobpartbces,
KaK{e CyTKH UMEIOTCS B BUAy. A CyTKH OBIBAaIOT pasHBbIE.

CoJmHeuHbIE CYTKH — TIIPOMCIKYTOK MCKAY ABYMA IHNOCICAOBATCIIbHBIMHA

MOMEHTaMH BPEMEHH, B KOTOPHIE TOUKA 3€MHOM MoBepXHOCTH oOpameHna k CoJH-
1y
3Be3aHbIE CYTKH — BpEMs, 3a KOTOpOe 3eMJid COBEPIAET OJUH 000POT MO

OTHOIICHHUIO K HCIIOJBHMKHBIM 3BC3/1dM.

Crenaem pUCyHOK.

_O_

/|\

3nech n3o0paxkeHa 3eMiisl B IBYX IOJIOKEHUSIX Ha e€e OpOuTe: B TEKYIUI MOMEHT W IO
HCTEYEHUH COJIHEUHBIX CyTOK. Ha mosepxnocTy 3emin oTMeueHa Touka, oOparueHnHast K CoyH-
1y, HApUCOBAH TAKXX€ — CIUIOLIHOW JIMHUEH — OTPE30K, ABJAIIIUICA MPOAOILKEHHEM PaIHyCa,
MPOBEACHHOI'0 B OTMCYCHHY IO TOUKY .

Ecau 6]:1 P€4b Iujia HE O COJIHCYHBIX, a O 3BE3AHbIX CYyTKax, TO 11O UX UCTCHCHUHN I[&HHbeI
OTPE30K 3aHsU1 OBl MOJOXKEHHE, TTOKA3aHHOE MITPUXOBOH JIMHUEH.

U3 pucyHka BHAHO, 4TO 3eMJisi, TOBEPHYBLINCH HAa TMOJHBIA OOOPOT MO OTHOLIEHHIO K
HETIONIBM)KHBIM 3B€311aM, JOJIKHA eIle JOBEPHYTHCS Ha Yroj (L, 4TOOBI TOUKA €€ MOBEPXHOCTH
BHOBb “‘cMoTpena”’ Ha ConHue. 3HA4UT, CONHEYHbIE CYyTKH JIJIMHHEE 3BE3HBIX.
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INockonbKy Halla HHEpPIMAIbHAS CUCTEMA OTCYEeTa, CBs3aHHas co cepoii MuunHckoro,
HE BPAIaeTCsl UMEHHO OTHOCUTENBHO HEMOIBIDKHBIX 3BE3M, TO HAAO IOJIB30BATbCS HMEHHO
3BE€3/IHBIMU CyTKaMHU.

3BE3/IHbIE CYTKM KOpOUYE€ COJHEUHBIX Ha 1/365,25 MX 4aCTbh, TaK 4TO MX

MPOAOJLKUTEIEHOCTh PaBHA:
T = 24uvaca — 3mMua56¢ = 23uvacaS6 Mundc = 86164 ¢ .

[TosTomy

Q =2% _ 2% _ 0729.107 ¢!
T = 86164

Hrak, Mbl HALIUIM MOAYJIb YIJIOBOM CKOPOCTH 3€MIIH.
Temneps MOKHO BBIMHUCIUTH MOAYJIb CHibl P. Ero Mbl Haiiiem no Teopeme KOCHHYCOB.

=5 IpaB = Iep
Tak kak yron mexay F u @ 7 paBeH T — (), TO IO TEOPEME KOCHHY-

COB
2 rpas \ 2 e 2 al (4
P = (FP®)2 4 (@™P)* — 2FrpBCDHpc05(p,
WA
2 _ 252 204 p2 20 — 2 2 2 —
P™ = m*gl, + m* Q"R cos*¢ - 2m?g , Q" Rcos’ ¢ =
452 2
— 22 20 2
= M grpas (1 + ——cos* ¢ — 2 cos (pj :
rpas grpaB
Teneps ynpocTHM HEMHOTO HAIKM OOO3HAUEHMS.
O06o3HayuM:
Q°R
E =
grpaB
ITony4aem OCHOBHOH pe3yNbTaT JAHHOTO MyHKTA.
Hrak, 3aBHCHMOCTB Beca OT ITMPOTHI MECTA TAKOBA:
_ 2
P = mgrpaB\/ 1 —€(2-¢€)cos“
Wmn:
P = mge.,
rae

g, = grpaB\/ 1 —e(2-g)cos?
— MOJIYJIb YCKOPEHHsI CBOOOIHOTO MAJCHHs Ha IIUPOTE ( .

HHI[GKC (0 TOOYCPKUBACT, YTO JaHHAA BCJIWYHUHA 3aBUCUT OT (P.
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e} e}
3aMeTuM, YTO NPU M3MEHEHHUH IUpOThl ¢ oT 0~ 10 90 kocuHyc yOwiBaer ot 1 10 0, a
BEC COOTBETCTBEHHO BO3pacTaeT. 3HAYMUT, MUHMMAJbHOE 3HAaUeHHE BeC OyaeT UMEeTh Ha HKBATO-
pe, a MaKCUMaJIbHOE — Ha MOJIOCE.

Haiinem, yemy paBeH Oe3pa3MepHbIi mapaMeTp € .

Q%R 1

S 290

Takum 00Opa3om, 3TOT mapaMeTp AOCTATOYHO Majl. Ho Bce ke K OTIIMYHUSM B TPEThei
3HavaIel nudppe OH MPUBOIUT.

Ha »skBatope:

P = Pupn = mguo,tae o = Erau\ 1~ €(2-€) = 9,794 M2
Ha nmomoce:

P =P = M&yyo, THE Lgpo = Lrpap = 9,828 Mj,2 .

max

Hrak, TOJBKO Ha MOJIKOCE BEC COBMAZAeT C CHJION IPaBUTALIMOHHOIO MpuTshKeHus. Ha-
MOMHUM, YTO BCE HAILIU Pe3yJIbTaThbl MbI MOJYYHIIN IJisI MOAENH cTaHAapTHOH 3emuu. B netict-
BUTEJILHOCTH (popMa 3eMJIH OTIUYHA OT CPEpUUYECKON, M MPUYUHY 3TOTO MbI Ceiuac yxe Mo-
JKEM OOBSICHUTD.

3ameuanue. Yactuibl 3eMiiM ¢ OJIMHAKOBOW MAacCOW, HAXOIALIUECS Y TO-

JII0Ca, UMEIOT OOJIBIIIMKA BEC, YEM Y SKBATOPA, YTO BBHI3BIBACT CHKATHE 3EMITH.

B pesynbrare gopma 3emim OTKJIOHSIETCS OT CTAHOAPTHOH M CTAHOBUTCS TIOXOXKEH Ha
SJUTATICOU]] BPAILEHHUS.

[Tpu >TOM:
R, = 6378140 xm,
R.ox; = 6356774 xm,
R~ Rion 21,366 1

R, 6378.14 208.5

3TO YHCIO — CIUTFOCHYTOCTBH 36MHOT'0 3JUIMIICOMAA — OJNIM3KO K 3HAYEHHIO HAIero rnapa-
MeTpa €, HO B TOUHOCTH €My He paBHO. CBsI3aHO 3TO C T€M, 4TO Kak TOJbKO (opma 3emnn Ha-
YUHAET OTKJIOHATBCS OT CTAHJAPTHOH, Hama ¢popMyJia 3aBUCHMOCTH BeCa OT LIHPOTHI, MOTyYeH-
Hasl 1 CTaHAApTHON 3eMIn, OKa3bIBAaeTCs YoKe MPUONNKEHHOH.

Kcraru, 310 3HaueHue — 298 — Teopernyecku oOocHOBa emie caM HbloToH (BCKope mo-
CJIC TOI'0, KaKk OH OTKPbLI 3aKOH BCEMUPHOI'O THFOTGHI/Iﬂ). B otnuume ot HacC, OH HEC HCIIOJIb30-
BaJI MOZEJIb CTAHJAPTHON 3€MIIM, a 4YeCTHO ONEePUPOBAN C IPABUTALMOHHBIM I10JIEM 3€MHOIO 3J1-
JIMIICOUAA, TO3TOMY TOYHOCTB €r0O BBIKJIAZOK OKasajach Bbime. OmyOnukoBal OH 3TOT pe3yJib-
TaT B U3BECTHOM TpakTare “MaTeMaTH4eCKue Havaja HaTypaibHOH (unocoduun’.

ITockompKy BCE BBIKJIAAKHA MbI IPOBOAMIIN AJIsI MOAENH CTAHAAPTHON 3eMily, T.€. moJiara-
JIM, 4TO OHAa uMeeT cepuueckyro GopMy, TO AJisl peasibHOW 3eMild 3Ha4eHUsI YCKOPEHUsI CBO-
OomHoro mageHusi OyayT OTIMYATHCS OT BBIYUCIEHHBIX HAMU.
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Jlnsa peanpHOM 3emun:
gy = 9,7780M2;
g0 = 9.,80665M,2 (cranmaprHoe);
oo = 9.832M2.

HanomuuMm, 4To [uisi 3kBaTOpa MBI MOJTYy4YMIIM 3HadeHue 9,794 M2, a s nomoca —
9,828 Mi.2 . Otnnums, B 00meM, HeBeNUKU. Takum 0Opas3oM, HAIlK AOCTATOYHO 3JIEMEHTapHBIE
BBIKJIAJKH TIO3BOJIMIIN MOJIYYUTh HE TOJNBKO KaYeCTBEHHOE, HO U KOJIMYECTBEHHOE COBIACHHE C
pe3yJbpTaTaMUi U3MEPEHUH.

Bce oTu nanHBIe U1 peanpHOI 3eMin npuBeAeHbI A cpaBku. OOpaTtuTe BHUMaHUe
Ha 3Ha4Y€HHE g [UIS LIUPOTHI 45° — mmpote [apwxa. DTO 3HAYEHHE YCKOPEHHUs CBOOOIHOTO
MajeHNsl SBISIETCS CHMIAHOAPMIHLIM, OHO HCIIONB3YeTCs U MepPexona OT TeX eIUHMI] U3Mepe-
HUS, TI€ CUJIbI U3MEPSIIOTCS B Kujlorpammax, B cuctemy CH. B OonbIIMHCTBE jk€ MPaKTHUECKHX
3a1a4 AOCTaTOYHO cuuTaTh g paBHbIM 9,81 M2 . Kcratu, 1ist mmipoTel MOCKBBI 3TO — JydInee
npuOJIIDKEeHHE K TOYHOMY 3HAYEHHUIO YCKOPEHHUs] CBOOOIHOrO MaaeHHs, YeM CTaHOAPTHOE 3Ha-
YeHHe.

6. IlepBasi KocMUYeCKasi CKOPOCTh
BrisicHuM, ¢ Kako#l yIrJioBOM CKOPOCTBIO JTOJKHA ObLIa Obl BpalllaThCs 3€M-
i1, 9TOOBI HA PKBATOPE OBLITA HEBECOMOCTH.
Pemnm sty 3agaqy.
Mzr YK€ 3HACM, KaK 3aBHUCUT BEC OT HIMPOTHI MECTA .
P = mg,,
rae

gy = grpaB\/ 1 —e(2-¢)cos?¢ .

3nech g — MOAyJb YCKOPEHMs: CBOOOMHOrO ManeHus Ha IMMPOTE (P, & Crpap —
MOAYJIb YCKOPEHUSI TPaBUTALIUK Ha MMOBEPXHOCTH CTaHmapTHOU 3emun. bespasmepHsrii
napaMeTp € paBeH OTHOLIEHWIO MPOW3BEIEHMs KBaApaTa yIJIOBOW CKOPOCTH 3eMid Ha
€e paJruyc K yCKOPEHHIO IPaBUTALIIH.

HNmeewm:

8y = grpaB\jl—s(2—8)cos2(p =0

0
e(2-¢) =1
0
e = 1
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To ectn

Q%R

grpaB
HO R = 6370 kM, gy = 9,828 M2, Tak uro

8 pas
Q = “;; = 0,001242 ¢! .

[TonyuyeHHOE 3HAUYeHHME TMPUMEPHO B 17 pa3 OoJbIle HACTOAIIETO 3HAUYCHHUS
(2. Tlepuon T oGpaiueHus 3eMia BOKPYT CBOEH OCH (T.€. CYyTKH) PaBHSJICA Obl

2n 2n R__ 84,4 muH ;
Q ngaB

3TOT Nepro Ha3biBaeTca nepuoaom lllyaepa.

T =

HassaHO nonydeHHOE 3HaUEHHE B 4ECTh HeMeLKoro Mexanuka Makca Ilynepa, koTopeIii
TIOJTy YHJT €r0 COBCEM B JIPYyTroil 3a1aue. BBIACHUIIOCH, YTO JaHHOE 3HAUYE€HHE, B YACTHOCTH, UIpa-
€T BAXXHYIO pOJIb BO MHOTHX 3a7a4aX WHEPLHUAJIbHON HABUTALUU.

Ho mu1 ceituac manum niepuony llynepa wHOE TONKOBaHME.

CKOpoCTh TOYKM HA SKBATOPE B TAHHOM CITy4ae:

V= QR = \[gpuR = 7.918M,

— mepBasi KOCMHYECKasi CKOPOCTh, T.€. CkopocTh moyieta MC3 mo kpyrosoii op-

oute ¢ paxmycom, paBHbIM paauycy 3emun. [lepuon oOpamenus mwis takoro MC3
paBeH niepuoay Illynepa.

B neicTBUTENBHOCTH HCKYCCTBEHHBIE CITyTHHKH 3€MIIH JIETAIOT 1O OoJiee BBICOKUM Op-
Ourtam, T7ie TOpMO3siiee Bo3elcTBIE aTMOC(ephbl HeBeMKO. [Ipu 3TOM UX JIMHEWHAs1 CKOPOCTh
MeHblIe, a nmepuon oopamuenusi — Oogbie. Tak, FOpwuii ['arapun Ha kopabie “Boctok” obneren
3emiro 3a 89 MUHYT, CcpenHsis BbICOTa ero opOuTsl coctassiia 250 kM (HeOonbIIoi 100aBOK K
R).

IlonsiTHO 51U, IOYEeMy B HallleM NMPUMepPE MBI AJsl TOUYKU Ha 3KBATOPE MOJYYHJIN UMEHHO
MEePBYI0 KOCMHUUECKYI0 ckopoctb? IIpencrtaBbre cebe, 4TO MBI, CTOSI Ha SKBATOpE, MOJHUMEM
pyKo# KakoW-1u0o mpeaMeT u oTmycTuM ero. Mmes HyJieBoii Bec, OH He OyneT nmanaTh Ha 3eM-
70, a OyzeT ABUraThCsl BOKPYT LEHTpa 3eMJIM — C TOH XK€ CKOPOCTBIO, UTO U APYTHe TOUKH Ha
5KBATOpPE, T.€. CTAHET HACTOSILIUM HCKYCCTBEHHBIM CITyTHUKOM 3emuu. [[nst cpaBHEHHs npuBe-
JIEM 3HaU€HNE CKOPOCTH TOYKH, HAXOMAIIEHCS Ha HKBATOPE peajibHOM 3eMin. PeasibHO CKOPOCTH
TOYKHU Ha 3KBaTtope 3emuiu paBHa 465 M/c~ D710 3HaueHne Bri Oe3 Tpyna monydure, €Ciu yMHO-
JKUTE 3HaYCHHUE YTJIOBOW CKOPOCTU 3eMJIM Ha pajuyc 3eMJIM; BCE UMCJIA B HALIEM pacropsiKe-
HUU ecTb. ToXe HeManoe 3Ha4eHue, HO HaMHOrO — B 17 pa3 — MeHblle, 4YeM NepBas KOCMUYe-
CKasi CKOpocTh. Ecnu e TOuka HaXOAMUTCS HA LIMPOTE (P, TO JAHHOE 3HAUYCHHE HAJ0 YMHOXHUTD
Ha CoS (.

Tenepp OT 3a7a4 AMHAMUKN OJHOW MaTepHUaIbHOW TOYKHM NEpeIeM K 3ajadaM TUHAMU-
KM CHCTE€MBI MaTepUaNIbHBIX TOUEK.
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§ 2. ﬂzmcmmrca CUCmembl MamepudilbHblX MoO4ex

1. CBoiicTBa BHYyTPEeHHUX CHJI

Cucrema maTepuaabHbIX To4ek (CMT) — KOHEUHOE MHOXKECTBO MaTepH-

AJIbHBIX TOUYCK.

Hx mb1 Oynem ceityac mpennosaratb NpOHYMEPOBAHHBIMU OT 1 110 71
{ M\, M,, .., M,} .
PaznuuHble XapakTepUCTUKU 3THX TOUYEK MBI TaKke Oy1eM HyMepOBaTh.

[Tycts E — unepumanbhas cucrema orcuera (y.H.CO) ¢ cucteMoit Koopau-
Hat Oxyz. Ilycts ¥y, — paauyc-Bektop touku M, , m, — ce macca, F, — pas-
HOJIEUCTBYIOLLAA NMPUJIOKEHHBIX K HEU CHIJL.

yA Fl

NN\

=l

F
0 ///y / "

X

A xakue CHJIbI MPHJIOKEHbI K AaHHOU Touke? Y moOHO Oyner pa3menuTb UX Ha ABa Kiac-
ca.

BHelnHHe CHJIBI — CHJIBI, I[GﬁCTByIOH.[HG Ha TOYKY CHUCTEMBI CO CTOPOHEI

O6’[>€KTOB, HC BXOOAIIUX B 3Ty CUCTEMY.

B poan 0OBEKTOB MOT'YT BBICTYIIATb MATCPUAJIbHBIE TOUKU, MATCPHUAJIBHBIC TEJIa UJIA KE
IOJIA.

! 5
OO603HaYaOT BHEUTHHE CHJIbI HHAEKCOM (€) — OT (hpaHIly3CKOro CJIOBa exterieur ‘BHEII-
HUN .

= (e) .
F, ~— paBHOzciicTBYIOMAs BHEIIHUX CHJI, MPUJIOKCHHBIX K TOuke M|, .

Yacto Mbl OyieM roBOPUTH KOPOUE: “BHELIHASA CHUJIA .

BHyTpeHHHE CHJIbI — CHIJIBI, I[GﬁCTByIOH.[HG Ha TOYKY CUCTCMBI CO CTOPOHLI

JPYTHX TOYEK CUCTEMBI.

O003HAaYarOT BHYTPEHHUE CHJIBI HHIAEKCOM (/) — OT (hpaHIy3CKOro cjoBa interieur
‘BHYTPEHHUIA .
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F (i F .
y = Z yp — PaBHOJEHCTBYIOIIAA BHYTPEHHHUX CHIL.
u —
OOparuTe BHUMaHUE Ha pacronoxenue unjaexcos. K — cuna, nefictyromas Ha v-1o
TOYKY CO CTOPOHBI [-H. MBI y:Ke NOJIb30BajiCh TAKON HyMmepauuel, koraa paccMatpusanu 111
3aKOH HproTOHA (TOJBKO TOTZA Mbl TOBOPHJIM JIMIIBb O JIBYX MAaT€PHAIBHBIX TOUYKAX — C HOME-
pamu 1 u 2).

Hrak:
T T (€) =) _ e T
F, = F, +F, = F, +2Fvu-
n
BOHpOCZ KaKu€ 3HAYCHUS MPUHHUMACT B STOH CYMME HHACKC l.l? MoskHO 1 CUUTATb, YTO
OH NMPUHUMAET 6Ce 3HAYCHUsI OT enuHULbI 10 17 [laBaliTe ¢ 5TUM pa3OupaThCs.
B cBoe Bpemsi Mbl 3amucanu cioBecHy (opmynmposky III 3akona Hetorona, 3arem
NPOUJUTFOCTPUPOBANIN €€ PUCYHKOM M, HAKOHeIl, BBIICHWUIIM, YTO (JOPMANIBHO 3TOT 3aKOH BBIPa-

KACTCA IIPpU IOMOIIH 08!_/)6 COOTHOIIIEHUH. BBINMUIIIEM 5TH COOTHOILIEHHSI B OOO3HAUYEHUSX JaH-
HOTI'O ITy HKTA.

[1o III 3akony HeroToHa:

F, =-F,uF, 0 MM

3aMeTbTe. HAa WUIIOCTPUPYIOIIEM PUCYHKE TOUKH MPEAIONarajuch pa3andabiMu. Ho HA
B CJIOBECHOH (hOPMYJIMPOBKE 3aKOHA, HU B 3aMHMCAHHBIX (POpPMyJIaX 3TOrO BOBCE HE yTBEpPIKAaA-
JIOCh.

HOBTOMy BO3bMEM V-0 TOLIKy CUCTEMBI U HpGI[HO.]'[O)KI/IM, gTO OHa BSaHMOHeﬁCTByeT ca-
Ma ¢ coboii, co3nasast cuny Fy,,. Torma umeem:

Fvv = _Fvv N Fvv =0

T.C. MAaTCPHUAJTIbHBIC TOYKH B MCXdHHUKE HEC O6HaI[aIOT CaMOBO3ACUCTBHUEM.

2

Mesxay mpouuM, B HEKOTOPBIX paszenax (PU3UKH TMOHATHE CAMOBO3JEHCTBUS BCTPEUALT-
csi. B dacTHOCTH, B TEpMOAMHAMUKE HMEHHO SIBJIEHUE CaMOBO3IEHCTBUS SIBJIETCA OIHOHN U3
NPUYMH POCTA SHTPOIUHU Y U30JIMPOBAHHON HEPABHOBECHOI CUCTEMBI.

Ho nnis Hac oTMeueHHBIH (HaKT MPekae BCEro Mo3BOJIAET YIPOCTUTh 0003Ha4YeHus. Tak,
MbI MOXEM IMHCATh:

n
2Fy = X Fy = ) F,.
n p=1 VERY

WHbIMU CTOBaMH, Mbl MOKEM OCTaBIIATH B HAINUX (DOPMYJax CHIIbI B3aUMOICHCTBUS C
OIMHAKOBBIMH MHAEKCAMHU WJIM OTOPAChIBATh MX, HE OTOBAPHUBASI STOTO CIIELUATBHO.

3ameTum CHIC, 4YTO ACJICHUC CUJI Ha BHCIIHHUEC WU BHYTPEHHUE HE HOCUT a0COJIIOTHOTO Xa-
pakKTepa, a 3aBUCUT OT BbI6paHHOI71 MOACIN — OT TOro, KAKM€ MaTCpHUAJIbHBIC TOYKHU Mbl BKJIIO-
YHJIN B COCTaB paCCManHBaeMOﬁ CHCTEMBI.

A tenepb chHOpMyIHPYEM U JOKAXKEM TEOPEMY O CBOMCTBAX BHYTPEHHHUX CHIL

Teopema. [7aBHbIA BEKTOp W TJIaBHBII MOMEHT BHYTPEHHHUX CHJI JIEOOOM
CMT pasHbI HYJIO.
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u<v
crpyr- S I 0, III 3akon
nupyeM 2 paza
HOMapHO HE CUUTATh

IlepBoe yTBepxKIEHHE TEOpeMbl J0Ka3aHO. [l JoKa3aTenbcTBa BTOPOTO YTBEp-
JKICHUST CleNlaéM PHCYHOK, Ha KOTOPOM H300pa3uM TOJBKO JiBe (IPOHM3BOJIBHBIC)
TOUYKH PACCMaTPHUBAEMON CHCTEMBI.

2°. Tlycth Touka O — OMpPOU3BOJIBLHBIHM MOJIIOC.
y

HHaue roBopsi, Mbl HE TPEAIONAraeM, 4To 3TO — O0s3aTENIbHO HAYaJO YCIOBHO
HEMOABW)XHON CUCTEMBI KOOPANHAT.

O

L = $IR.F"] = £ ¥ (7.Fy ]+ [EFu]) -

V u<v ——
~Fuy T+ MM,
- ¥ S 17, Ful + [7,.Ful + [M04F,] - 0.
V U<y e PN A
0 0, III 3akoH m

MpI anu TOJBKO CJIIOBECHYIO (OPMYyJIMPOBKY TEOPEMbI O CBOHCTBAX BHYTPEHHHUX CHUJL.
3anuiieM Takke TOKa3aHHOE HAMH YTBEP)KICHHE B BUIE HOPMYJIBL.

Urak:

R”=0, L =0.

2

CDopMaano OTHU PaB€HCTBA HUMCHOT TOT XK€ BHI, YTO U YCJIOBUA PaBHOBECCHUA aOCOIIOTHO
TBEPAOrO TEIA. Ho B AAHHOM CJIy4da€ AaX€ MPHU OTCYTCTBUU BHCHUIHUX CHUJI PABHOBECHS B 00-
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IeM cirydae He Oyoem, Tak Kak BHYTPEHHHE CHJIbI NMPUIOKEHBI K Pa3HbIM MaTepUAbHBIM TOU-
KaM.

Hampumep, Bo3pMeEM B KayeCTBE CHUCTEMBbl MaTepUaNbHBIX TOYek COJHEUHYIO CHUCTEMY.
BryTpennnmu cunamu 31ech OyayT CHIIBI TPAaBUTALIMOHHOTO MPUTSDKEHUS. [ JTaBHBIA BEKTOP H
IJIABHBI MOMEHT 3THX CHJ OyJyT paBHBI HYJIIO, HO PaBHOBECHS] HET: IUIAHETHI JBIIKYTCS IO
CBOMM OpOUTaM, T.€. OTHIOJb HE PABHOMEPHO U MPSIMOJIMHEITHO.

3aMeTuM ele, 4TO PacCMOTPEHHbIE CBOMCTBA BHYTPEHHHMX CHJI 0000INAIOT ChopMyJiH-
pPOBaHHOE HAMHU B STOM MyHKTE CBOICTBO MAaTE€PUANbHON TOUYKH, COCTOSIIEE B OTCYTCTBHU Ca-
MOBO3ACHCTBUS.

2. Teopema 06 u3sMeHeHHH KoJI4ecTBa aBm:Kennss CMT
3anumeM Ay KaKOOW TOUKH CHUCTeMbl MaTepHanbHbIX Touek Il 3akoH HetoToHa, yunuThI-

Bas pas3jeJieHNe CUJl Ha BHYTPEHHUE U BHELIHUE:

dzf —(e) — (i)
A%
m, 172 = F, "+F, , v=1,..,n.

Oro — auddepennuanvHbie ypaBHenus asmxkeHus CMT (cucrema n

BEKTOPHBIX A depeHInaabHbIX ypaBHEHHH 2-TO MOPSIKa, SKBUBAJICHTHBIX 371

CKaJISIPHBIM YPABHEHUSM ).

OTHOCUTENBHO CUJT AENAETCs TO XK€ MPEANONIOKEHUE, YTO U B JUHAMUKE TOYKH: OHU MO-
I'yT 3aBUCETh OT NOJIOKEHUN U CKOPOCTEH TOYEK, a TaKXKe OT BpeMeHu. TouHee:
T () T = =
¥+ (1) o= (1), = - =
F, " = F, (r,,..,F, ¥,.. T, .1).
=@ -
IMocnenusis 3anuch CBsi3aHa ¢ TeM, uTo BHyTpeHHsist cuna F,, * — paBHOzmelcTByromas cun
B3aUMOCHCTBUSI MEXKIY TOUYKAMHU CHUCTEMBI, a KaX/as Takas CHUJIa MOJKET 3aBUCEThb OT MOJIOXKe-
HUH 1 cKopocTell 00enx B3aMMOAEHCTBY FOIINX TOYEK.

Obwee pelreHne Takol CHCTEMbI OyIeT 3aBUCETh OT 67 CKAJISIPHBIX MTOCTOSHHBIX WHTEr-
puposanus. Ilostomy:

Jlns HaxoxaeHns saxona osudicernuss CMT  (pynkumit ¥, = T, (#)) Hy*X)HO

3HaTh 67 HAYATbHBIX YCIOBHUI:

—_— -_ 0 —

r,| =T v
v,y v o>

31ech 3anMCaHO 271 BEKTOPHBIX PABEHCTB, B CKAJsIpHON (popme nx Oyner kak pas 671.

DakTHYECKU MBI 3aMMHCAIN MOCTAHOBKY 2-i 3adaviud ITUHaAMUKU OJId CUCTEMbBI MaTCpUajb-
HBIX TOYCK.

IIpuBeneM npumep KOHKPETHOHR CHCTEMBI yPaBHEHUN ABIKCHUS.
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Ilpumep. 3amauva # Ten B HEOECHOM MEXaHUKE. YPaBHCHHSA JBHIKCHUS HE-
OECHBIX T€Jl B COOTBETCTBUM C 3aKOHOM BCEMHUPHOTO TATOTEHUSA UMEIOT BUJL;

(dF F,- T R, T
(L5 a2z Ymm, - + Ymm, ——— >
) |7, - 7 | ¥, — T
j—z r, r T, Y, — T,

m; a2 YU MMy — 13
~ |l’1—l‘n| |rn—l_rn|

Peub 3necy Moxker naru, Hanpumep, o CoJHIE U MJIaHeTaX, WIH O IUIAHETe U €€ CITy THH-
Kax, U T.1.

Jlanbl T,),V; HAWTH 3aKOH JBMXKEHHS KAXKIOTO TENA.

SaHaHa A TeJ — 3aaava, BeCbMa CJIOXKHAasi B MATEMATHYECKOM ILJIaHE. AHaIUTUYECKH OHA
MOXET OBITh peuicHa B HpOCTefILHeM ciy4dae, Korjma 1 = 2.

Jloka3aHo, 4TO TpU 1 > 2 ypaBHEHWS STOM 3aJa4ydl HE MHTETPUPYIOTCS B
KBaJpaTypax.

YuCNEeHHO K€ — ¢ MOMOIIBI0O KOMIBIOTEPOB — 3Ty 3a7ady YCIEIIHO PelIaloT C MPUeM-
JIEMOU TOYHOCTBIO.

OnHako eciu He CTaBUThb LIENBIO TOJHOE PEUIEHUE 33[aud, TO YaCTO MOXKHO MOJYy4UThb
HEKOTOpbIe o01ue (MHTErpajbHble) CBOWCTBA JBMIKEHUS. [[JIf 3TOro MCHOMB3YIOTCS — MPEeXIe
BCEr0 — TaK Ha3bIBaeMble OOLINE TEOPEMBbI TUHAMUKH.

IlepByro u3 HUX MBI ceiidac u paccmMoTpuM. Ho cnepsa — oniHO onpeneneHue.

Me1 ¢ Bamu YK€ 3HACM, YTO AJIA MaTepHaHbHOﬁ TOYKH KOJHYECCTBOM JABUIXKCHUA Ha3bIBa-
€TCs BEKTOP, paBHbIﬁ NPOMU3BCACHUIO €€ MAaCChbl Ha CKOPOCTh. AHaJOrMYHOE OIIPEACIICHHUE BBO-
AT U AJi1 CUCTEMbI MAaTEPHUAJIbHBIX TOYCK.

KoinuectBo aBmkeHusi  CMT — cB0OOOJHBIN BEKTOP, paBHBIH CyMMe KO-

JIMYECTB ABHIKCHHUA BCCX TOUCK CUCTCMBI.

Q = 2Q,

> m,¥,
>

Teopema. [IpousBoaHas mo BpeMeHH OT KonuuecTsa ABukeHus CMT pas-
HA TJIABHOMY BEKTOPY BHEIIHUX CHJI:

Q@ _ e
dz

Teopema BepHa B JIFOOOW MHEpLHMATIBHOH CHUCTeMe oTcueTa (a Mbl B Haudasie maparpada
yCIOBUIINCH, 4TO paboTaeM UMEHHO B Takoi cucteme). Teopema 3Ta — OYeHb BaKHA, HO ee 10-
Ka3aTeJIbCTBO — TPUBUAJIIBHO.
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3anumem Ui KaxaoW Toukd ypaBHeHue Il 3akonHa HproToHa M cro-
KUM HUX TTOWJICHHO:

y ds
O
4dymv, = RO+ R
dr v —
0
O
@ _ g

Mp! chopMyIHPOBAIN U AOKA3IH TEOpeMy 00 M3MEHEHHUH KOJIUYECTBA ABHIKSHUS CHC-
TE€Mbl MATEPUAIBHBIX TOYEK. JTa TEOpeMa yTBEPIKIAET, UTO

dd_Qt = R, e Q = > m,v, .

3ameTrM, YTO IOKa3aHHOE PABEHCTBO HMEET MECTO B JF00OH MOMeHT BpemeHu. IIpo-
CTBbIM MHTCTPUPOBAHUEM OTOI'O PaAaBCHCTBA Ha MHTECPBAJIC BPEMCHU OT tl a0 12 MnoJiy4a€Tcsa HUH-
TerpanbHas opMa TaHHOU TEOPEMBI.

HNuterpupyem:
Q(t,) - Q) = [R“dr.

Hrak:

N3menenne konmuectBa ABuwxkeHus CMT 3a koHeuHOe BpeMs PaBHO HUM-
MyJIbCYy TJIABHOTO BEKTOPA BHEIIHWX CHJI 3a 3TO BpeMs (Teopema 00 M3MEHEHUH
konuuectBa awkeHns CMT B unmeepanvnoii hopme).

CTOSILL[I/Iﬁ CIipaBa MHTCIpaJl KaK pa3 U HAa3bIBACTCA UMITYJILCOM IJIABHOI'O BEKTOPA BHEII-
HHX CHJIL.

HOJ'[yLII/IM N3 TCOPEMBI 06 HN3MECHEHHHU KOJIMYECTBA ABUXKCHHSA OBa IMPOCTBIX, HO BaXKHBIX
CJICACTBUA.
Cnencrue 1. Ecim Ha manaom orpeske Bpemern R = 0, 10 Q =

const.
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J% 02180051 CJIOBaAMH, €CJIU IJIaBHBIN BEKTOP BHCIIHHUX CHUJI TOXACCTBCHHO PABCH HYJIIO, TO
BEKTOP KOJIHUYCCTBA ABUXKCHUA OCTACTCA IMOCTOAHHBIM I10 BEJIMYWHE U HAIIPABJICHUIO.

R9=092 _¢

HeiicrBurensHo, R © g
t

Ecmu MOCJCAHEC PABECHCTBO Ha JaHHOM OTPE3KC BPEMEHU BBITNMOJJHACTCA TOXIACCTBCHHO,
TO TOraa caM BEKTOP Q OCTACTCA NNOCTOAHHBIM.

Moxer CIIYYUTbBCA U TaK, 4YTO rJIaBHBIA BCKTOP BHCIIHUX CHJI OCTACTCA OTJIUYHBIM OT
HyJIsI, HO €r0 MPOEKLMsI Ha KaKyI0-IM00 OCh TOXKIECTBEHHO paBHA HYJHO. JIJIs OMpeeIeHHOCTH,
yCTh 3TO OyIeT OCh X.

()
Caencreue 2. Ecnm Ha naHHOM otpeske Bpemenu R, = 0, 10 O, =

const.
I[pyme KOMITOHCHTDBI BGKTOpa KOJINYECCTBA ABUXXCHUSA HpI/I 3TOM MOI"YT U3MCHATBCA.
dQ () (e) dQ
=R, mR,"=0 = 0.

X >

ds dt¢

O0a sTux creacTBusl, MO CyIIECTBY, HOCST HHTETPAIbHBIN XapakTep.

JIeHCTBUTEIIBHO,

CnenctBus 1,2 wHOTAA HA3BIBAIOT 3AKOHAMU _COXPpAHEHUsl KOJTAYSCTBA JIBH-
sxeaust CMT.

B mepBoM peub umer o coxpaHeHuu Bcero Bekropa (Q, BO BTOPOM — O COXpPaHEHUH €ro
npoekuuu Ha ocb. CoxpaHEeHHE NMEEeT MECTO, €CJIU BBINOJHEHO COOTBETCTBYIOLIEE YCIOBUE IS
BHEIITHUX CHJI.

3. Teopema o aBukeHuu HeHtpa macc CMT

Beenewm nBa onpeneneHus.
Macca CMT: m = ) m,, .
v

Ilentp macc . CMT — reomerpuueckas Touka C, MOJ0XKEHHE KOTOPOH OTI-

PEACTACTCA PaBCHCTBOM
m¥. = Y m,F,,
v

T.C.

r. = — > m,T,
A4

s
m
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X

SamnuieM B KOOpHHHaTHOﬁ (bopMe onpeacsaromee paBeHCTBO IJIs1 HEHTPA Macc:
va v:myC = vayv: mZC = vazv
v v v

BGJ'II/IT-II/IHH, CTOAIMUC CIIPpaBa, HA3bIBAIOTCA CTATHYCCKHUMHU MOMCHTAMM OT-

HocuTenbHO Tockocteit Oyz, Ozx u Oxy.

CaoiicTBa 1IeHTpa Macc.

HOCKOHLKy MOJIOKCHUE LCHTPA MACC ONPCACIACTCA YCPE€3 paauycC-BEKTOP, TO MOXKET
MOKa3aTbCs, UYTO OHO 3aBHCHUT OT BbI60pa CHUCTEMBbI OTCUETAa H OT BbI60pa Ha4dajla CUCTEMBI KO-
OpAUHaT. Ha camomM gene 3To He Tak.

1°. TlomoskeHHe HEHTPA MAacC HE 3aBUCHT OT TOTO, B Kakoi CO oHO ompee-

JIACTCA.
Zm
F. = OA+F = “ —OAd+ =~ Y m, ¥
C C m m 5 v iy
1 — 1
= —>m,(0OA+¥F)) = — > m,FT,
m v m v

2°. Eci LEHTp MacC JIEKUT B KOOPAMHATHOM IUIOCKOCTH, TO COOTBETCT-
BYIOIIMM CTATUYECKUA MOMEHT PABEH HYJIIO.

COOxy 0O z.=0 DO vazv=0.
v

A eclii BCe TP CTATHUECKUX MOMEHTa PaBHBI HYJIO?
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3°. Ecnu Havano MOJBMIKHOM CHCTEMbI KOOPIMHAT TOMECTHTH B IIEHTP

Macc, TO
Z mv pv = O b
_ %
Tak kKak mP,. = 0.
14
z
MV
A
7
pv y,
r, C
xl
@)
777

X

3neck nentpom Macc C COBMEIEH ¢ HaYanoM A TOABUKHON CUCTEMbI KOOPAMHAT, pa-
JINYC-BEKTOPBI C HA4YaJOM B LIEHTPEe Macc Mbl OyneM oOO3Ha4YaTh yKe He FV', aP,. Boobue
roBopsi, € MOJIIOCOM HHepHHaHbHOﬁ CHUCTEMbI KOOpAUHAT HEHTP MACC MOXKXKHO COBMECTUTL JIMIIb
B KAKOHM-TO OIMH MOMEHT BpeMeHHU (BeIb LIEHTP Macc He 00s513aH IBUTaThCS PABHOMEPHO U IMpsi-
MOJIMHEWHO).

HepeXO):[I/IM K YCTBECPTOMY CBOﬁCTBy, KOTOPOC M1 NUHAMHKU CUCTEMbl MAaTCPHUAJIbHBIX
TOYCK ABJISACTCA OCHOBHBIM.

4°. KomuuecrBo mBmwxenns CMT paBHO NMPOU3BEICHHIO MACChl CHCTEMBI
Ha CKOPOCTb LIEHTPA MACC:

Q = mv_,
JIEHCTBUTENBHO,
— _ dr
Q = vavv = va_v =
v V dt
- Y m,¥, = & mr¥,. = mv
de v vy dr ¢ ¢
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JlokaxxeM Terepb TeopeMy, MO COISPIKaHMIO TECHO CBS3aHHYIO C TeopeMoi 00 m3MeHe-
HHUU KOJIMYECTBA ABUKCHUSA.

Teopema. Ilentp macc CMT nBuxkeTcss kak MarepuaibHas TOYKA C

K KOTOpOfI NpUIIOKCHA CUJIa, paBHasd riiaBHOMY BCK-

2

maccoit m = ), m,
v

TOPY BHEIIIHUX CHJL.

— 5 (€)
mw. = R

ITo Teopeme 00 u3MeHeHUH KojinuecTBa ABHxkeHuss CMT

T

dt
HOCQ = i(mV) = mdL_C = mMmw
dt de ¢ dt ¢

U3 naHHOI TeopeMbl BBITEKAIOT ABA CJIEACTBUS (€Ciu XOTuTe, BRI MOXKeTe paccmaTpu-
BaTh UX KaK WHbIC (POPMYJIMPOBKH AHAJOTMYHBIX CIEACTBUH W3 TEOPEeMbl 00 M3MEHEHUH KOJH-
YeCTBA JBIDKEHHSI CUCTEMbI MAaTEPHAJIBHBIX TOUYEK).

7€) _
CanencrBue 1. Ecnmm Ha mamHOM otpeske Bpemenn R = 0, 1o mentp

Macc CMT nBukeTcsi paBHOMEPHO U MPAMOJIMHEHHO:
() — _
R =0 0O w.=0 0 V., = const.

HHave roBopsi, LEHTp Macc BeneT cedsl Kak MaTepuaibHasi TOYKa, HA KOTOPYIO He hefi-
CTBYIOT CUJIBL, T.€. Kak Touka u3 I 3akoHa HeroToHa.

B YaCTHOCTHU, €CJIU B HaYaJIbHBIH MOMEHT BPEMEHU CKOPOCTb LIEHTPA MACC pPaBHAJIACH
HYJIIO, TO OH 6y)le'r OCTaBAaTBbCA B ITOKOC.
e) _
Caencreue 2. Ecnm Ha qanHoM otpeske Bpemend R, = 0, To npoekmus
V Ha OChb X OCTaeTCs MOCTOSHHOM:

R;e) =0 0O mw., =0 [ v, = const.

Cnencteus 1,2 WHOTA HA3bIBAIOT 3AKOHAMU COXPAHEHUs. TBUKESHHS 1IEHTPA
macc CMT.

U3 Teopemel cnenyer ere Tako BBIBOM:
BHyTpeHHHE CHIIBI HEMOCPEACTBEHHO HE BJIUSAIOT Ha JIBIDKCHHE IICHTPA
macc CMT.

CDsz[aMeHTaanoe 3HAYCHUE TCOPCMbI O ABMKCHUH LEHTPa MacCC COCTOUT, MCXKOY IIPO-
YUM, B TOM, YTO OHa 3alpeuacT CO3JaHUC TaK Ha3bIBACMbIX MHEPLOHUIOB. 910 — B TMPUHLMUIIC
HE pealu3yeMble TEXHUYECKUE YCTPOICTBa, obecreunBarolive “0e30nopHoe” TBUKEHNE TONBKO
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3a CYET BHYTPEHHHUX CHJI, BO3HUKAIOIINX, HAIPUMED, MIPH BPAICHUH HEYPABHOBEIIEHHBIX POTO-
POB.

Takue mpoexThl 4acTo MpeAnaraguch rope-usodperarensmMu. B Gubnuorexe nmenu Jle-
o 13 3
HUMHA Jlake TOSIBUJICS HOBBIN pasmen Oubnumorpaduu: “HMuepronnst. Mx Teopus”, XOTs Ha neine
MHEPILION/b! HIYEM He JlydIlle BeUHbIX JBHIaTeNel.

PaCCMOTpI/IM OJHO M3 BAaKHBIX HpI/IJ'[O}KeHI/Iﬁ TEOPEM 00 U3MEHEHUN KOJIMYECTBa JABHXKEC-
HUA U O IBMXKCHUHU LHECHTPA Macc.

4. JInHaMUKa TOUYKH MePeMEeHHOI1 MacChl

TeJi0_nepeMeHHO0Ii MACCHI — TENIO, MAacca KOTOPOrO HENPEPHIBHO M3MEHS-
€TCsl B pe3ysbTare OO0 MPUCOSAMHEHHUS K HEMY MaTEPHATbHBIX YaCTHII, JIMOO WX
orneneans. Ero macca: m = m(¢).

Takum oOpaszoMm, 31ech TeNO M3MEHsIeT CBOW cocTaB. IHorzma Tak M roBOpAT: “TeJo Ie-
PEMEHHOrO cocTaBa’ .

[Tpumepsl: Bpalnarolneecsi BEPETEHO, Ha KOTOPOE HABHBAETCS HUTh, PAaKeTa, Macca KOTO-
poii yObIBaeT mpy BBITOPAHUH TOIUIHMBA, IUIABAIOIINI B MOpE U IOCTENIEHHO TAIOIIMI aiicOepr, u
TOMY NOAOOHOE.

Ecnu pazmepamu Takoro Teia MOKHO MPEHEOpeUb, TO €ro Ha3bIBAIOT TOY-
KOH NMepeMeHHOI MACChI.

Haan/IMep, MaTepPIaJII:HOﬁ TOYKOH HepeMeHHOfI MacCChbl 4aCTO MOXHO CHUUTATh MIOCTyIlad-
TCJIbHO ABWXXYIICCCA TCJIO NCPEMEHHOTO COCTAaBA.

MpI 3anmucanu onpenesieHne TOYKH MePEeMEHHOM MacCchl. DTO — MpOCTeiinas MOIENb
Tella IEPEMEHHOTO COCTaBa, T.€. CUCTEMBbI, K KOTOPOH MaTepHajbHble YaCTHIIBI HEMPEPHIBHO
100 MPUCOCAUHSIOTCS, OO OTHEINSFOTCS.

ScHo, uTO 3TO — OONee CIOXKHBINA OOBEKT, 4eM OOBIKHOBEHHAs MaTepHasbHAsl TOYKA.
Jlnst Hero He BBIMONHSIOTCS akcroma Macchl U Il 3akoH HproTOHA B MCMONB30BABIINXCS HAMH
(bopMyIHpPOBKaX.

Tem He MeHee, MbI ceiiuac MONYYHMM JJIST TOYKU MEePEMEHHON MacChl YpaBHEHUS JIBHIKE-
HUst. {7 5TOr0 BOCIIONIB3yeMCsl CIIeLHAIbHO BBIOPAHHON CHUCTEMOI MaTepHabHBIX TOUEK TO-
CTOSIHHOTI'O COCTaBa.

Jl5id onpeneneHHOCTH MPUMEM, YTO YACTHLIBl OMOeIAIomcs, TPUIEM B MO-

— OTH
MEHT OTJCJIEHUSI OHHM CKAa4YKOM HPHOOPETAIOT CKOPOCTh U~ OTHOCHTEIHHO TOY-
KM TIepeMEHHOM Macchl M.

Bo3bMeM 1Ba OIU3KUX MOMEHTA BPEMEHHM U [+ Al M pacCMOTPHM CHCTE-
My MaTEPHUAIbHBIX YACTHIl, KOTOPbIE COCTABJISUIA TOYKY M B MOMEHT BPEMECHH I .
Torma B moment £+ At B 3ty CMT Bxomar: Touka M ¢ maccoit m+ Am, tne Am
< 0, ¥ OTHENMBIIHECS YACTHUIIBI C CyMMapHOM Maccoi |Am|.

Haxonum konndectBo nBrkenus stoi CMT.
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B momeHT 7 ;

Q) = mv;,

B MOMEHT I + Af:

Q(t+At) = (m+Am)(V+AV) + |Am|a®®

—_—

— Am

Tax kak 1°° = V + u°™ 1o

AQ Q(t+A1) - Q1) =
m

¥ AmvV + mAvV + AmAvV -

OTH

- AmvV - Amu — mv=

= mAV + AmAV - Amua°™ .

ITo Teopeme 00 n3ameHeHnn koanuecTpa arxeHus CMT

dQ . dQ dv  dm _om
— = lim — = -

ﬁ(e) _ _ - m— UL
dr Ar—o df dr dr

(Bropoe cnaraemoe, nenennoe Ha A7, nmpu At — 0 pano Hyjb.)

[onyuaem ypaBuenne Memepckoro * (1897 r.):

dv —(e) — PEaKT
m— = R+ FP

F peakTt _ d_m — OTH
d¢

— OTH

HaIpaBJICHA IPOTHUB U .

rac

dm
— peaKTHBHAS CHJIA, B CHITY 1 < 0 ona Ha-

VYpaBHenne Memepckoro ObLIO BBIBEICHO HAMHU ISl CIIy4asi OTASNICHHUS] YaCTHLI.

B ciyuae npucoedunenuss yactil ypaBHeHHEe MEIEPCKOTO HE H3Me-
dm
HSeTCS (TOJBKO TOTA 1 > 0).
t

Crano ObITh, B 3TOM Cilyuae peakTHBHAs criia OyJeT HampaBjeHa B Ty K€ CTOPOHY, YTO

— OTH
uu .

2 Mewwepcknin, Mean Beesonogosuu (1859 —1935) — BbIAAKOWMIACA PYCCKUN
MeXaHWK, OCHOBOMOJSIOKHUK AWHAMUKUN Terna NnepeMeHHoW mMacchbl. SBrsieTcs Takxe a.-
TOPOM MONYNSAPHOro 3agaqHuKa No TEOPEeTUYECKOW MexaHuke, BrepBble U3gaHHOro B
1907 r). N C TEX NOP MHOrOKpaTHO nepevs3aaBaBlIErocs (C U3MEHEHUSIMU U AOMOJIHE-
HUSIMWN) .
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3aMeTuM ele, YTO €CIM YacCTHLbl OTACJSIIOTCS C HYJIEBOW OTHOCHTEIBbHON CKOPOCTBIO
(xak B mpuMepe C TaromuM aiicOeprom), TO peakTuBHas cuiia OyneT paBHOH Hymo. B sTom ciy-
yae ypaBHeHHe Memiepckoro GpopMaibHO BBITTIIAUT Tak ke, kKak U ypasHeHue Il 3akona Hero-
TOHA 1JIs1 OOBIYHOIN MaTepPHAbHONW TOYKU (TOJILKO Macca OyIeT BEJIMYMHON MePEeMEHHON ).

BeiBom: 3dgpexT oTHCICHHUS WM MPHCOSTUHEHUS YaCTHI] SKBHBAJCHTCH
JEUCTBUIO HA TOUKY HEKOTOPOM 100ABOYHON CHUJIbI — PEAKTUBHOM CHUIIBI.

PaccmoTpumM mpumep, AaBHO CTABIINN KJIACCUIECKHUM.

IIpumep. PaccMOTpuM BEpTUKAIBHOE JBMIKEHUE PAKEThl B O€3BO3.IYIIHOM
MPOCTPAHCTBE BHE IOJIA CUJI TSIKECTH.

HHpIMU clIOBaMU, WX IEHCTBHEM MbI ceivac mpeHeOperaeM.

Macca pakersl mpu ¢ = 0 CKJIagpIBae€TCs U3 MACChl KOPIyCa M MacChl TOII-

JIMBA:

m, = mg.+ m_.

B cocTaB mMacchl kopryca BKJIHOYAETCs U Macca Harpys3Ku.

B xone monera pakeTel Macca KOPIyCa HE MEHsETCs, 8 TOIUIMBO MOCTENEHHO CrOpaeT,;
TMOJTy YeHHBIE TPOAYKThI CrOPAHUsI BHIOPACHIBAIOTCS M3 COILIA.

CnpoekTupyeM ypaBHeHHE Memepckoro Ha BEpTUKAIBHYIO OCh Z:

dr dm
z OTH
m-—= = — . (—u"™) .
dr de
I'maBHBIN BEKTOP BHELIHUX CUJI 3/1€Ch PABEH HYJIIO, a 3HAK “MUHYC” IPU MOAYJE OTHOCH-
TeJ'II:HOﬁ CKOpOCTI/I NCTCUCHUS HpOHYKTOB CFOpaHI/IH TIOABUIICA HOTOMy, qTO 5Ta CKOpOCTb Ha-

MpaBjieHa BHU3. DTy CKOPOCTh CUMTAEM MOCTOSIHHOM.

Paznennm nepeMeHHbIE:
dm
_ OTH
dr, = —u —.
m

HHTerpupyeM OT HyJIEBOTO 10 TEKYINErO 3HAYCHUS BPEMEHH:
v, = v, = —u™ [Inm - lnmo]

Otcrona MOXKHO B 1000 MOMEHT BPEMEHU HANTH V,, €CIIM U3BECTHO, IO KAKOMY 3aKOHY
pacxomyercs TOIUTMBO. 3Hau€HHE /', MOXKET OBbITh OTJIMYHO OT HyJIsI, — HalpuMep, €CIHU paKeTa
CTapTy€eT C pa3rOHHOIO CaMoJIeTa.

HauOonpmmii nHTEpEC MpeAcTaBiIsAeT CiIydaid, KOria BCe TOIUIMBO CrOPAeT, a PakeTa MpH-
o0peTaeT MaKCUMAJIBHYIO CKOPOCTb.

3 v
[Tonyuaem ¢opmyay [noJKOBCKOr0~ s OPEeACIbHON CKOPOCTH PAKETHI

nociie Beiropanus Tormmuea (1903 r.):

’ Umnonkosckuin, KoHctantun Oayapposuy (1857 — 1935) — Bbigalowuincs yue-
HbIA 1 n3obpeTarenb, OAUH U3 OCHOBOMONOXHUKOB KOCMOHaBTUKMN.
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m,

max

_ OTH
v = v+ u’n

My

®opmyna [{uoNKOBCKOro JEXUT B OCHOBE MpPakTUYECKOW KOCMOHABTHKHU. Hepenko ee
3aMMCBIBAIOT B HECKOJBKO MHOM (opMme. BcmomMmHas, 4To HadambHAst Macca PakeThl CKJIaIbIBa-
€TCs1 U3 MacChl KOPITyca U MacChl TOILINBA, IOJIydaeM:

m
M — oy, = u®™ In (1 + —Tj :
mK
BBIBO/I. Pa3HOCTh MPEETbHON W HAYAIBHON CKOPOCTEH PakeThl Onpemes-
€TCs JIMIIb OTHOCHTENBHOM CKOPOCTHIO MCTEUEHHUs MPOMYKTOB CTOPAHUs M OTHO-
CHTENbHBIM 3aMacoM TOIUIMBA;, OHA HE 3aBMCHT OT 3aKOHA, 0 KOTOPOMY Pacxoy-
€TCs1 TOTLIHBO.
HaHOMHI/IM, 9TO B YPaBHEHUC MeLLIepCKOFO BXOOUT MNPOU3BOAHAA ——,

KyLIeC YCKOPCHHUE PAKETBI OUYE€HDb HaXKE€ 3aBUCUT OT TOI'O, IO KAKOMY 3aKOHY pPacxoaye€TcCs TOII-
JIUBO.

TaK YTO TEC-

®opmyna [[onkoBCKOro mnosyueHa B pe3yjbTaTe pelleHust nepsoti sadayu 1lnonkos-
CKOr0, KOrja JABWKEHHUE MPOUCXOAUT BHE MOJs CUI TSKECTU. B MexaHMKe KOCMUYECKOro mose-
Ta pPacCMaTPHUBAETCS U 6mopas 3a0aya 1{M0IKOBCKOro, B KOTOPOH ABM)KEHUE TIPOUCXOAUT B OJI-
HOPOZHOM TIOJIE TSIXKECTH.

B sTOM cniydae mpenenbHas CKOPOCTb OKa3bIBAETCS MEHBIIEH, M OHA 3aBUCHUT OT

dm
-. 3TO U MMOHATHO: BE€Ab 3TAa BCJINWYUHA OOJI’KHA 6LITIJ JOCTAaTOYHO BEJIMKA IJIA TOTO,

dr

4TOOBI pEaKTHBHASI CUJIa ObLIa MO MOAYJIFO OOJbIIIE, YeM CHJIIA TSDKECTH.

BepHeMCS[ TENEPb K BONIPOCY O ABMXKCHUU LICHTPA MaCC CUCTEMBI MATCPHUAJIbHBIX TOYECK.

5. JIBm:kenue neHTpa macc CMT mo oTHOmeHHI0 K HEMHEPUHAJIbHOI
CcO

Paccmotpum ycnosro Henoarkuyto CO E ¢ cucremoii koopaunar Oxyz u
' o
npousBoabHyo CO E ' ¢ cucremoit koopaunar Ax'y 'z,
B o6mmem ciyuae crucrema orcuera E ' Oyner HeMHEPIMATbHOM.

Mg ¢ Bamu 3HaeM U3 IMHAMUKHA TOYKH, YTO YPaBHCHUA OBUXXCHUA MaTepI/IaHbHOfI TOYKHU
B HePIHepLII/IaHbHOﬁ CHUCTEME OTCUCTA BBIINIAAAT TAK KE€, KaK U B I/IHGPL[I/IZU[I:HOIZ, TOJIBKO K z[eﬁ-
CTBYIOIIIUM HBKOTOHOBBLIM CHUJIaM HaIo ,I[O6aBI/ITb MNEPEHOCHYIO U KOPHUOJIUCOBY CUJIBI MHCPLHH.

Jns touexk CMT:

—ora _ T () () | gwmep == KOp _
m, w, = F, +F, +Q)v +Q)v , v=1 n.

5 ceey
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=l
AN

7

X
MeI xOoTHUM IMOJIYYUTDh aHAJIOT TCOPEMBI O ABMKCHHUU LICHTPA MacC AJid Cliy4dasi, Korga uc-
MOJIb3YIOTCA OTHOCUTCIIbHBIC Yy CKOPCHU.

I[eflCTByeM TaK K€, KaK U IPU BbIBOAEC YK€ M3BCCTHBIX HaAM TEOPEM 00 M3MEHEHHHU KO-
JUYCCTBA ABUXKCHUA CUCTCMbI MATEPHAJIBHBIX TOUCK U O ABMXKCHUH €€ LIEHTPA MacC.

Cnoxum 3Tr YPaBHCHUA IIOYWICHHO, TaK KakK

dzr.  q2
=— OTH Vv —_
> m, W = >m = — > m,F, =
y Wy % y Ly
y V dfz dfz y
az — — OTH
= @ml‘c = mWC N
TO
— —(e) =—TI¢ — KO
mWCOTH — R + R p+ R p

371ech Mbl YUJIH, YTO IJIaBHBIN BEKTOP BHYTPEHHUX CUJI PAaBEH HYJIIO.

BriBon: nentp macc CMT nBukeTcd MO OTHOLIEHUIO K MHepuuaibHoil CO
KaKk MaTepuanbHas TOUKa ¢ Maccoi M = ) M, , K KOTOPOH NpUIOXKeHa Cuia,
paBHAsAs CyMMe TJIaBHBIX BEKTOPOB BHENIHHX CHJI M TIEPEHOCHBIX M KOPHOIHUCOBBIX
CWJ1 UHEPLIMH.

JlaHHOE yTBEpIKAEHWE MOKHO ObLIO ObI Ha3BaTh TEOPEMOW O MBMIKEHHH LIEHTPA Mace
CHCTE€MBI MAaTEPUANIBHBIX TOUEK IO OTHOIIEHUI0 K HEMHEPLIMAIBHON CUCTEME OTCUETA.

HOJ’Iy‘{I/IM SIBHBIC BBIPAXKCHUA IJIA INIaBHBIX BECKTOPOB CUJI HHEPLIUU.
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ﬁnep = Z@Hep — Z(_mvwvnep) —
v

= _vaWA —va[@,Fv] va[_l:l: [_ELF\;]] =
= -mw, - [@»vafv' [_D: [_Dazmva' ] =

mrv/.
= -mw, - [0.%F] - [T [TO¥F]]

R = YB3 = T (-mw ) -

_ om dF,

= _va°2[vav = _2[D:vad_;] =
Ei —_ — OTH
= _2[D’d_tzmer] = -2m|[ 0O, v,
mr/.

Ecnu B MPaBbIX YaCTAX IIOJYyHYCHHBIX (bOpMy.]'[ ONyCTUTHb MHOXUTCIH — A1, MOJy4YaTcCAa
COOTBETCTBEHHO MEPEHOCHOE M KOPHOJIHUCOBO YCKOPEHHs LIEHTPa Macc.

HTaK, TJIABHBIC BCKTOPEI ICPCHOCHBIX W KOPHOJIHCOBBIX CHJI HHCPIITMH PABHEBL
B3ATBIM CO 3HAKOM MHUHYC MMPOHU3BCACHUAM MACChl CUCTCMBI Ha IICPCHOCHOC U KO-

PHOJTUCOBO YCKOpeHus ee rienTpa mace C':

— —_ 3~ KO —_
R™ = -m,wi® R™ = —m, WP

PaccmoTpuM Teneps BaXKHBINM KJlacC HEWHEPLUAIbHBIX CHCTEM OTCUETA.

6. HeBpamaruiuecsi CHCTEMBbI 0TCUETA

' ~
Cucrema orcuera E  naswiBaeTcs HEBPAIIAKIICHUCH, CCJIM OHA COBCPIIACT

o otHomieHuio K y.H.CO E nocmynamenvioe nsmxenue.
9TO 03HAYAET:
, —
Jma E° 0O =0, amostomy u (& = 0.

I[el\/'ICTBI/ITeJ'H:HOj €CJIK YIJIOBasA CKOPOCTb CUCTEMBI OTCHETA TOXACCTBCHHO paBHA HYJIIO,
TO 3TO 3KBUBAJICHTHO TOMY, YTO OHa COBEPIIACT NMOCTYATCIBbHOC ABUXKCHUC.
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HaHOMHI/IM7 4YTO B JUHAMUKE B KAaUE€CTBC YCJIOBHO HeHO,I[BPI)KHOﬁ CHUCTEMBbI OTCUECTA BbI-
OMpaIOT KaKyr-Iu00 MHEPLHANBHYIO CHCTEMY OTcdeTa. II0CKONBbKY BCsIKasi MHEPLMAIbHAS CHUC-
TeMa OTCUeTa IBUKETCS MOCTYMATEJIbHO OTHOCHTEIBbHO JIFOOOH APYroii Takoi CHCTeMBI, TO Ha-
hIe onpeAeNeHne MOKHO ObLIO OBl COPMYJIMPOBATD U TaK: HEBPALIAIOLIASICS CHCTEMA OTCUETa
— o10 Takasi CO, KoTOpasi ABMXKETCS HOCHMYNAMENbHO OTHOCUTENIBHO KaKOW-INOO MHEepIHaib-
HOH CHUCTEMBI OTCHETA .

Ecnu ¢ HeBpaarommeiicsi CHCTEMOM OTCUETa CBsI3aTh KAaKyKO-THOO CHCTEMY KOOPAMHAT,
TO €€ KOOPAMHATHBIC OCHU IIO OTHOIICHUKD K OCAM HeHOﬁ[BH)KHOfI CUCTEMbI KOOPAUHAT TAKKE
OyayT mepeMeInaThcs MOCTynaTeabHO. YI00HO BBIOHPATh OCH TaK, YTOOBI MPOEKI[HH BEKTOPOB
Ha JTaHHbIE OCH CO6NAOQIN C TIPOSKIMAMH 3THX XK€ BEKTOPOB HA HETIOJBIDKHBIE OCH. 3amuIIeM

3TO.

ITycte AXx'y'z" — cucrema koopaunar B Hespamamoieiics CO  (He-
BPAIAIOINASCS CHCTEMA KOOPAMHAT); OOBIYHO €€ OCH BBIOMPAIOT MapajlieIbHBIMU
OCSIM HETOIBMIKHOM CHCTEMBI KOOPIMHAT.

B cuiy mocTymarepbHOrO XapakTepa JBMKEHHsI HEBPAIIAIOIIUXCS OCEH: eCJIM Takas ma-

PALICIbHOCTE UMEJIa MECTO B KaKOH-IT1M00 MOMEHT BPEMCHU, TO OHa COXPAHACTCA U BO BCEC
BPEMA ABUXKCHUA.

OtMmeTuM OYCBUHBIC YIIPOLICHUA, KOTOPBIC BOZHUKAKT IPH PACCMOTPCHUH OBUXKCHHSA
o !
MaTCPUAJIbHBIX TOYCK OTHOCHUTECIIbHO HEBPAIIAIOIICUCA CUCTEMBI OTCUCTA E .

Jna nemwxennss CMT otHocuTenbHO HeBpamarotieics CO:

~

— d d
O=0 =0 O =— = =
> O d¢ de’
V—anep _ WA: ‘—VVKOp _ O;
o, - —-mw,, ®" = 0.

OueBuHO, YTO 32 NOMOC A MOXKHO Oparh JTH0OYIO0 TOYKY HEBPAILAOLIEHCS CHCTEMBI OT-
cuera.

BriBoa: kaxknas touka CMT otHocutenbHO Hepamatomeics CO aBuxeTcs
TaK K€, KaK OHa JBUTAJIaCh ObI OTHOCUTEIHLHO MHepuHabHON CO MpH yCIOBHUH,
s 11C
YTO K HBIOTOHOBHIM cuyiaM nobasisercsa cuina D, P MPOMOPUMOHAIIBHAS Macce

TOYKHM H HC 3aBUCAINAA HH OT €€ CKOPOCTH, HHU OT €C IIOJTOKCHHU !

—orH _ T(e&) T ()  gyoep 4 P _ =
m,w, = F, +F, +®, 5, ®° =-mWw,.

B cooTBeTCcTBMHM CO CKa3aHHBLIM BBIIIE IJIS1 TJIABHBIX BEKTOPOB CUJI MHEPUHH ITOJIydYacM
CJICAYIOIHUE BbIPpAKECHUA.

['aBHbBIE BEKTOPHI CHJI MHEPIHH:
=qep —rep — =KOp
R =>®, =-mw,, R =0.
v

Becbma MPOCTOEC BBIPAKCHUEC TIPU HUCITOJb30BAHUN HEBPAIIAOIUXCA CUCTEM OTCUETA I1O-
JIy4acTCda U AJis TJIaBHBIX MOMEHTOB CHJI MHECPLHU.

39



I'maBHBIC MOMEHTBI CHJI HHCPLOHUU.

EAnep = Z[Féaﬁvnep] = Z[F\::_mv‘_v/l] =
2% A%

Il

~_ _~
= [vafés_V_VA] = [mfc,:_WA] =
v
= [F(;>_‘_VA];
L, > = 0.

— T

CpaBHuBas BEIpaXXeHHE, MoTyueHHoe mist L 4 p’ C BBIPQXXCHHUEM JTS
— e s
R p’ MPUXOIUM K CIEAYIOIIeMY BbIBOAY: B HeBpamaromeica CO rias-

HBIH BEKTOpP M TJIaBHBI MOMEHT MEPEHOCHBIX CHJI WHEPIIMM — TaKWE JKE, KaK s
OJTHOW CHJIBI, PAaBHOHM — M W, ¥ IpHIOxkeHHOH B ieHTpe macc CMT.
Henwss IpU 3TOM TOJIBKO TOBOPHUTH, YTO CUCTEMA CUJI MHEPLUUU 5KBUBAJICHTHA TaKOH CH-

JIE. B OTJIMYUEC OT CJjiydast a0COIIIOTHO TBEPAOrO TCjla CHUJIbL, HeﬁCTBy}OLHHe Ha Pas3sHbIC TOYKHU
CUCTEMbI MATCPUAJIBHBIX TOYCK, CKJIAAbIBATh HCJIB351.

Jna neukenus uentpa macc CMT:

- e) — ¢ = 1¢ —_—
mw™ = R+ R™, e R™ = —mw,.

Mb1 BOCIIOJIb30BAIUCH (1)OpMyJIOI>'I A ABUXKCHUsI LEHTpPa MacC MO0 OTHOLICHUIO K HE-
!
HWHEPUHUAJIBHONW CUCTEME OTCYHETAa W BHECIH YIPOUICHUs, CBA3aHHBIC C TEM, YTO E ABJIACTCS
HeBpallaroIencs.

JIJ1s1 BCSIKOH CUCTEMBI MaTEPUAJIbHBIX TOUEK MOKHO BBECTH 3aMeuaTeIbHYI0 HEBpallaro-
IIYIOCS CUCTEMY OTCY€Ta, OTHOCHTENIBHO KOTOPOH MHOTMe (OpPMYyJIbl BHINIAAT HauOoee mpo-
CTO.

Cucrema otcueta E . Ha3piBaeTCss KEHUIOBOM, €CITH OTHOCUTEIIBHO HEE TIO-
noxenne mearpa mace C mannoit CMT ocraercs HEM3MEHHBIM, a cama OHa CO-
Bepiiaet 1o otHoueHuto K y.H.CO nocrynareibHOe IBHXEHUE.

Hnaue roeopsi, KeHUroBa CUCTEMa OTCUETa — 3TO HEBPALNAIOLIASCA CUCTEMA OTCUETa,

ABWXKYLIAsACA BMECTE C LHEHTPOM MaACC. HHOFI[a KEHUT'OBY CUCTEMY OTCUETA TAaK W HA3bIBAIOT:
“cucrTeMa LIEHTpa Macc”.

Ilo onpenenenuto:
T. = const.

OTHOCHUTENBHO KaKOTO IOJIIOCA 3[IECh OMPENEIsieTCs paguyc-BekTop uentpa macc? Ort-
HOCHTENIbHO KaKOrO-TO TMOJIKOCa A, KOTOPBIM MOMKET CIIy’KUTh HA4YallOM CHCTEMbI KOOPIHHAT,
CBSI3aHHOI C KEHHUT'OBOM CHUCTEMOM OTCYETA.

B yacTHOCTH, 3a MOJIIOC MOKHO B3Th U caM 1eHTp Macc. OCH KOOpAHMHAT BhIOEpEM TakK,
KaK 3TO MPUHSTO JeJaTh IJIs1 HEBPALIAOLINXCS CHCTEM OTCUETa.
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4
Ocu Kennra * — ocu ¢ Hagaymom B 1ieaTpe Macc C |, mapajiesibHbIE OCSIM He-
MTOJBMKHOM CUCTEMBI KOOPIMHAT.

ITockonbky mapaieabHOCTh COXPAHSIETCS BO BCE BpeMsl ABMKeHHs, TO ocu Kenura ne-
pEMEINAOTCsl MapajulebHO CBOEMY IMEPBOHAYAIbHOMY MOJIOKEeHUIO. HMHaue rosopsi, OHHU cO-
BEPLIAIOT HOCHYhameibHoe ABIKeHne. PaccMOTpUM KONMWYECTBO ABIIKEHHSI CUCTEMbl MaTepH-
AJNbHBIX TOYEK OTHOCHUTENbHO KEHHUTIOBOW cHUCTeMbl oTcuera. J[list oburHocTH Oyaem 3a mosoc
OpaTh BCe-TaKH MPOU3BOJIbHYIO TOUKY A 3TOI CUCTEMBI OTCUETA.

e
C
* _ @
Z
X P, ,
! -
z |_, y
l'C g V.
A
77
Y
A y'
X

!

X

Ortaocurenpaoe kKonmmuecTBo nprxkeHuas CMT B keaurosoiut CO:
—
—— OTH _ d r d — d —_
Q = vav\?TH - va_v = 7, mvr\; = _er';
y v ds dr 5 dr
Ho T/ = const, Tak 4To

GOTH _ O

D10 — ocrnosnoe ceoticmeo kKeHurosor CO: kommuectBo nsmxkedusas CMT
OTHOCHUTEIIEHO cucTeMbl E . paBHO HYyITIO.

HHTtepecHO, 4TO B ClIELMANBHON TEOPUU OTHOCUTENBHOCTU TMOHSATHE LIEHTPA Macc BBECTH
HEJIb3s1. B Pa3HBIX CHCTEMAax OTCUeTa 3TO OyAyT pasHbie Touku. Ho Bcerma MOXKHO HaWTH TaKyrO
CHUCTEMY OTCYETa, OTHOCHUTEJIBHO KOTOPOH KOJUYECTBO ABMKEHUs PaBHO HyJIO. Tak 4TO B pe-

4 o =

Horann Camysnb Kenur (1712 —-1757) — mBelinapckuii MmareMaTuk U MexaHuk. OH
BIEPBbIE NMPUMEHWI ammnapaT MOCTYyNAaTeJbHO MEPEMELIAIOIINXCS OCell ¢ HaydajoM B LEHTpe
Macc (T.e. oceili Kennra) k uccrienoBaHUIO JUHAMUKN CHCTEMbI MATEPUAIBHBIX TOUEK.
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JIITUBUCTCKON MEXaHUKE OCHOBHOE CBOMCTBO KEHUI'OBOM CHUCTEMBI OTCUETAa B HNEHCTBUTEJIHLHO-
CTHU CIIY>KUT €€ OIPEACIICHUEM.

§3 TeopeMbI 00 U3MeHeHUU KUHEeMUYeCcKo20 MOMEeHma

OTHX TeopeM — HECKOJbKO. Bce OHU Toke OTHOCSTCS K TeMe “JluHamMmuKka CHCTeMBbl Ma-
TepUalIbHBIX TOUEK’, HO MPEANMUTUTENIbHO BbIHECTH 3TOT Marepuaj B OTAEIbHBIN maparpad.
3nech paccMaTpUBaeTCs Pa3HOOOPa3HBIN MaTepHall, U OH CJIOJKHEE TOTO, C KOTOPBIM MBI CTAJIKH-
BaJIMCh, O0OCYXkK/Iasl yKe U3BECTHbIE HAM OOIIHE TeOPEMBI TUHAMHKH.

1. Kunernueckuiit momentr CMT

B TEOpEMaxXx O ABMIKECHUU LICHTPA MACC U 00 U3MEHEHUU KOJIMYECTBA JABUKCHHSA CHCTCMbI
MAaTEPHUAJIBHBIX TOYEK BIIMAHUC TPUITOKCHHBIX K 3TUM TOYKAM CHUJI BbIPAXKAJIOCH OﬂHOﬁ-
CI[I/IHCTBCHHOﬁ X&pﬂKTCpHCTHKOI’II rJIaBHbIM BEKTOPOM BHEUIHUX CHJL.

B cratuke BakHYIO posib Urpajia U OPyras XapakTePUCTUKA CUCTEMBI CHJI. TJIABHBIA MO-
MeHT. Mbl 00CyIMM 3HaYeHHe TJIABHOTO MOMEHTA BHEIIHUX CHUJI B JMHAMHUKE CUCTEMbI MaTepH-
AJIbHBIX TOYEK.

IIpexne Bcero, pacCMOTPHM OAHY MaTepHANbHYIO TOUKy. Omnpenenum A ee KOIM4ecT-
Ba JIBIJKEHUS (@ 3TO — CBSI3aHHBIH BEKTOP, NPHJIOKEHHBIN K JAHHOH TOUYKE) MOHATHE MOMEHTA.
JlenmaeTcst Bce Tak e, KaK W IJIsT CUJIBL

MoMeHT K0J1H9ecTBa JABHAKCHUS MaTepHaJIBHOﬁ TOYKH OTHOCHUTCJIBHO HC-

IIOABUXKHOI'O ITOJIOCA O - BCKTOPHOC MPOU3BCACHUEC pPaANyC-BCKTOPa TOYKH Ha
BCKTOP KOJINYCCTBA ABUKCHUA!

K, = [ r,, mvvv] .
DTO — CBsI3aHHBIN BEKTOP C TOUKOM mpunoxerusi (), 4TO ¥ OTPAKEHO B 0O03HAUEHUSIX.

CYMMI/IpOBaHI/Ie BCE€X TAKUX CBA3AaHHbIX BEKTOPOB HACT MOMERNT KOJUYEeCcnea 0BuUICe s

cucmemut_mamepuaivrvix moyex. OOBIMHO B TEOPETHUYECKOW MEXAHUKE IS STOW BEJUYMHBI
HCTIONB3YIOT O0Jiee KOPOTKOE Ha3BaHME: “KHMHETHYECKHH MOMEHT .

Kunernueckuii MoMmeHT CMT OTHOCHUTEIBHO HEMOABUKHOTO mosroca O —

BCKTOD, paBHLIﬁ CYMMC MOMCHTOB KOJIMYCCTB ABMIKCHHUA BCCX TOUCK CUCTCMBIL:

K0 = ZKOV Z[mevvv]

Wubivu cnoBamu, Bektop K, urpaer pomb 2r1asnoco momenma BEKTOPOB KOJUYECTB
IBIKEHUS TOUEK CHCTEMBIL.

PaccMOTpUM MPOEKLHK STOr0 BEKTOpA HA OCH CUCTEMBI KoopauHaT (JX)Z C Ha4ajioM B
touke O.
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Paznoxum paguyc-BeKTOp TOYKU M|, U BEKTOp €e CKOPOCTH MO €AMHUYHBIM BEKTOPaM
KOOPAMHATHBIX OCEH.

HUmeem:

- - . —_— de .
i+y,J+z,k; Vv, = dtl+ dtJ+ P

()TCI-O,Z[a,7 BBbIMHUCJIAA BEKTOPHBIC MPOU3BCACHUS, MOJyYacM:

_ dz, dy,
Koo = Zmobosgy -5
dx dz
KOy - ;mv (Zvd_: _'xvd_‘;j >

( dyv dxv
w=r).

Y dr Y dr

Hcnone3yeTcs ciaenyromas TEpMUHOJIOTHS.

KnHernuecknii MOMEHT OTHOCHTEJIbHO OCH — OPOCKIHA BCKTOPA KHUHC-
THYCCKOTO MOMCHTA HaA 3TY OChb.
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3Ha‘-II/IT, MbI TOJIBKO 4YTO HAIIJIU KHHECTUYICCKHUE MOMEHTDbI CUCTEMbI MAaTCPHAJIBHBIX TOYCK
OTHOCHUTCJIbHO KOOPAWHATHBIX OCeH.

BbusicHuM, kak npeodpasyercst KHHETUYEeCKHUIl MOMEHT NPU CMEHE IOJIICaA.

Ecmu A — apyrast Touka, TO
= _, _ _
KA = Z[rv:mvvv] -
v ——
r,+T,

- Z[FAO,va‘,] +;[Fv»mvvv] -

"
[FAO=vavv] + K, .
v

Ho CyMMa B KBaJpPaTHBIX CKOOKax — 3TO KOJHMYECTBO ABWXKECHUA CUCTCMbI MaTC€pHaJIb-
HBIX TOYUCK.

BreiBoa: xumaeTHueckuii MoMeHT CMT OTHOCHTENHEHO HOBOTO ITOJIFOCA €CTh
CyMMa KHHETHYECKOTO MOMEHTA OTHOCHTEIILHO CTapOTO MOJIF0Ca M MOMEHTa (OT-
HOCHUTEIIbHO HOBOTO TOJIOCA) BekTOpa KonmdectBa mprxeHus CMT, npumosxeH-
HOT'O K CTapOMYy MOJIIOCY.

Hrax:

KA = [FAOaG] +K0

Amnanornynas ¢popmyna Bam u3BectHa u3 cratuku. HanmomHiM ee:

Ananorust — JJIA TJIaBHOT'O MOMCHTA CUCTCMbI CHUJI

L, = [Fr,,R]+L,.
Kaxxnmas u3 >tux ¢opMyn BeIpakaeT MpeoOpa3OBAHHUE TIIABHOTO MOMEHTA
CUCTCMDbI CBA3AHHEBIX BCKTOpOB HpI/I CMCHC ITOJIKOCA.

Tak 4T0 MBI MOTJIH OBI TIPOCTO COCJIATHCSI HA U3BECTHYIO (YOPMYJTy AJIsl [IABHOTO MOMEH-
Ta CUCTEMbI CHJI M HE BBIBOAUTH (HOPMYJTy IJIsl KHHETUYECKOrOo MOMeHTa 3aHoBO. Ho mpeamou-
TUTEJIbHEN NMPUBECTU NPSMON BbIBOA. PaccMOTpuM mpuMep BBIMUCIEHMs KUHETHYECKOI'O MO-
MeHTa. Ho mpenBaputenbHO 3amuineM OHO O0Inee OnpeneieHue.

Kectkoe npmmxenue CMT — nBuxkeHue, Ipu KOTOPOM PACCTOAHUS MEKIY
JMOOBIMHU IBYMsI €€ TOUKAMHU OCTAIOTCSI HEM3MEHHBIMHU.

J%03150%071 CJIOBAMHU, TOYKH CUCTEMbI ABUXXYTCA KaK TOUKHU a0COIOTHO TBEPOOTO TEJA.

310 OBbIBaeT B IBYX Cilydasix — JUOO MpPU CIEHMAIbHO MOAOOPAHHBIX aKTHBHBIX CHIIAX,
100 NpH HAJIOXKEHHM HA CHUCTEMY CBsA3€H, He IOMyCKAIOUINX W3MEHEHUs] PACCTOSIHUN MEXIy
TOYKAMH.
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H[!I/IMC[! BrpraucnmM KMHETHYECKHIE MOMEHT OTHOCHTEIBLHO HGHOI[BI/I)KHOﬁ
ocu Oz JJIA CHCTCMBI, COBepHIaIOH_[Cﬁ KCCTKOC INBHMIKCHHMC. BpAIICHHUC OTHOCH-

TEIbHO JAHHOM OCH.

O A

z
4 M
7 [ ]
MV
hV
. v
Y
oMn
/44
0 X
HM KOOpAUHAT TOYCK CUCTEMbI UMECM.
x, = h,cosq, ,

Yy, = h,sino, .

IToCKOJIBKY TOYKH CHCTEMbI JABHXKYTCSI KaK TOYKH a0COJNIOTHO TBEPIOrO Teja, TO MPOeK-
LIMH UX CKOPOCTEH MOYKHO CHMTATh IO M3BECTHBIM (OpMyJaM il MPOEKLHMHA CKOPOCTel ToueK
B IUIOCKOM IBIKEHHH (a BpalleHHE BOKPYT HEMONBM)KHOW OCH — YACTHBIA CIy4ail IJIOCKOrO

neiwkenus). Ilomydaem:

dx :

dtv = — h,Q,sing, ,
d;

d_ytv = h,Q,cos0, .

Tenepb MO M3BECTHOM HaM (bopMyne BBIYUCISIEM KMHETUUYECKUHM MOMEHT CHCTEMBI OTHO-

cutenbHo ocu Oz.

dy dx
Koo = Zom by = rvgy)
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Yom, (h)Q_cos’q, + h, Q sin’¢,) =
”

YmohiQ = I_Q_.

3mech
[zz = vah\% = va(XS"'y\%)

— momeHT mHepimu CMT otHOocHTenbHO ocu JZ; 3TO — CyMMa MPOU3BEACHHIMA

MacCC TOYCK Ha KBAaAPAThl UX paCCTOHHI/Iﬁ J0 OCH.

MowMmeHT uHepImH /,, 3aBICUT TOJIBKO OT MacC M PACONOKEHUS TOYEK CHCTEMbI OTHOCH-
TEJIbHO OCH BpalleHus. B paccmaTpuBaemoii 3ajade 3TO — IOCTOsIHHAs BeauuuHa. llo3mHee
Mbl YBUOUM, YTO MOMEHT MHEpPLUHU MNPEICTAaBIsCT MEPy WHEPLUU CUCTEMBI BO BpaIlaTEIbHOM
JBIDKEHHH.

OtnenpHBIE CllaraeMble B 3aMCAHHON CyMMe NPEACTABISIOT COOOH MOMEHTBHI WHEPLIH
TOUYEK OTHOCHUTEIBHO OCH.

Hepenko B kauecTBe XapaKTEPUCTUKN WHEPLIOHHBIX CBOMCTB CUCTEMBI 10 OTHOLICHHUIO
K BpallaTeJIbHOMY IBHKEHHIO BMECTO MOMEHTA MHEPLHU HCIIOJNB3YIOT APYIYIO BEIUYHHY —
paayc HHEPLUUH.

Paanyc maepimmn CMT otHocuTensHO ocu Oz — paccTosHue @ OT OCH 10

TOUYKH, B KOTOPOH HYHO COCPEIOTOUYUTh MACCy /1 BCEH CHCTEMBI, YTOOBI MOMEHT
WHEPLIMH 3TOW TOUKH OBLJI pAaBEH MOMEHTY UHEPIIUU CHCTEMBI:

I. = mo?.

zzZ

Ho BepHemcsi k mostyueHHOH HaMu (HOopMyJie Uil KHHETHYECKOTO MOMEHTA.

Hraxk,

KOZ = IZZ Qz

Oco0eHHO BaXKHOE 3HAUEHHE TMOJydeHHash (opMysia MMEeT B JWHAMHKE aOCOJIOTHO
TBEPIOro Teua.

2. OTHOCUTEILHBIN KHHEeTHYECKHIT MOMEHT

B nmpenpinymem nyHkre Obuta monyueHa GopMydia, CBA3BIBAIOIIAS KHHETHIECKHE MOMEH-
Thl OTHOCHTEJILHO cTaporo mnojiroca () u Hosoro nojoca A. Obparure BHUMaHUE: HE OroBapw-
BAJIOCh, YTO HOBBI MONOC A — HENmoABMKHAS TOYKa. KHUHETHYECKHI MOMEHT MOXHO BBIYKC-
JSITH 10 OJHUM M TeM ke (OopMyJiaM OTHOCHTENBHO JIIOOOrO MOJIIOCA — W HEMOABIDKHOTO, U
JBIDKYIIErOCs IPOU3BOJIBHBIM 00Pa3oMm.

Tem He MeHee B OCHOBHBIX q)OpMy.]'II/IpOBKaX NpeaAbIAYIIEro MyHKTa MOAYCPKUBAJIOCH,
yT0 nosiroc O HETIOABHUKEH. CBs3aHO 3TO BOT C YEM.
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OO0bIuHO B ClIydyacC IMOABHUIKHOTO IOJIOCAa paCcCMarpuBarOT MOMCHTBI KOJIH-
YECTB OMHOCUMENbHO20 NBUKCHUA.

Yro 510 3HaunT? BBeneM He0OXOaUMble O003HAUEHUS.

=OTH _ = _ = . ~ OTH — OTH
vy = Vy \ Qv = myv,

Kunernueckuii MomeHT CMT OTHOCHTEIBHO MPOU3BOIBHOrO moymoca A

JUIA Ciydash OTHOCHTEIIbHOTO JABYMDKCHUS (OTHOCHUTEIBHBIM KHHETHYECKUN MO-
MEHT):

Z [ F;’ mV VVOTH]
.

— OTH = OTH
KA - Z KAv
%

MoHO, OJHAKO, PACCMAaTPUBATh — KaK U B CJIydae HEMOJBIIKHOTO MOTIOCA — KUHETUYE-
CKUM MOMEHT Juist abcosoTHOrO aBuxkeHus. C IENbI0 CpaBHEHUs OpuBeAeM QOopMyJly U s
HEro.

JIist aGCOMOTHOTO KMHETHYECKOTO MOMEHTA HMEEM:;
— _, _
K, = YI[¥.mv,].
v
Ota popmyna Bam yixe 3HaKOMa.

Htak, B ompeneneHny OTHOCUTEIBHOTO KMHETHYECKOrO MOMEHTA BMECTO aOCONIOTHBIX
o — OTH
CKOPOCTEH V,, UCIOIb3YIOTCS OTHOCUTEJIBHBIE CKOPOCTU V,, . HX MBI onpenenuiu mpocTo Kak
Pa3HOCTU CKOPOCTH MaTepUAJIbHON TOUKHM U CKOPOCTH IIONOCA.

Huaue roBopsi, 31€Ch BOBCE HE LIJIa P€4b O CJIOXKHOM JIBIDKCHHH TOUKH, KOTAA ABHUKEHUE
OIHOBPEMEHHO PAaCcCMATPHUBAETCS IO OTHOLIEHUIO K JBYM CHCTEMaM OTCYETAa. MHEPLHUAJIBHON U
MIPOU3BOJIBHON. Bcee Halllu BBIKJIAJKH BEIUCh B MHEPLIMAIBHON CUCTEME OTCYETA.

Tem HEe MEHee MMeeT IPaBO Ha CYIIECTBOBAHUE U IPYTOH MOIXO.

3ameuanue. Bekrop K j ™ MoXKHO TPAKTOBATh KaK KHHETHUECKHI MOMEHT
i otHocHuTeabHOro apvxkenns CMT B mespamatomieiics CO E ', JIBHKYIIICHCS
BMECTE C ITOFOCOM A .

9 — OTH o
ITpu Tako¥ TPAaKTOBKE CKOPOCTH V,, — 3TO AEHCTBUTEIBHO OTHOCHTEIBHBIC CKOPOCTH,
KaK OHU ONPENENAOTCA B KUHEMATUKE CIOXKHOIO IBIDKEHMsI TOYKH, & CKOPOCTh IOJOCA UIPAET
POJIb NEPEHOCHOH CKOPOCTH.

Obcynum elie CUTyaluio, Koraa U st abCOMFOTHOTO, U JIJIS OTHOCUTENbHOTO IBUKEHHUS
KHUHETHYECKUII MOMEHT MOJIy4YaeTCs] OJHUM U TEM XKeE.

=5 OTH -
Korma K, = K, ?
Takoe coBnasieHrne MMeeT MECTO B CIEAYIOINX ABYX BAXXHBIX CIyYasiX.
1°. Ecnu touka A — HENMOABWKHAL:

v,=0 O ¥™=y%, 0 K/ ™=K,.

v
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2°. Ecmm touka A — nentp macc C':
P
- OTH _ —_— — OTH _
KC - Z[pv:mvvv ] -
% NI
Vv_ VC

= ;[ﬁvamvvv] - ;[mvﬁv’VC] =

Kc - Z[mvﬁvavc] = Kc»

[ N —

0

TaK 4TO

3> OTH

(*) o™ - R,

o o o
MEI BOCIIOJIB30BAJIUCH OOHUM M3 CBOUCTB LICHTPA MAaCC — CBOUCTBOM 37,

Kunernueckuit MoMeHT CMT OTHOCHUTENBHO €€ LIEHTPpAa MacC WHAuY€ Ha3bl-
BaeTCI COOCTBEHHBIM KHHeTHYeCKHM MoMeHTOM CMT.

dopmyna (*) BBIpaXaeT nepgoe ceoicmeo COOCTBEHHOTO KHHETHUECKOTO

MOMEHTA: OTHOCHUTEJbHBIN M a0COMIOTHBIN KuHeTHueckue MomMeHThl CMT oTHO-
CUTEJIBHO LIEHTPA MAcC PaBHBI APYT IPYTY.

Mgl YK€ OTMEYAIU, 4YTO OTHOCHUTEJIbHbIM KMHETUYECKHIT MOMEHT MOXKHO TPAKTOBATH KaK
KUHETUYECKHI MOMEHT B HeBpaLHaIOLHeﬁCH CUCTCME OTCHETA, I[BH)KymeﬁCf[ BMECTE C ITOJIFOCOM.
Ceiiuac moJmoc COBIIAAAET C HEHTPOM MaACC, TaK YTO pE€Yb UACT O KEHUTOBOU CHCTEME OTCUETA.

CoOCTBEHHBI KMHETHYECKHIT MOMEHT — OSTO KHHETHUYECKHII MOMEHT JJIS
orHocutenbHoro amxkenns CMT B kenurosoit CO E ..

Taxoe ABWKCHUC HMHAY€ HA3bIBAIOT ABUKCHUEM CHUCTEMblI MATCPUAJIBHBIX TOYCK OKOJIO
LICHTPa Macc.

— OTH —_
Bripouem, MbI TOJIBKO 4TO ycTaHoBwi, noiyuus ¢popmyiay K. = K., 4to moxkHO He
JenaTh YTOYHEHHs], abCOMIOTHOE MJIM OTHOCUTENIbHOE JIBIDKEHHE TOIPa3yMeBaeTCsl.

B nanHOi1 popmyne cymecTBeHHO, 4TO BekTop K. BBMHUCISIETCS OTHOCHUTENBHO
— OTH

nomoca C. Mexny npounm, mist Bekropa K, Takoii BeIOOp momoca OTHIOIb HE CYIIECTBEH.

Bmopoe ceoiicmeo cOOCTBEHHOTO KHHETHYECKOTO MOMEHTA: OTHOCHTEIIb-

BBl kuHEeTHUYeCKH MOoMeHT CMT oTtHOCUTERHO 11060t Touku keHurosor CO
PaBEH OTHOCHTEIIPHOMY KHHETHUeCKOMY MOMeHTYy CMT OTHOCHTENBHO HEHTpa
macc.

JeticTBuTenbho, ecimu A — Touka, ABMKyIHascs BMmecre ¢ keHurooi CO,
— — — OTH — OTH o ”
0 V; =V, a K, w K, - rnaBHbie MOMEHTbI OJHOW M TOW K& CHCTEMBI

BEKTOPOB

-~ OTH — — —
Q, = m,v)" = m,(V,-V.).
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[TosToMy TIpu CMEHE TIOJTIOCA UMEEM

5> OTH

— -~ OTH 5> OTH
KA = [rAC9Q ]+Kc .
) > - OTH
HO IO OCHOBHOMY CBOMCTBY KeHHroBoii CO Q = 0.
Hrak,
= OTH = OTH
(* *) KA = K -

BriBoa: coOctBennslii kunetnueckuiit MOMeHT CMT — 310 c800001 b1l BEK-
TOP.
JlaHHOe yTBEpKIEHHE MOAPAa3yMEBACT, YTO COOCTBEHHBIM KMHETHUECKUH MOMEHT TpaK-

TYy€TCs KakK TJIABHBI MOMEHT KOJIMUECTB OMHOCUMENbHO2O JABHJKCHUS. HOSTOMy BerHI/Iﬁ HH-
neKc “oTH” B ero 0003HaUE€HUH MBI Oy/IeM COXPaHSITh.

Pa3yMHO COXpaHATh U HUXKHUN UHIAEKC “C”: OH YKa3bIBaeT HE CTOJBKO HA MONIOC, CKOJIb-
KO Ha IBUXKEHUEC OTHOCHTCIIBHO KEHHUTOBOM CHCTEMBbI OTCUETA.

[Tonp3ysch MepBBIM CBOMCTBOM COOCTBEHHOTO KMHETHYECKOTO MOMEHTA, HETPY/IHO yCTa-
HOBUTH CBSI3b MEXKIYy KHHETUYECKUM MOMEHTOM OTHOCHTENIbHO HEMOABM)KHOW TOYKH U COOCT-
BEHHBIM KMHETHYECKUM MOMEHTOM.

T.C.

3> OTH

K0 = [Fc=6] + K¢

Hrak: kuaernueckuit MoMeHT CMT OTHOCHTEIBHO HEIOABHUKHOTO MOJIFOCA
paBEeH CyMMe€ COOCTBEHHOT'O KHHETHUYECKOTO MOMEHTAa U MOMEHTA BEKTOpPa KOJIU-
yecTBa aBmwkeHUsS CMT, npuiiokeHHOTro K [EHTPY Macce.

3aBepiuasi JaHHBIN My HKT, CAEIAeM OHO 3aMeYaHue.

3ameuanne. CoOCTBEHHBIH KHHETHYECKHI MOMEHT OJHOW MaTepHAIbHOM
TOYKW PABEH HY/II0, TAK KAK LEHTP MACC COBMAJAET C HEW CaMOil 1

=— OTH =5 OTH — — OTH
v =0,a K, =[p,mv ]
Kcratu, 371eCh ¥ IepBbIi COMHOKUTENb OOPATHIICS B HYJIb.

3Ha“II/IT7 MOHSITHE COOCTBEHHOIO KMHETHYECKOTO MOMEHTA (B OTJIMYHUE OT ITOHATHA KHUHEC-
TUYCCKOIO MOMCHTA OTHOCHTCJIBHO HGHOI[BI/I}KHOﬁ TO‘IKI/I) CHCHI/I(bI/ILIHO HUMCHHO 1JisA CUCTCMBbI
MaT€pPUAJbHBIX TOUCK.

HHTepecHO, YTO B 3TOM COCTOUT OJHO M3 BAKHEHIIMX PaCXOKAECHUN MEXAy Kiaccuie-
CKOW M KBAHTOBON MEXaHUKOM.

OtmeTrM, 9TO B KBAHTOBOW MEXAHWKE JNaKe TOUCUHBIC MaTEpPHAIbHBIC Yac-
TUIB (JICKTPOHBI, KBAPKKA) MOTYT 001a/aTh HEHYJIEBHIM COOCTBEHHBIM KHHETH-
YECKUM MOMEHTOM — CHRUHOM.
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[lepeuncneHHble YaCTULIBI — 3JCKTPOHBI M KBAPKU — KaK pa3 HEHYJIEBbIM CITHHOM U 00-
jJanarT. B paMkax COBpEMEHHONH KBAaHTOBOM TEOPUHU MOJS — 3TO AEHCTBUTENBHO TOUEUHbIE
00BEKTBI, HE UMEIOLIHE MPOCTPAHCTBEHHOH MPOTSKEHHOCTH.

BoT npoTOHBI MM HEHTPOHBI — 3TO YACTHUIBI KOHEYHBIX Pa3MEpOB (OHU COCTOSAT U3
KBapkoB). MM HMYTO He 3ampeniaeT MMeTh U KJIACCUYECKUH COOCTBEHHbIH KMHETUYECKHH MO-
MEHT, BBI3BAHHBII OTHOCHUTEJIbHBIM ABHKCHHEM KBAPKOB.

Ha camom nene coOCTBEHHBIN KMHETHUECKHH MOMEHT MPOTOHA WJIM HEHTpPOHAa paBeH
CyMMe cruHOB kBapkoB. Ecnm xe moOasisiercs elne M KJIACCHUECKUH COOCTBEHHBIN KUHETHYe-
CKUI MOMEHT, TO MOJy4arTCsd KOPOTKOXKUBYIIUE 3JIEMEHTAPHBIC YaCTULIBI — HYKJIOHHBIE PE30-
HAHCBHL

Hrak, Mbl NMO3HAKOMIJINCH C OCHOBHBIMH Pa3HOBHIHOCTSIMH TMOHSITHSL “KMHETUYECKUI
MOMEHT  — C aOCONFOTHBIM, OTHOCHTEIBHBIM, COOCTBEHHBIM KHHETHYECKUM MOMEHTOM. Jloka-
JKEM Terepb MPOCTEHIYI0 U3 TeopeM 00 M3MEHEHHH KMHETHYECKOTO MOMEHTA.

3. Teopema 00 M3MeHEHHMH KHHETHYECKOr0 MOMEHTAa OTHOCHTEJIbHO
HEeMoJABHKHOW TOUKH

Teopema. IIpousBogHas Mo BpeMEHH OT KMHETHUeCKOro MoMeHTa CMT
OTHOCHTEJIFHO HETOABIOKHOM TOUKK () paBHA TNIABHOMY MOMEHTY BHEIIHHX CHII
OTHOCHUTEJILHO 3TOU TOYKH.

Ora popmyna Bbipaxkaer coboii TeopemMy 00 M3MEHEHHWH KHMHETHYECKOTO MOMEHTa OTHO-
CUTEJIbHO HETIOABI)KHON TOUKU. IIpUCTYNUM K AOKa3aTeNbCTBY 5TON TEOPEMBI.

B neBoit yactu (opmyIbl 3ammcaHa MPOM3BOAHAS MO BPEMEHH OT aOCONIOTHOTO
KWHETHYECKOrO MOMEHTa. BBrHucinM 3Ty mpou3BOAHYIO.

Beraucistem:
dK d _ _
2 - G 3l -
dr _ _ dv
= Z[_tv:mvvv]_i_Z[rv:mvd_tv] =

Hrax, nckoMasi MpoN3BOAHAs PaBHA MOCJEIHENH CyMMe.
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VYpasaenus asmkeHus Touek CMT:

— _ T =), _
m,w, = F, ' +F,  ; v=1

YMHOKHMM KaK/10€ YPaBHEHHE BEKTOPHO HA I, U CIOKUM HX IOYJIEH-

HO:

>[F.mw,] = L)Y+ L.
v

| —

iR, 0
d¢

dakTHuecku TeopeMa nokazana. OTMETHM:

brina ucnop30BaHa TeOpeMa O CBOMCTBAX BHYTPEHHHUX CHII.

3amMeTbTe: B HaHHOW TeopeMe (QUTYPUPYET HPOU3600HAS OT KMHETUYECKOTO MOMEHTA,
TaK YTO TEOPEMY Ha3bIBAIOT TAK)KE “TeOpeMOil 00 M3MEHEHNH KUHETHUECKOrO MOMEHTa OTHOCH-
TEJIbHO HETIOIBUKHOM TOUYKH B Oughdhepenyuanvroii popme”.

Ectb 1 npyras — uHTerpanpHas — gopma JaHHOW TeopeMbl. JeHCTBUTENBHO, TOKA3aH-
Hasl HAMH T€OpPEMa BBINIOJHSAETCA B JIFOOOH MOMEHT BPEMEHH, MO3TOMY MOXKHO MPOMHTETPUPO-
BaThb MOJIy4eHHYIO (OPMyYJly HA MHTEpBaje BPEMEHH OT [, M0 1, .

HNuTerpupyem:

Hrak:

U3menenne kmHetnueckoro momenta CMT OTHOCHTENBHO HEIOABHIKHOM
TOYKM 32 KOHEYHOE BPEMS PABHO MMITYJIbCY TJIABHONO MOMEHTA BHEIIHUX CHJI
OTHOCHTENIHPHO 3TOM )K€ TOUKH 3a 3TO BpeMs (TeopeMa 00 M3MEHEHWW KHWHETHYE-
ckoro MmomeHTa CMT OTHOCHTENBHO HEMOABHIKHON TOUKU B uxmezpaivioii ¢hop-
Me).

Kax BumHO U3 3TOM (HOPMYJNHMPOBKY, WHTErpaj B MPaBOW YaCTH Kak pa3 M HA3bIBAECTCS
HMMITYJIbCOM T[JIABHOIO MOMEHTa BHEUIHMX CHJI. PacCMOTpHM CIEACTBUS M3 AOKA3aHHOW Teope-
MBI.

Caencreue 1. Eciam na mannom orpeske Bpemenn L, "= 0, 10 K, =

const.

J%0318 01051 CJIOBaMH, €CJIN IJIaBHBIM MOMEHT BHEITHUX CHJI TOXKAECTBEHHO PaBE€H HYJIIO, TO
BEKTOP KMHETUYCCKOIO MOMCHTA OCTACTCs MOCTOSAHHBIM IO BEJIMYWHE U HAIIPABJICHUIO.

dK, .
dr

. = (@)
Hewcreurensuo, L, "= 0 [

51



Ecan MOCJIEAHEEC PABCHCTBO HA AAHHOM OTPE3KE BPEMCHH BBITNTOJIHACTCA TOXACCTBECHHO,
TO TOrga CaM BEKTOpP KO OCTaeTCsA MOCTOAHHBIM.

Korna Takas curyanms nmeer mMecto? Hampumep, B Ciiydae, KOTZla BCE BHEITHUE CHIIBI
PaBHBI HYJIFO;, HO OTHIOJIb HE TOJILKO B 3TOM CJIy4ae.

B HYaCTHOCTH, €CJIHN BCC BHCITHHUEC CHJIbI 06J'IaI[aIOT YEHMPATLHOU CUMMEMPU-

. . = (e) =
et (ux nmunum AevicTeust npoxoast yepes Touky O), o L, "= Ou K, = const

ITpusenem mpumep Ha copmynupoBaHHOe cienctsue 1. B HeM kak pa3 Bce BHELIHHUE
CHJIBbI OTCY TCTBYIOT.

IIpumep. B kauectBe CMT paccmotpum COTHEUHYIO CHCTEMY, a 32 HETIOA-
BIDKHYIO TOuKy () IpUMEM ee LIEHTP Macc.

Hackospko peanbHO Takoe NpeAnoioxeHne?

J% K] ACTPOHOMUU H3BECTHbBI KOHKPETHBIC HAHHBIC O NBM)KCHHUHU LICHTPa MaccC ConnHeuHoi
CUCTEMBI.

15-20 KM /. oTHocuTenbHO coceaHux 38,34

270 KM/ otHocuTenbHO LeHTpa ManakTuku
15
(#o Hero — 300 - 10 " km) .
ITepBoe M3 ATUX 3HAYEHHIl JAHO C TaKMM PasOpPOCOM HE MOTOMY, YTO ACTPOHOMBI He
YMEIOT U3MEPATh €ro TOUHee, a MOTOMY, 4TO 3a “cocenHue” 3Be3Ibl MOXKHO OpaTh b0 Hanbo-

nee Onmu3kue 383761, 100 Hanbonee sspKue 3Be3/bl (Cpear KOTOPhIX HEMAJIO U JJOCTATOYHO Ja-
JIEKUX 3B€37-T'HT'aHTOB).

OTH 3HaYEeHUsT CKOpPOCTHU TOUYKHU O — He Manbl. Ho B IMEPBOM U3 CJIy4YacB NBHKCHHUE OKa-
3bIBACTCsA PAaBHOMEPHBIM H HpﬂMOJ’IHHCﬁHbIM, YTO MO3BOJIACT CHUTATb CUCTEMY OTCUETA, CBS-
3aHHYIO C TOUKOM (J, UHEPIMATBHOM.

Bropoii ke cnyuait coorBercTByeT oOpauieHnto COJHEYHOH CHUCTEMbl OTHOCHUTENIBHO
ueHrpa ['anakTuky, u TyT OBWXEHHE — He npsMonuHeiiHoe. OnHako neHTp I amakTuku ynajeH
ot Hac Ha 300 - 101 km, Tak uTo:

Touka O cosepiiaer oauH 000poT BOKPYT neHTpa ['amaktuku 3a 230 Mu-
auoHOB JieT. Takum oOpazom Heppamarotytocs CO, IBHXYIIYIOCS BMECTE ¢ TOU-
ko O, MOKHO CUMTATh HHEPIUAIBLHON ¢ YPE3BBIYANHO BBICOKOH TOUYHOCTHIO.

Terepb Mbl MOKeM CYUTATh TOYKY () HEMOABWKHOM M MPUMEHHUTD CIIeACTBHE 1.
T (€) T (€) -
F, =0 0O L, =0 [0 K, = const.

[IpuBenem nyis cripaBKy, YeMy paBeH MOZYJb KMHETHYECKOro MoMeHTa COTHEYHO!H CUCTEMBI.

— o2
K| = 32-10% ===

HHTepeCHO, U3 4Y€ro 5TO 3HAYCHUEC CKIIAAbIBACTCA.
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60 % 3gecy — Bkian Omnwurtepa, eme 37 % — npyrux miaaHer-rurantos; ConHie maer
2%, a 3emns — menee 0,1 %. Utak, xunernyecknii MOMeHT COJTHEYHOM CHCTEMBbI COXPaHsIET-
Cs — U MO BEIMYWHE, W 1O HAIMPaBJICHUI0 — B WHEPLUUATBHOH CHCTEME OTCUeTa, CBS3aHHOH C
HETNOABI)KHBIMU 3Be31aMu. [103TOMy COXpaHseT HEM3MEHHOE TOJIOXKEHHE U IUIOCKOCTh, Tep-

L 5
neHaAuKyJsipHas Bektopy Ko (miaockocrs Jlangaca®). 3ToT (akT uMeer BakHOe 3HaueHHE B

aCTPOHOMHH, BeIb OPOUTHI BCEX MJIAHET OPHEHTHUPYIOT OTHOCHTENBHO HEH3MEHSIEMOMU IIOCKO-
ctu Jlarmaca. OObI4HO OpOWTa IMIaHETHI O0pa3yeT C 3TOH IIOCKOCTbIO HEeOONbINON yron (s
3€MHOI OpOWTHI — MPUMEPHO MOJITOpa rpamyca).

Ternepb pacCMOTPUM ellle OJHO CJIEICTBHE K3 TEOPEeMbl 00 W3MEHEHWH KMHETHYECKOTO
MOMEHTA OTHOCHUTECIIBHO HeHO}:[BI/I)I(HOﬁ TOYKU.

I[OHyCTI/IM, YTO TJIABHBIA MOMEHT BHEIIHUX CHJI MOXKET OTJIMYATBCSI OT HyJisd, HO €ro
MPOEKLMST HA KAKYIO-TMOO OCh TOXKIECTBEHHO PABHSAETCs HyJHO. JlJist ONPENEeNeHHOCTH, MyCTh
s10 Oyzmer och Oz.

(e)
CaencrBue 2. Ecnu Ha ganHOM oTpeske Bpemenu L, = 0, to K, =

const.
I[pyrI/Ie KOMITOHEHTBI BEKTOPa KUHETUYCCKOTO MOMCHTA IIPU 5TOM MOTYT U3MEHATHCH.
dK (e) (e) dK
JelicTBUTENBHO, % = Lo, mw Lp, =0 O % = 0. Bor mocrarouno 06-

KA TpUMep CHTyaluH, Korga paboTaer cieactsue 2. B 4acTHOCTH, €l BCe BHEIIHHE CHIIbI

obnanarT ocesoil cummempueil (VX TUHUU OEHCTBUS mepecekaroT (Jz WK MapauiesbHbI €i),

e
T0L(); = 0 u K, = const. Cneacrsus 1,2 nHOrAa Ha3bIBAIOT 3AKOHAMU COXPAHCHUA KU-

Hernueckoro MoMeHta CMT OTHOCHUTENBLHO HETTOABUIKHONM TOUKU.

PaccmoTpuM Teneps MHTEPECHBIN U MOYYHUTEIbHBIN IPUMED, A€ NPUMEHSETC TeopeMa
00 M3MEHEHNH KHHETHIECKOrO MOMEHTa OTHOCHTEIBHO HEMOABIKHON TOUKHL.

4. 3anpaua o ckameiike JKykoBCcKOro

Bbl, m0/KHO OBITH, yike 0OpaTH/ii BHUMaHHE, YTO CIeACTBUS | U 2 M3 paCCMOTPEHHOMN
HaMH B MPEIbIayIleM MyHKTE TEOPEMbI BIIOJHE aHAJIOTHYHbI CIeACTBUSM 1 U 2 U3 TeopeMbl 00
U3MEHEHUH KOJIMYECTBA ABMXKEHHUS CHCTEMbI MAaTEPUANIbHBIX TOYEK. A y 3TOH TEOpEMbI €CTh,
TaK CKa3aTh, “POACTBEHHHK : TeOpeMa O JBIKEHUHU LIeHTpa Macc (M3 Hee Mbl TOXKE MOJyYayu
cnencteusi 1 u 2). B pesynbrate mns LeHTpa MacC CHCTEMbl BBITIOJHAETCS, HAPUMEpP, TAaKOe
CBOICTBO: €CJIM BHEUIHUX CUJI HET U B Ha4YaJbHbI MOMEHT BPEMEHHU LIEHTP MacC IMOKOUTCS, TO
HUKAKUMH BHYTPEHHUMHU CHJIAMU M3MEHHUTD MOJIOKEHHE [IEHTPa Macc Henb3sl. BaxkHoe oTianune

> Nannac, Meep Cumon (1749 — 1827) — ppaHLy3CKUii MexaHuk, U3nK, mare-
MaTUK M acTPOHOM. 3aBepluunn pas3paboTKy HeDeCHOM MEeXaHWKNM Ha OCHOBE 3aKOHOB
HbloToHa M BMnepBbIi€ BbIYUCIUIT MOJIOXKEHNE HEN3MEHSIEMOW MIMOCKOCTU, HblHE Ha3bl-
BaeMOW €ro MMeHeM.
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TeopeMbl 00 M3MEHEHHH KWHETUYECKOTO MOMEHTA: HHUKAKOrO aHAJOTUYHOTO “PONCTBEHHUKA Y
Hee HeT! 3amuiuem, 4To U3 3TOTO CIEAYET.

3ameuanue. BHyTpeHHHE CHIIBI HEMIOCPEICTBEHHO HE BIIMAIOT HA W3MEHE-
HUe KuHeTHueckoro Mmomenta CMT. OpmHako ecinu cucremMa — usuensemas (Mo-
T'YT H3MEHATHCS PACCTOSHUS MEXKIY €€ TOYKaMH), TO OHa CIOCOOHA 3a CYET BHYT-
PEHHMX CHJI U3MEHUTDH CBOE MOJIOKECHHE B MIPOCTPAHCTBE.

[IpoucxoauTt 370 HE BONPEKH, & B TOYHOM COOTBETCTBUH C TEOpPEeMON 00 M3MEHEHHH KH-
HeTudyeckoro MomeHra. [lokaxkem 3TO Ha mpuMepe, B KOTOPOM pedb NOMAET KakK pa3 O CKaMelke
2KykoBckoro.

Cxameiika JKYKOBCKOr0 — TOpH3OHTAJIbHAs ITUIOMIAJKA, CIIOCOOHAs Bpa-

IAThCSA BOKPYT BEPTUKAIBHOMU OCH C MPEHEOPEIKMUMO MAJTBIM TPEHUEM.

@dakTH4ecKy 3T0 — MpudOp I IEMOHCTPALUU TeOpeMbl 00 H3MEHEHUH KHHETHYECKOTO
MOMEHTa CHCTEMbI U CJIENCTBUI U3 Hee. Takoit mpubOop MOCTPOMI M UCTIONB30BAT BBIAAIOLIUIICS
PYCCKHUI MEXaHUK H.E.}KYKOBCKI/II‘/'I? 3anaya, KOTOPYIO Mbl PACCMOTPUM — 3TO OJIMH U3 OMbITOB,
KOTOPBIE BBIMOJIHAIOTCSA CO CKaMelKol XKy KOBCKOro.

IIpumep. B nentpe ckameiiku JKyKOBCKOTO CTOWUT YEJIOBEK U AEPKHUT B PYy-
ke rupio M maccer m.

AIE

S MykoBckuit, Hukonaii Eroposuy (1847 — 1921) — pyccKuii MeXaHuK. 3aHu-
Marsics MHOrMMM pasgenamm MexaHuKn, HO Npexae BCEero M3BeCTeH KakK OCHOBOMOMOX-
HUK COBpPEMEHHOW aspoavHamMuKK. B yacTHOCTW, OH BbiBen hopmMmyny Ans NOABLEMHOM
CWNbl Kpblna, KOTopas NeXuT B OCHOBE aspoAuHAMMYECKMX pacyeToB CaMosieToB.
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[TokaxkeM, 4TO OH CHOCOOEH Pa3BEPHYTHCA BMECTE CO CKaMEMKOM, BBIMOJI-
HUB TUPEN CIEAYIOLIEE NBUKECHUE!

y

II

I

.
O IV X

Tups 3mech HyKHa, B 00IEM-TO, [l ycuneHus addexra (JOCTATOYHO U OJTHOTO JIBUXKE-
HUS PYKOH, TOJNBKO yroJ moBopoTa Oyaer menbine). Ho pas y»k Mbl BBenu rupio, To Oynmem —
IUISL TIPOCTOTHI — IpeHe0peraTb Maccoil pyKH, a cCaMy I'MpIO CIMTaTh MaT€PHAIbHON TOUKOIL.

Cucrema xkoopauHat OX)yz cBsA3aHa C MIOIAIKOM.
To ectb ocu ee — aBwkyinuecsi. Ho HaM HysKHbI OyAyT TOJBKO MpOeKuuu Ha ock Jz, a
9Ta OCh — HEIIOABHIKHAs.
PaccmoTpuM KMHETHUYECKHE MOMEHTHI BCEH CHCTEMBI, YeJIOBEKa (C TUIOMA/-
KO#) ¥ TUpH:
7 _ 2 7 (2)
K, = K, + K, .
Tak kak JuHWM ASHCTBUS BHEITHUX CHI 00 mapamienasusl ocu Oz (y cun
TSDKECTH ), JTHOO MEPECEKA0T €€ (Y PeaKkiuy B MOAIIUITHUKE), TO:
)
Lo, =0 0 Ky, =const =0 (mpu =0 cucrema Haxoamnach B
MTOKOE).
3aMeTumM, 4TO:
=2 [ = —
PaCCMOTpI/IM OTACIBbHBIC 3TAIIbl ABUKCHUA.
Ha sranax II,IV (onyckanwe m mombem rupu) I, U V,, JE€XKaT B BEPTH-
v . = (2)
KaJbHOM TUIOCKOCTH (comeprkarieii ock (Jz), Tak uto Bektop K, ~ eif mepneHau-
KYJIApEH U

(2) (1) (2)
KOZ :O N KOZ =_KOZ :O'

IIpexne uem paccmatpusath dTansl [ u III, BBeneMm B paccMOTpeHHe [Ba yTJa.
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[Tycth (0 — TekyIuii yroj moBopoTa IIomaaKy, a 0 — Tekymwmii yroiu, o0-
pa3yeMblii MPOEKIMeH BEeKTOpa Ty, Ha MIOIMAAKY ¢ 0cbio OX; ¢ HAYaIbHBIM TOJIO-
xeHreM ocu O X 3Ta mpoekims obpasyer yroi ¢ + 6.

Hawm Hano mokasare, 4TO yros ¢ B KOHLE JIBIDKEHUS OyIeT OTJIMYAThCs OT HA4aJIbHOTO
ero 3HaueHus. Ha stanax I uIll u yenosek, U rupst COBEPIIANOT XKECTKOE ABUKECHUS. BpPAILCHUE
otHocutenbHO ocu Jz. Hackomnbko 310 BepHO? CTpOro roBops, pyka 4esoBeKa JBHKETCS BMe-
CTe C THpEeH, a He C TYJIOBUIIEM YejioBeka. Ho MbI yske JOrOBOPHIIMCH MAcCOW PyKH mpeHedpe-
ratb. Takum 00pa3oM, MbI MOKEM NPUMEHHUTH U K YEJIOBEKY, U K Tupe GopMyIty IUisi IPOEKIUU
KMHETUYECKOIO MOMEHTA Ha OChb BPALLEHUSI.

K = 1Q, = I§,

1z

(2) _ 2 2( " Y .
K,, = mr*€Q,, mr2(o+0);
speck [ = [, — cyMMapHBI MOMEHT WHEPIMH YEJIOBEKA M IUIOMIAAKH OTHOCH-
tensHO ocu Oz,

WHnekc “zz” Mbl He MULIEM U KPATKOCTH OOO3HAYEHUIA.

MOMEHT WHEpPLUU TUPHU Mbl HAIIIU KaK MOMEHT WHEPLMU MAaTePUAIbHOM TOUKHU, HAXO-
ISILIEICsT Ha pACCTOSTHUY 7 OT OCU BpalieHusl. 3aMmeTum, 4yto Ha stamax | u Il aTo paccrosinue —
pasHoOe, U M03Ke B 0003HAUEHHSIX MbI 3TO YUTEM.

Ewre MbI HCIIONB30BAJIH, YTO MPOEKLHMS YIJIOBOM CKOPOCTH Ha 0Ch (JZ paBHA MPOM3BOI-

HOM OT yIJia OBOPOTA, & MOJIHBIH yYTOJI MOBOPOTA IJIsi TUPH PABEH, KAK MbI YK€ OTMEYANH, CyM-
Me @+0.

Tak kak
(D (2) _ -
KOZ +KOZ o KOZ = O=
TO )
Io + mr*p + mr?0 = 0.
Orcrona
2
. mr=
() 6 = -
I+mr?
C sTum ypaBHeHHEM Mbl 1 OyieM ceiiyac paboTaTs.
Hansranel r = ry, nasranelll r = r,.
Wurerpupyem (*) Ha sTane | mpu HavyanbHbIX ycinoBusix ¢, = 0, =0:
2
mr
1
¢y =@y = — 2(91_60):
I+ mr;
T.C.
mr} .
¢y = -5 Y%
: I+mr? !

Huterpupyem (*)  Ha atame I11:
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2/ ]/‘2
2
P, - ¢, = — —=-(0,-06,).
2 : ]+mr22(2 Y

Tak kak 0, = O (rups BepHyJIaCh B MEPBOHAYATLHOE MOJIOKEHHUE ), TO

2 2 2

(0] _(p+—mr2 0 —m([rz dl j@

2 — Y1 1= B 1
I+ mr? +mr? I+ mr?

2 2,2 2 2,2

Ir; + mrirs; — Ir{ — mrjr;
2 2
(I+mri)([+mr;)

3aMeTI/IM, YTO BTOPOEC U YETBEPTOEC Cllara€MbIC B UUCIHUTEIC COKpAIIatOTCs.

OKOHYATEJBHO:

0, ml(r}—-r})

- (I+mr?)([+mr}

Bunno, uTo 3710 3HaueHne He paBHO Hymo. OOparuTe BHHUMaHHE, YTO /', < /|, TaK YTO
3HaueHHe (P, (YroJs MOBOPOTA IUIOLIAKH B KOHIIE JBIDKEHUS) MPOTHBOIOJIOXKHO 1O 3HAKY MaK-
CUMAaNlbHOMY 3HAYeHUI0 MOBopoTa rmpu Ha dtame I. Takum oOpaszom, uenoBek 0e3 MOMOIIU
BHEIIHUX CHJI CyMeJl IOBEPHYThCSA Ha KOHeuHbIH yron. KopoTko yrnoMsiHeM erie 00 OJHOM 3KC-
nepuMenTte co ckameiikoi XKykosckoro. [Iycte Ha CkaMeitky BCTaJl YEJIOBEK, a 3aTeM CKaMeWKy
PacKpyTHIIH, M OHA CTajia BPAIaThCs C MOCTOSTHHOM YTIIOBOU CKOpOCThi0. COOTBETCTBEHHO, OY-
JIET OCTaBaTHCSA MOCTOSIHHBIM W KUHETHYECKH MOMEHT CHCTEMBI ‘“‘delioBek + rurommanka’. Ecim
TEIEPb YCJIOBEK PA3BCACT PYKU B CTOPOHBI, TO OH YBECJIMYHUT MOMCHT MHEPLUUU U TEM CaAMbIM
3aMeIUT BpameHrue. Eciu OH MpIKMeT pyKu — yIJIOBasi CKOPOCTb BHOBb YBEJIMUUTCS.

To4yHO Tak e YIpaBNsSET CKOPOCTHIO CBOErO BpAIlleHHsT U (PUTYPUCT, KATAFONIMNUCS O
apny. Ho 3meck yike Oyner paboTath npyrasi TeopeMa — TeopemMa 00 U3MEHEHUH KHHETHYECKO-
0 MOMEHTA CHCTEMbI OTHOCHUTEJIbHO LIEHTPa MAacC, KOTOPYIO MbI CKOPO TOKAKEM.

5. Indpdepenumanbubie ypaBHeHusi BpaimneHusi Heusmensiemoii CMT
OTHOCUTEJILHO HEMOABIKHOH 0CcH

CHavana — O TEPMUHOJIOTHH. MBI yike TOBOPHIIM BCKOJIb3b 00 M3MEHsSIEMbIX H HEU3Me-
HSEMBIX CHUCTEMAax. 3alHllIeM OIpeaeeHHe.

Cucrema MaTCpHUAJIBHBIX TOYCK — HEHU3MCHSICMasd, CCJIN W3-3a HAJTOKCHHBIX
HA 5TH TOYKH CBS3EH PacCTOAHHUA MCIKAY JIFOOBIMH ABYMA TOYKAMHK OCTArOTCA I10-
CTOSIHHBIMH — Kak OBl HH JABHUTAJIaCh CHCTCMaA.

HO):[LIepKHeM, YTO pE€Ub UACT O NPOU3BOJIBHBIX ABMIKCHHUAX, KOTOPbIC CUCTEMA CHOCO6Ha
COBEpIIATh.

3ameuanme. JliobGoe abcomoTHO TBepaoe Teimo (ATT) mMoxHO paccMarpu-
BaTh Kak HeudMmeHsemyro CMT. C napyroi cTOpoHBI, €C/IM U3MEHsIEMasi CUCTEMaA
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COBCPILIACT JHCceCmKoe ABUKCHUC, TO €€ (HOKa JBHIKCHHEC OCTACTCA )I(GCTKI/IM)
MOXKHO paCcCMaTpruBaATh KaK HCU3MCHACMYIO.

JeiicTBUTENBHO, TEPMUH ‘JKECTKOE ABIDKEHHE KaK pa3 M O3HAYaeT, YTO PACCTOSHUS
MEKAy JTFOOBIMU ABYMsI TOYKAMH CUCTEMBI OCTAOTCS HEM3MEHHbIMH. [103TOMY, €CJIM MbI MBbIC-
JICHHO HAJIOKMM Ha TOYKU CHUCTEMbl JOTOJHHUTENbHbBIC CBS3U, 3aMPELIalolie UM JIBUTATHCS
APYT OTHOCUTECJIBHO Apyra, TO ABMXKCHUEC CUCTEMbI OCTAHETCA TEM JKE. C YaCTHBIM CJIy4a€M 3TO-
IO NMPUHIUIA — IPUHINIIA HAJOXKEHHUs HOBBIX CBsizell — Bl yxxe BcTpedanucs B cratuke. Torma
MIOCTY JINPOBAJIOCH, YTO PaBHOBECHE Ne(hOpMHUPYEMOro Tesla He M3MEHHTCS, €CIIH CUUTATh TeJIO
aOCOIOTHO TBEPABIM (AKCHOMA OTBEPICBAHHS).

ITycte Hemsmensemas CMT coBepiiiaeT BpallleHUE OTHOCHTENIBHO HEMOJ-
BrOKHOM ocu OZ.

PucyHok mpuBenem it 4aCTHOTO CIIydast.

Hampumep, mycre ATT Bpamaetcst BOKpyr ocu Oz 1o IeHCTBHEM KaKUX-TO
BHEIIHUX (33IaHHBIX) CHWJI, TIPUYEM 3aKPETUICHUE OCH BPAIICHHUS PEATU3YETCs C
noMopo noanarauka O u noammnauka A .

TaKOC OBUKCHUEC TBepI[OFO TEJIa BCTpe"IaeTCﬂ BO MHOI'ixX TCXHHUYCCKUX YCTpOﬁCTBaX, rac
UCTIOJNB3YIOTCS BPAIAIONIUECS] POTOPHI, Ballbl K TOMY MOJI00HOE. B 4acCTHOCTH, UMEHHO O TaKOM
IBIDKCHUU PeUb UAET B TUIOBOM pacuere J[-6.

Ilpuctynaem K peleHuro 3TON 3a1a4u.

Ha ocHoBanuu TeopeMbl 00 M3MEHEHMH KUHETHMUECKOTO MOMEHTA OTHOCH-
TEJIbHO HEMOABMKHOM TOUKH UMEEM:

dK,,
dz

(e)
LOZ .
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Ho AJI1 KUHETHUYECKOTrO MOMEHTA CHUCTEMbI MATEPUAJIBHBIX TOYECK, COBepLHaIOH.[efI JXKeCcT-
KO€ NIBIDKEHUE — BpallleHHe OTHOCUTEIBHO HETIOABUKHON OCH — BepHa (popmyna:

K, =1_Q_, tnel, = Y m,h. = const.
v
[Tostomy
dQ,
zzZ dt_

IToCcTOsTHHBIN MHOKUTENb — OCEBOM MOMEHT MHEPLIMHU — MBI BBIHECIH U3-TIOJ OlepaTropa
nuddepeHmpoBanus.

(€)
= LOZ .

do _ .
[Tockombky €2, = =T = (0, TOE (0 — Yroj MOBOPOTa, TO MOJIY4YaeM
madbepeHIHaTbHOE yPaBHEHNE 2 -T'0 TIOPSIKA OTHOCHTENHHO () :
d’g ()
(*) [ZZ d tz = LOZ

3710 ypaBHEHHE U sBIsieTCs AU pepeHInaIbHbIM yPAaBHEHUEM BPAIEHUs] HEU3MEHAeMOH
CHUCTEMBI MaTePUAIbHBIX TOUEK OTHOCHUTEIBHO HETOIABMKHON OCH.

B 3aronoBke nyHkTa roBopwiock: “nupdepeHunanbHbie ypaBHEHHsT . ['OBOPHTH MOJKHO
U TakK, ¥ TaK, IOTOMy YTO OJHO ypaBHEHHE 2-r0 TMOpsiAKa BCEraa MOXHO Tepenucarb B BHUIE
JIByX ypaBHEHMI 1-ro nopsnka.

Tenepb 006CyIMM, OT YeTO MOXKET 3aBHUCETh BEJIMYMHA B MPABOM YaCTH yPaBHEHHS (*) .

() () .
I[Ipeanomnaraercs, uto L,, = L, (¢, 0, 1).

3nech BOT 4uTO MMeercs B Buny. Korma mbl paccMmatpusany nuddepeHipaibHble ypaBHe-
HUSI IBUXKEHUSI CHCTEMbI MaTePUANIbHBIX TOUYEK, TO OTMeUaIu: OOBIMHO MPUHUMAETCS JOMyLie-
HUE, 4TO ACHCTBYIOLUE HA TOUYKU CUCTEMBI CHUJIbI MOIYT 3aBUCEThH JIULIbL OT MOJOKEHUN U CKO-
pocreill Touek, a Takke OT BpeMeHu. Ho Bce MoyoskeHus: U CKOPOCTH B pacCMaTPUBAEMOM CIIy-
4ae MOYHO BBIPA3UTh Yepe3 O U (.

B obmem ciydae Takoe MpeanooKeHUe MPeACTaBiseTcs BIIOJNHE ecTeCcTBeHHbIM. Ho
naBaiiTe BCIOMHUM IIPHMeEp, KOTOPBIH ObUT IPUBEIEH B HA4Yaje JAHHOTO My HKTA.

B stom mpumepe paccMaTpuBasioch aOCOTIOTHO TBEPAOE TEIO C BEPTHKAIBHOH OCHIO
Bpatenust. Och BpameHus OblIa 3aKpervieHa Py MoMoInH noansitiuka () v mOAMITHUKA A .

J71s1 naHHOTrO MprUMepa OTMETHM CJIeAyIoLIee.

B npumepe ¢ TBepabIM TEIOM: HaA TEIO JEUCTBYIOT, MOMUMO MPOYMX CHIJI,
peaKiuy B TOANMATHAKE W MOAMMITHAKE. Ecimu cBs3m maeanpHbl (06€3 TPEeHUs), TO
3TH PEAKLNU CBOAATCS K BEKTOpam ﬁO u R 4, JIMHUM ACHCTBUS KOTOPBIX MEpece-
karoT ock Oz cenoBaTeNbHO, BKIA1a B L(Oez) PEaKInH HE JAKOT.

ITo3TOMYy B ypaBHEHHS! JBMKEHHUsS BOMIYT TOJHKO MOMEHTBI OCTAJIbHBIX BHEIIHUX CHIL,
KOTOPBIE MPEANONAratOTCs 3a1aHHBIMU, ¥ BHOBb BEIUYMHA L i Oy neT 3aBHCETh TOJBKO OT O,
(f) u t. U3 ypaBHeHus (*) MOXHO HalTH 3aKkOH BpawaresnpHoro aswkennss CMT: ¢ = ¢ (),
eciu 3anaHbl HauanbHble 3HadeHus ¢ (0) u ¢ (0) == Q_(0). OT™MeTHM aHANIOTHIO MEXIY
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BpamaTCJbHbIM ABUXXCHUEM CUCTEMbI U IMOCTYNATCJIbHBIM €€ NABMXKCHUEM BIOJIb KaKOﬁ-HH6Yﬂb
OCH.

Amnanorus: IJIA MOCTYIIATCIIBHOIO ABHIKCHUA OCHTPA MACC CMT BAOJb OCHU

Ox umeeM:
_ R®
mex - X >
T.€.
d’x
c (e)
" -

() ) .
rie R, "= R, " (x.,x.,1).

BunHo, uTO nuHEIHAs KOOPAUHATA X OyJeT aHaNoroM JUIsl yIia (b, a MPOeKIHs ITaBHO-
@
ro BEeKTOPA BHEWIHHX CHJ K, = — aHaJoroM Juisi MPOEKLHH ITABHOTO MOMEHTA BHELIHUX CHII
@
L4,. A BOT posb Macchl 71 Oyaer Urpatb MOMEHT MHEpLUUH [, .

BBIBOL[Z MOMCHT HMHCPIHH CCTb MCpPpAa MHCPTHOCTH CHUCTCMLI B €C Bpalla-
TCJIIBHOM ABHUKCHUH.

Paccmotpum Teneps npuMep, B KOTOPOM HCHOJB3YIOTCs AuddepeHinanpable ypaBHEHNS
BpallleHNs TBEPAOrO Tejla OTHOCUTEIBHO HEIMOABIDKHOM OCH.

6. 3agauya 0 MATHUTHOM KOMIIACE

CocraBuM ypaBHEHHUS JBHIKCHHS CTPEIKH KOMIaca, nmpeHeOperas TpeHHueM
B ocu ee Bpamenns Oz (0Ch IPEANoIaraeTcsi BEPTHKAIBHOM, a KOPITyC KoMIaca —
HETOABUYXHbBIM ).

HHbIMA c10BaMH, TIOCKOCTh KOMITACA Y HAC COBMANAET C IUIOCKOCTBIO ropu3oHTa. Ham
Hy>KHO, TIPEK/€ BCEro, BBECTH YAOOHYIO cucTeMy koopausHaT. Hampasum ock Oy Bmomp mar-
HUTHOTO MEPUAHNAHA.

Hanpasnenne MarauTHOro MepyuanaHa B JaHHOM TOYKE 3€MHOI MTOBEPXHOCTH YKa3bIBAET
Ha CeBepHbIi MarHUTHBINA momoc. IloaToMy, kKak MBI 3HaeM H3 ITOBCEJHEBHOI'O OIIBITA, €CJIU
CTpesika B Ha4YaJIbHBIA MOMEHT BpeMEHH OyJeT HampaslieHa B TOUHOCTH 1o ocu )y, To oHa Oy-
JI€T COXPaHATH 3TO CBOE HAIPABJICHNUE, €CJIH TOJIBKO He ABUTATh Kopmyc komnaca. Ho Hac nnTe-
pecyert OoJjiee OOIIMiA CiTyyaid.

[Tycrs mpu ¢ = 0 yron ¢ crpenku ¢ ockio O paBHSICA (.

3aMeTbTe, UYTO Mbl TOBOPHM O MarHUTHOM MepUAHMaHe, a He 0 reorpadpuydeckoM. [leno B
ToM, uT0 CeBepHbIli MAarHUTHBINA MOJIOC HE COBMANAET C reorpaduyueckuM TMOJKOCOM, a Haxo-
murcst B KaHanckoM ApkrudeckoM apxumnenare. M3-3a TOro, 4To MarHuTHBIE U reorpaduyeckne
NoJiroca 3eMiIM HE COBIAJAIOT, HAapaBJIeHWE MarHUTHOIO MEpHUIHaHa OTJINYAaeTCsl OT HaIlpas-
JeHust Mepunuana reorpaduyeckoro. Hampumep, B paiione Mocksbl HampasieHue Ha CeBep-
HbI MarHUTHBIA TOJIFOC OTKJIOHsAETCS OT HampasieHus Ha CeBepHbIi reorpaduveckuil Mokoc
Ha 7° k BocTOKy. ITak, IPUCTYIIHM K COCTABJICHHIO YPAaBHEHHIA IBIDKEHHs CTpenkn. Kakue cu-
Jbl Ha Hee nedcTBY0T? Cuilbl TSXKECTH — HE B CUET, TAK KaK JBUXKEHHE IIPOHCXOIUT B TOpH-
30HTAJIbHOH MIOCKOCTH. Peakisi cBsizeil B Touke () BKJIana B yPaBHEHUs JBIDKEHUS] TOUKH HE
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BHECET, TaK KaK TPEHHEM B OCH ITofiBeca Mbl nmpeHeOperaeM. OcCTaroTCs TOJBKO CHUJIBL, OEHCT-
BYIOIIIME HA CTPEJIKY CO CTOPOHBI MarHuTHOro moss 3emuu. Ham norpedyercst Bcero onHa dop-
MyJa U3 Kypca QHU3UKHU.

['maBHbIN MOMeHT L cui, melicTBYIOMMX Ha 3JIEMEHTAPHBINA MarHUT CO CTO-
POHBI MarHMUTHOTO TOJIs ¢ BEKTOpoM WHAyKIuH B, ompenensercs macnummviv
MomeHmoM F NaHHOT'O MarHWTa M PAaBEH:

L = [+B].

MarsuTHpIli MOMEHT AJIA 3J€MEHTApPHOIO MAarHUTa €CTh IOCTOSIHHBIM BEKTOp, XapakTe-
PYBYIOLINI MAarHUTHBIE CBOWMCTBA JAHHOTO MarHUTa. Ero oObIMHO ONMpenessitoT SKCIePUMEH-
TaJbHO, BHOCS MAarHUT B IOJIE C W3BECTHHIM 3HAYEHHEM BEKTOPa MAarHUTHON MHAYKIMH. [
CTPEJIKM KOMIaca OH HampaBJieH OT I0)KHOTO KOHLIA K CEBEPHOMY. 3aMETHUM, YTO MHJEKC, yKa-
3bIBAROLIMIA TONOC, mpu Bektope L He crout. [leno B TOM, YTO IJIaBHBI MOMEHT CHJI, IEHCT-
BYIOINMX Ha 3JIEMEHTApHBIH MAarHUT CO CTOPOHBI OJHOPOAHOIO MAarHUTHOTO IOJIS, €CTh €80000-

no1ii BekTOp. MTak, cienaeM pucyHOK.

Y

- Y

S

3amumem auddepeHmanibHbIe YPABHEHHS BPALICHUS:

dz(P 7

zz - Oz = z
dz?
T.C.
I,,o = nB, - u,B,.
3nece /,, — MOMEHT MHEPLUH CTPEJIKH OTHOCUTEIBHO ocu Oz .

Berumcnim npoekuuu Bektopos F u B Ha ocu cucremsr koopauHaT OX)z.
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F = —usin@-1 + ucosgp-j + 0-k.

A ¢ BEKTOpOM B WHAYKIUA MAarHUTHOTO TOJs 3eMin neo obcrtout Tak. OH JEeXKUT B
TUIOCKOCTH MAarHUTHOTO MEPHUINaHa M HANIPABJICH C I0ra Ha ceBep, 00pasysl ONpeaesieHHbIH yToi
C IJIOCKOCTBIO T'OPU3OHTA. 3toT YI'OJl Ha3bIBACTCSA MACHUNIHbIM HAKIIOHEHUEM, OHO 6J'II/13KO K
HYJIFO B palioHe SKBATOpa, a B paiioHe MOCKBEI COCTABIISET MO MO0 IpHMepHO 70°.

IToatomy:

B = 0-1 + Bcosi-j + Bsini-Kk,
rae I — MarHUTHOE HAKIIOHEHHWE B JAHHON MECTHOCTH.

Bce 1 371ech npaBinbHO? Bektop B Hampasien BIOJb CHIIOBOIT THHHN MATHHTHOTO TO-
Jisi, 2 OHU MAYT OT CEBEPHOro MOJiroca K 10kHOMYy. Ho 3Haka “MHHYC” mpu BTOPOM CjaracMoM
HeT, TaKk Kak Ha camoM Jeje CeBepHBbIi MarHUTHBIM MOJIOC 3€MIM — 3TO IOJKHBIM IOJIOC
“O0NBIIOro 3¢MHOIO MarHUTa .

HNMeHHO 13-3a 3TOr0 K HEMY U “TIPUTSATHBAETCS CEBEPHBbIN KOHEL CTPEJIKU KOMITaca.

UYtobbl He ObLIO Hemopa3yMeHHUH, OTMETHM ele, 4To B CeBEepHOM MOJIyIIapuH 3HAUSHUE
HAKJIOHEHUSI | OTPHUILIATENIbHO, TaK uTO mpoekuusi Bektopa B Ha ock Oz B maHHOM Ciiydae OTpH-
L[aTeJIbHa — 3a CUET COMHOXKUTENS Sin /.

Hrak,

(%) I._o = —uBcosising

zz

3TO " €CTb UCKOMBIC YPAaBHCHUA OBUKCHUA CTPEIIKK KOMITaca.
O06o3HauUM
nwBcosi

[ 2

zz

o2
TOT/Ia YPAaBHEHHUS (*) UMEIOT TOT K€ BU/, UYTO U YPABHCHUS KOJeOaHUI MaTeMaTH-
YECKOT'0 MAsTHHUKA:

¢ + *?singp = 0.
B ciiyuae manbix kojaeOaHui UMEEM:

¢+ *2p =0

2

tak uro pemenne mpa ¢ (0) = ¢,, ¢ (0) = 0 umeer Bux:

¢ = @,cos *l.

Takum oOpasom, Npy MajoOM Ha4ajbHOM OTKIOHEHHH (P, CTpesiKa KomIaca Oyner Koje-
0aTbCsi OTHOCHTENIBHO MOJIOKEHHUsI PaBHOBeCHS (B KOTOPOM OHa HampasiieHa B1osb ocu (Jy), a
aMIUTUTy A KoinebaHuii OyeT paBHa @, .

B neiicTBUTENPHOCTH TpEeHUE B OCH BpAINEHHs CTPEJKH, KOTOPBIM MbI MpeHeOperad,
BCE-TaKM MMeeTcs. Torna xoseOaHHsl CTAHYT 3aTYXAIOLUUMH, M MO MPOLIECTBUH HEKOTOPOTO
BPEMEHH CTpPEeJIKa OCTAHOBHUTCS, YKa3bIBasi CTPOTO Ha ceBep (a TouHee, Kak Mbl 3HaeM, — Ha Ce-
BEPHBII MAarHUTHBIN TIOJIOC).
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['maBHOE B HAIIMX BBIKJIAAKAX, BOPOYEM, — 3TO HE aMIUIMTY/Ia, a 4aCTOTa KojeOaHuil. A
€€ MbI BBIPA3UJIN Hepe3 MapamMeTphl 3a1a4u.

Hanpumep, u3 GopmyJibl 1jiss #2? BHAHO, YTO B BBICOKUX LIMPOTAX KOMIAC paboTaeT He-
HAJeXKHO.: TaM MarHUTHOE HAKJIOHEHHE BEJIHKO, a COS / Mal. A IO3TOMy Maja M 4acToTa Koje-
OaHuii, u KonebaTbCs CTpeNKa KoMmaca OyaeT JoJro.

B paccMOTpeHUsIX 3TOro M ABYX NPEABINYIINX MyHKTOB MBI ONMUPAJHUCh HA TeOpeMy 00
M3MEHEHUH a0COIOTHOrO KMHETHUECKOro MoMeHTa. Ho B MexaHMKe He MEHee Ba)KHOE 3Haue-
HHUE UMEET U MOHITHE OTHOCHTEJIBbHOIO KHHETHYECKOIO MOMEHTA.

OOmyro TeopeMy 00 U3MEHEHHH OTHOCHTEJIbHOIO KHHETHYECKOI'O MOMEHTA MbI TOKa3bi-
BaTh He OyneM. OrpaHUYNMCS €€ YaCTHBIM CITy4aeM.

7. TeopeMa 00 U3MEHEHHH KHHETHYECKOTO MOMEHTA OTHOCHTEIBHO ocHTpa
Macce

Mp&l 3Haem AJI1 KUHETUIECKOIO MOMEHTA CUCTEMblI MAaTCPUAJIBHBIX TOYCK OTHOCUTECIIBHO
ee LeHTpa Macc Ooyiee KOPOTKOE Ha3BaHHE. “COOCTBEHHBIN KMHETHYEeCKHid MOMeHT . [loatomy
OCHOBHYIO TE€OpeMy JaHHOT'O MyHKTa cHOpMyJIUpyeM CIEAYIOIHUM 00pa3oM.

Teopema. [Ipou3BoaHAas MO BpEMEHU OT COOCTBEHHOTO KMHETUUYECKOTO MO-
mMeHtra CMT paBHa r1aBHOMY MOMEHTY BHEIIHMX CHJI OTHOCHUTEJIBHO IIEHTpa
Macc.

dK ™ — (o)
—— = L,
dr

= 3aiiMeMcsl CHa4yasia MPOU3BOAHOM, (UTypHpYIOIel B JIeBOH yacTu (popMyJibl. 3a-
METHUM, YTO IPU BBIMHUCICHUU COOCTBEHHOI'O KMHETHUECKOIO MOMEHTA MOYKHO ITOJb-
30BaThCSl KaK OTHOCUTENbHBIMH, TaK M aOCONIOTHBIMU CKOPOCTSIMH, IOCIEIHEee IS
Hac ceiiuac Oynaer Gonee yaoOHBIM.

— OTH — o
Bocnomssyemcs paenctBom K- = K (mepBoe cBoiicTBO cobcT-
BEHHOTO KHHETHYECKOIO MOMEHTA) W MPeodpasyeMm JICBYIO YacTh!

dK."  dK, d
dr

_ — dv
> mvvv] + Z [ Py, mvd_:]

Ho
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dp d - - -
d_tv — a(rv—rc) = V,-V.,

TaK 4TO IMEPBOC CJIaraCMo< paBHO

;[Vv,mﬁv] —;[Vc,mvvv] = - [Vc,gmvvv] - 0.

mv,

0

B 3TuX BBIKJIagKaX MBI Y4, 4YTO BTOpOﬁ COMHOXUTEJb MOCJICAHEr0 BCKTOPHOT'O
Npon3BEACHUSA €CTh KOJIUYCCTBO ABUXKXCHUA CUCTEMbI MATCPUAJIbBHBIX TOYCK, W, CJICO0-
BATCJIbHO, COBMAAACT C NMPOU3BECACHUEM MAaCChl HAa CKOPOCTH LIEHTPA MaccC.

Hraxk,
dK.> ™

T = ; [ Py mvwv]

A AaJICC BBIKJIAAKU NPAKTUYCCKU AOCJIOBHO TOBTOPANOT TC, KOTOPBIE MbI IIPOAC-
JIbIBAJIU TIPH JOKA3aTCIbCTBE TEOPEMbI 00 M3MEHEHNN KHHETHYECKOIO MOMEHTa OTHO-
CHUTCJIbHO HGHOHBH)KHOﬁ TOYKH.

VYpaBaenus apmxenus Touek CMT:
— =@ | =)
m,w, = F, "+F, ; v=1 n.

5 e

VYMHOKUM KaK10€ YPABHEHUE BEKTOPHO Ha P ,, U CJI0KUM HX MOYJICH-
HO:

Z[ﬁv:mvwv] - E(Ce) ki Ec(i)-

0

5> OTH
dK
di =
Sanuinem CJIICACTBUSA H3 ,ZIaHHOﬁ TEOPEMBI. OHH BIIOJIHE aHAJOTHYHBI CJIICACTBUAM H3

TCOPEMbL 00 M3MEHEHNH KUHETUYECKOI'O MOMEHTA OTHOCUTEILHO Hel’[OI[BPDKHOﬁ TOYKH.

+> OTH

= (e)
Caeacreue 1. Ecim Ha nanHOM oTpeske Bpemenn Lo " = 0, To K. =
const.

Nubivm CJIOBAaMH, €CJIAU IJ1aBHBIE MOMEHT BHEITHUX CHJI TOXKIECTBEHHO PaBE€H HYJtO, TO

BEKTOP KMHECTUYECKOI'O MOMEHTa OCTA€TCsA MOCTOAHHBIM IO BEJIMYWHE U HAIIPABJIICHUIO.
3> OTH

. = (e) dK
Teiicteurenmso, Lo = 0 0 —— =
d¢
Ecnu IMOCJICAHEEC PABCHCTBO Ha HJaHHOM OTPE3KE BPEMEHU BBINOJIHACTCS TOXKACCTBCHHO,

= OTH
TO TOrAa caM BEKTOP K ¢ OCTae€TCs NMOCTOSIHHBIM.
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(e) OTH
Caencreue 2. Ecnu Ha nanHOM otpeske Bpemenn Lo, = 0, 10 K., =

const.
dKOTH dKOTH
JlelCTBUATENBHO, % = L(Cez) " L(Cez) =0 % -

Ot ABa CICACTBUA MPEACTABIIAIOT co00i1 3aKOHBI COXPAHCHUSA KUHETUYCCKOIO MOMECHTA
CUCTEMbBI MAaTCPUAJIbHBIX TOUCK OTHOCUTCJIBHO LICHTPA MaccC.

Ilepetinem k npumepam.

IIpumep 1. Beproner.

(D
[lycte [,, — MOMEHT MHEPIHH KOPITyCca BEPTOJIETA OTHOCUTEIHHO KEHHUTO-

. 2) .
BOW OCH Z.;, [,, — MOMEHT WHEPIIMK BUHTA OTHOCHUTEIBHO TOM ke ocu; [] — yr-

JIOBasi CKOPOCTh KOPIyca, .. — YIJIOBask CKOPOCTh BUHTA OMHOCUMEIbHO KOPITyCa.

MBI npenmnosnaraem ceitdac, 4to ob6a 3TH BEKTOpa HampasiieHsl BAosb ock Oz, T.e. BIOMb
ocu Cz.

CoOCTBEHHBIN KHHETUUECKUI MOMEHT BCEH CHCTEMBI B TPOCKIIUU HA OCh Z ;

OTH OTH (1) OTH (2) (D (2)
KCZ = KCZ + KCZ = [ZZ QZ T [zz (QZ+ ’Z)

a0CcoJIoTHAs yrioBas
CKOPOCTh BHUHTA

Mkl npeamnojiaracM, 4ToO Ha BEPTOJIET HE HeﬁCTBYIOT BHCHIHHUE CHJIbI, KPOME CHJI TAXKECTU
U — KOrja BEPTOJICT B3JICTACT — HOHBGMHOﬁ CUJIBI, T.€. INTABHOT'O BEKTOpPA a3pPOANMHAMUYCCKUX
CHIJI.

Onu MPUIOKEHBI K HEHTPY MaCC U BKJIaJa B IJIaBHBIM MOMEHT BHEIITHUX CHJI HE JaroT.

(e)
Tak kak L, = 0, 10 B crity TeopemMbl 00 H3MEHEHHH KHHETHYECKOTO MO-
MEHTa OTHOCHUTEIIBHO LIEHTPA Macc
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dKOTH
C - L(Cez) = (0 [ KCZH = const .

dt
OTH
B moment crapra €2, = ¢, =0 [ K-, =0 Vt.
OTcroma
b @)
[ZZ QZ . [ZZ (QZ+ ‘Z) = 0 >
TaK 4TO
B
= ——_—— e
(*) QZ [(1) n [(2) 4
zZZ zZzZ

Otcroga BUAHO, YTO HEHYJIEBOH YIJIOBOHM CKOPOCTH BHHTAa COOTBETCTBYET U HEHYJIEBas
yIJoBas CKOpocTb kKopmyca. IlpaBna, oHa HaMHOrO MeHble YIJIOBOW CKOPOCTH BHHTA: BEAb
MOMEHT HHEPLUH y KOpIlyca HaMHOro 6onbine. Ho 3aTo yrioBasi CKOPOCTb BUHTA BEJINKA, a MO-
TOMY U yTJIOBasi CKOPOCTb KOPITyCa MOXKET OKa3aThCsl 3HAUUTEIBbHOM.

Xopormo 3To uim minoxo? Ilnoxo, pasymeerca. Kopmnyc Bce Bpemsi pa3BopaunBaeTcs B
CTOPOHY, MPOTUBOMOJIOKHY IO BPAILlCHUIO BUHTA.

Mepa npoTuBOnEHCTBUSI ’TOMY — N00aBUTH HEOOJBIIONH BUHT HA XBOCTE.

I/IJ'[I/I: CAcsiaTb ABa OAMHAKOBBIX COOCHBIX BHUHTA, BPALMANOIMINXCA B IIPOTHUBOIIOJIOXKHBIC
CTOPOHBL.

A BOT — #pyroi mpumep, B KoTopoM dopmyia (*) yike paboraer Ha Oiaro, a He BO
Bpel.

Ilpumep 2. Jlna ynpaBieHusa opueHTanuen craniuii “CamoT-6,7” ucnosib-
30BaJIMCh MaxoBHUKHU nuameTpoMm 70 cm. B cumy (%) ans u3mMeHeHUs yTiIOBOM CKO-
POCTH KOpPIyca CTaHIMUA JOCTATOUHO ObLIO U3MEHHUTHh YTJIOBYKD CKOPOCTh Maxo-

BHKaA.

Ve

O x
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Bce 510 paborano BIOJNHE yIOBIETBOPUTENBHO. BBISBHUIICS NMUINE OAWH HEAOCTATOK: Ma-
XOBHUKHU IIPU BpALICHHUUN CO3AaBaJIA LIyM, MEIIABIINH CIIaTh KOCMOHABTaM. HOBTOMy YHOpaBJICHUC
opueHranueil kommekca “Mup” wnm — celivac — MexXayHapOaHON KOCMHUYECKOW CTaHLMH
obecreunBanoch y)xe Apyroil CUCTEMOI: ¢ TIOMOLIBIO CHJIOBBIX ITMPOCKOIIMYECKHX CTaOMIN3aTO-
poB. Jlo cux mop Mbl 3aHUMAJMCh BONPOCAMH JTUHAMMKH CUCTEMBI MaT€pPHAJbHbIX TOueK. Te-
Hepb MbI IEPEXOUM HETOCPEICTBEHHO K BOIIPOCAM INHAMUKHU a0COIIOTHO TBEPAOTO Tea.

§ 4. I'eomempus macc

1. Moaesan aGCOIIOTHO TBEPAOTO TeJIa B THHAMHKE

C nonsiTieM abCONIOTHO TBEPAOTO Teja Bbl 3HAKOMBI M3 KUHEMAaTHKH. MBI ke ceiyac
OyzieM paccMaTpuBaTh TUHAMUYECKUE CBOMCTBA aOCONOTHO TBEPOTO TeNa.

Mpr yxe He pa3 Ha mosyGpOpMabHOW OCHOBE MPHUMEHSUIH PE3yJIbTaThl, MOJYYSHHbIE B
JUHAMUKE CHCTeMbI MaTepHAJIbHBIX TOUEK, K aOCOMOTHO TBeproMy Teny. Celidac Mbl pazbepem
AKKypaTHO, TIOYEMY TaK MOXKHO JeNaTh.

MaTepuaJjibHOE TeJl0 — MHOKECTBO B Touek, koTopoe HenpepwisHvim 00-

Pa30oM 3aMoIHAET HEKOTOPYIO ONPAaHUYEHHYIO 00JIaCTh B MPOCTPAHCTBE M HA KOTO-
POM 33/1aHa cKasApHas GYHKIUA Y — MJOTHOCTD.

JanHast QyHKUMS OOBIYHO MPEATIONAraeTcsl HeNpepbIBHON (Wi, Mo KpaiiHel mepe, Ky-
COYHO HETPEPBIBHOMN).

Uepes mIOTHOCTH Ompenensercs macca. Jlemaercs 3To Tak.

Beigenum B Tenie B aJiemenTapHblii MaTepHaJIbLHBIA 00LEM — MHOXKECTBO

TOYEK, 3aHUMAOIIMX JOCTaTOYHO Majibii 00beM dV B mpocTpanctee. Torma npo-
usseneane dm = y d)V ects Macca ’neMEHTApHOTO MAaTEPHATIBHOTO 0OBEMA.
OroBopka “nocTaToYHO MaJiblii” NPUMEHUTENBHO K 00beMy d V' B mpocTpaHCcTBe menaeT-

Cs JIA TOTO, 4TOOBI MOXHO OBILIO npeHe6peraTb pa3nnireEM B 3HAUCHUAX IIJIOTHOCTU Y IJIA pa3-
HBIX TOYCK 3JIEMCHTAPHOIO MaTCpUaAJIbHOIO obbeMa.

DakTUYECKH — YTO M OTPaKE€HO B 0003HAUYEHUsIX — MbI pabotaem ¢ auddepeHimamamu
Macchl 1 00beMa. B 3ToM ciydae, Kak 5TO M NPHHATO B MATEMaTUYECKUM aHAJIN3€, MOXKHO TIpe-
HeOperaTb O€CKOHEYHO MaJIbIMH BETMYMHAMU 0OJiee BBICOKOTO MOPAAKA MAJIOCTH.

OueHb 4acTh INIOTHOCTh 0003HAa4YaIOT OYKBOH O. MBI 3TOro Aenate He OyaeM, 4ToObI He
OBLIO MyTaHUIBI C PAANYCOM HHEPLUH Q.

3ameuanue. B MexXaHHKE BCTPEUAIOTCSA U NpeoeibHble Cyyau, KOraa TOUKH

TEeJa 3aMoJHAIOT HEe 00JIaCTh MPOCTPAHCTBA, A MOBEPXHOCTh WX JIMHUIO (TOHKHE
JIMCKH, KOJIbIIa, cTep)kHu). Ceifuac 3TH ciydyan HE pacCMaTpUBAIOTC.

Ctporo roBopsi, peyb UaeT O OECKOHEYHO TOHKHMX JHMCKAX, KOJbIAX, CTEPIKHSIX. 3Iech
yKe HaJ0 pacCMaTPUBaTh HEe OOBEMHYIO, & MOBEPXHOCTHYIO HJIU JIMHEHHYIO TUIOTHOCTh. JluHa-
MHYECKHUE CBOWCTBA TAKUX MATEPHUAJBHBIX TEJl MOTYT OBbITh ONpPENeIeHbl MPeaebHbIM Mepexo-
JIOM, KOT/Ia TOJIIIMHA OOBIMHOTO MAaTEPUATBHOTO TeJla CTPEMUTCS K HYJIIO.

B cBs3u ¢ 3amMcaHHBIM ONpEeNICHHEM MAaTepUabHOIO Teja HCIONb3YIOT CIENYIOIIYIO
TEPMHUHOJIOTHIO.
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TepMuHoIOrUA:

1) TenecHbIE TOUKH — TOYKH, OOPA3yOIIHE TaHHOE MaTepUATHLHOE TEJIO;

2) MecTo Tena — o0JIacTh MPOCTPAHCTBA, 3aHMMAaeMas TaHHBIM TEJIOM (C
TEUEHUEM BPEMEHH MOKET U3MEHSTHCA ),

3) mDoJioKeHHe TEJICCHON TOUKM — Touka M MpocTpaHCTBA, C KOTOPOH B
JAHHBIM MOMEHT COBIAJAET TelecHas Touka M

4) xoHdurypamms tena — B3aMMHO OJHO3HAYHOE COOTBETCTBHE MEKIY

TCJICCHBIMHU TOYKAMH H HX ITOJOXKCHHUAMMU.

Te.]'[eCHbIe TOYKH HYXXHO OTJINM4YAaThb OT UX HOJ'[O)KeHHfI B IIPOCTPAHCTBE. 9T0 pasiniue
OTpakeHO B OOO3HAYEHHSIX: TOUKH MPOCTPAHCTBA W TENECHbIE TOYKU MbI OyneM 0003HAYaTh
OJMHAKOBBIMHU OyKBaMHM, HO B CJIydae, KOIJa pedb UAET O TEeJIECHOH TOUKe, MBI IIPH JAHHOMH Oy-
KBe OyJeM CTaBUTh 3BE3I0UKY .

C TeueHHEM BPEMEHH IOJIOKEHHE TEJIECHOW TOYKH, BOOOIIE rOBOPSI, MEHsIeTCs (B TOM H
3aKJIF0YAETCs ABIKEHNE TOUKH). [103TOMY MOTYT H3MEHSTBCA U KOH(PUTYpaIusi MaTepHAIbHOTO
TeNa, W MECTO 3TOro Tena B mpocTpaHcTse. CTpOro roeops, Jydlle TOBOPUTH O IMOJIOKEHUSX
TOYKH U MeCTax TeJ He B NPOCTPAHCTBE, a B TOH MJIM MHOH cucteme oTcuera. Ho Mbl celivac
MpearnoaraeM, YTo Kakasi-TO CHCTeMa OTcuera (PUKCHUPOBAHA W MPUHHMAETCS 3a YCJIOBHO He-
noaBiwkHy0. OOpaTuTe BHUMaHHE. TeJIeCHas TOYKAa — 3TO OTHIOJb HE MaTepUalibHas TOYKA.
Benp marepmanbHas TOYKa MO ONpeNeNeHHI0 oOnanaeT KOHEYHOW MaccCoi, a Jaxke B CKOJb
YTOHO MAajJIOM 3JIEMEHTApPHOM MaTepHAIbHOM OOBEME HUHCIIO TEeNIECHBIX TOUEK OECKOHEUHO Be-
JUKO. SICHO MO3TOMY, YTO AMHAMHKA MATEPHAIBHOTO Tela HEe MOXKET ObITh HEMOCPEeICTBEHHO
BBIBEJICHA W3 AMHAMMKH CHCTEMbI MaT€PHUAIbHBIX TOoYeK. Hy’KHBI HOBBIE WEH, HOBbIE HE3aBH-
CHUMBbI€ IPUHLIHIIBL.

Ilpunimn matepuaasHbix yactun (Ounep, 1750 r.): Besakoe marepuans-

HOE TEJI0 MOXKHO C JIFOOOM CTEIEeHBIO TOUHOCTH PACcCMaTPHUBATh KaK CHCTEMY Ma-
TEPUAJIBHBIX TOUCK, €CJIM MBICJICHHO Pa3OUTh €ro Ha JOCTATOUYHO MaJIbI€ YaCTHIIBI
(3nmeMeHTapHbIe MaTepHATbHBIE 00BEMBI) W CUMTATh KAXAYI0 W3 HUX MaTepHaTb-
HOM TOYKOH.

3TO — He AOCJIOBHAs LUTATa U3 Dilepa, HO JOCTATOYHO TOUHOE BBIPAKEHHE €ro MOAXO-
na. Diep OTYETIMBO MOHUMAJ, YTO 3TO — HOBAsl aKCMOMA, HOBBIM MPUHIMN MeXaHuku. Hu u3
KaKHX IPYTUX M3BECTHBIX aKCHOM OH HE BBITEKAET. JTO OTPAKEHO AAKE B CAMOM Ha3BaHHUU pa-
6oTeI, rae 3ToT npuHuMn 6bu1 chopmysuposan. 1750 1.: “OTKpBHITHE HOBOTO MPUHITUTIA
MEXAHHUKH . UTO 3TO 3HAYMT: Mbl CUMTAEM MAaTEPUAIbHYH 4aCTHIy MaTepUajbHON TOYKOM?
3anuiiem:

Jns anemenmapHulX MamepuanbHulX 00beM08 GbINOJIHAIOMCS AKCUOMbL OU-
HAMUKU: AKCUOMA MACCel, mpu 3akona Hetomona, 3axon mezagucumocmu oeticm-
8UsL CUL, NPUHYUN OCBOBONCOAEMOCIU OM CEA3EII.
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V4

Tak,
dm-w = dF ,
roe W — yckopenwe marepuanbHou vactuipl, d F — rmaBHeiii BekTOp meicT-
BYIOIUX HA HEE CHJI.

OTO MbI 3aIUCATIN AJIS1 QJIEMEHTAPHOI'O MAaTEPHUAJIBHOTO obwema 11 3axon HeroToHa.

IIpumeHuM K HEMy Telepb aKCHOMY MAacChl.

ydV = const w dm > 0.

M3 akcrHOMBI Macchl cieayer, uto dm

3T0 — BaXKHBIN 1 MeXaHUKH (akT, BeOb B o0IEeM ciydae n1epOopMUpyEeMOro MaTepu-
aJIbHOTO TeJia | IUIOTHOCTD, i 00beM d )/ MOTYT MEHSITBCSI C TeUeHHEM BPEMEHH.

BunHO Takke, 9TO MIOTHOCTD Y TOYTH BCIOY MOJIOKHUTENIbHA.

Bce, 4TO MBI TOBOPHIIN O MAaTEPHAIBHBIX TEJIaX IO CHX MOP, OTHOCHTCS K JIEOOBIM MaTe-
pHANBHBIM TellaM — U K aDCOJIFOTHO TBEPIBIM, U K Ae(OpMHPYEMbIM.

Ho B 3arojoBke naHHOTO MyHKTa CTOsUIO: “Mozens abCOMOTHO TBEPAOrO TENa B AUHA-

MHKe”. 3anuinem:

AbOcomoTHO _TBepaoe teno (ATT) — mamepuanvioe Teno, paccTosHUSA

MCKIY JIFOOBIMH JABYMA TOYUKAMHW KOTOPOIro OCTAarOTCA MOCTOSHHBIMHU, KaKWUM OBI
BOSHGﬁCTBHﬂM 9TO TCJIO HC MOABCPIrajaocCsh.

o cymiecTBy, 3TO ONpenereHne — Takoe JKe, Kak B kuaHeMaTuke. OTiuume — B TOM, YTO
B JMHAMHUKE PAacCMATPUBAIOTCS MMEHHO MaTepHajbHble aOCOJIOTHO TBEpAbIE Tela, KasKablil
SJIEMEHTAPHBII MaTepHaIbHbII 00beM KOTOPBIX MOTYHHSAETCS aKCHOMAaM TUHAMUKH TOYKH.

HpI/IHL[I/IH MATCPHAIIBHBIX YAaCTHL YTBCPKAACT, UTO HeusmenAemdsd CUCTCMa

MaTEPUAIbHBIX TOUEK MOXKET ciyxkuTh mMoneiabio ATT. B cBoto ouepens, ATT
CIIy’)KHT MOJCITBIO MaTePUAIBHBIX TeN, aedopManueli KOTOPBIX MOXKHO TpeHEeO-
peub.

69



Bnpoqu, B 5TOM U CJICAYIOILIEM IIyHKTaxX BCE€ PE3YyJIbTATbl IPUMEHUMBI K IMTPOU3BOJIbHBIM
MaT€pUAJIbHBIM TECJIaM.

3anumieM Tenepb OYEBHAHBIE CIEACTBHA U3 CHOPMYJIMPOBAHHOIO B JAHHOM IYHKTE
NPUHLUIA.

2. CneacTBusi U3 NPUHIMIIA MAaTePHAJbHBIX YyacTuIl Jiijiepa

CaencrBue 1. Ecaum kakoe-muO0 pPaBEHCTBO BBIMOJHACTCSA IS MOJSITH-

pyloled CUCTEMbI MaTEpPUAJIbHBIX YaCTHUI[ HE3aBUCHUMO OT pa30UEHUs, TO OHO
CIIPABEJIMBO W Ul MAaTEPUAIIbHOIO TENA.

CaencrBue 2. Ecnu xakoe-nub0 paBEHCTBO MPUONUHCEHHO BBITIOJHIETCS

JUIA Moz[ennpy}omeﬁ CUCTCEMbI MATCPUAJIBHBIX YAaCTHI W MOIrpCIIHOCTL IIPHU H3-
MCJIbYCHUH pa361/IeH1/1$[ CTPCMHUTCA K HYJIIO, TO 3TO PAaBCHCTBO IJIAA MAaTCPHUAJIbBHOT'O
TCJIa BBITIOJIHACTCA TOUYHO.

Hanpumep, mis macco Tea B nmeem:
m=ym ~ yv,dV, = fde.
k k ;

31ech Mbl BOCIIOJIB30BAJIUCH TE€M, YTO MOCJIEIHAS CyMMa €CThb MHTErpajbHas cymMma IJis
3aMUCaHHOrO uHTerpana. WHTerpan 3nech pakTu4ecku — TPOWHOM, HO B MATEMATHKE BCE Yallle
HCTIONB3YIOT OJMH CHUMBOJI MHTETpalia, a 3amdcaHHasi MmoJ HUM O0JIaCTh MHTETPUPOBAHHUS KAk
pa3 1 onpenenseT, B KAKOM CMbICJI€ IOHUMAETCsl STOT MHTErpal.

Ho uHTerpanbHbele CyMMbI NPU M3METbUYEHUN pa3OUeHHsI B Mpefene CTPEeMITCs K 3Hade-
HUIO COOTBETCTBYIOLIErO MHTErpajia. A MOTrpEIIHOCTh B 3HAUYEHUH MAaCcChl MaT€pPUAIBHON Hac-
THULBI, CBA3aHHAS C BBIOOPOM TEJECHOH TOYKM, B KOTOpPOH Oepercs IUIOTHOCTh, €CTh BEJIUYHMHA
Gosee BBICOKOTO MOPSIIKA MAJIOCTH MO CPABHEHUIO C MACCOMN YaCTHLIBL.

Otcrona:
m = fy dr .
4

PaBeHCTBO 311€Ch B CUIy 2-ro ClIenCTBUS W3 NpUuHLOUIIA MaTEPHUAJIbBHBIX YaCTHUL] 31‘/'Inepa
BBIITIOJIHACTCA TOYHO.

B cBs13u ¢ npuBeneHHON GOPMYIIOH 3amHIIeM OHO ONpeesieHHe.

MatepuanbHOE TENO HA3BIBACTCS OAHOPOAHBLIM (B JTaHHOW KOH(UTYypaIymn),

€CJIM BO BCEX TOUKAX 3aHUMAEMOM Te€IOM 00JaCTH MPOCTPAHCTBA MIIOTHOCTh OJIU-
HakoBa. [ ATT o xkoHurypanmm MoKHO HE YIIOMHHATB. €CJTH OHO OJJHOPOTHO
B KaKOU-TM00 KOH(HUTYpPAITUH, TO OHO OAHOPOIHO H B JIIOOOW JPYTOH.

B paccmaTtpuBaeMOM ciiydae Y MOXKHO BBIHECTH W3-TIOJ 3Haka MHTerpama. IlosTomy
¢dopmya ymporaercsi.

JI1s oAHOPOAHOTO Tea:
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m=vyV.
HOSTOMy U IUIOTHOCTh OAHOPOAHOIO TE€Jjia MOKHO ONPEACIIATh KAaK OTHOLHCHUE MaCChl
Tella K ero o0bemy.

ITo ananoruu ¢ obuieit popmyioit 1Ist MacChl U IPyTUe BEIUYHHBI, ONpeaessieMble B AH-
HaMHUKE CHCTEMbl MAaTE€PHAIBHBIX TOYEK KaK CYyMMBbl BEJIMYHMH, BBIYUCIECHHBIX AJISI OTHAEIBbHBIX
TOYEK, 3aIHCHIBAIOTCS B IMHAMUKE MaTEPUAJIbHBIX T€J KaK HHTETPaJIbL

Brmumem ere HeCKOJBKO MOTydaeMbIX TAKHM 00pa3oM paBeHCTB (YK€ HE YIIOMHHAS O
COOTBETCTBYIOLINX HHTETPAJIBHBIX CYMMaXx).

KomnnuecrBo nsmxenus rena B :
Q = nydV.
Vv
ITox nHTErpasoM 371ech CTOUT BEKTOP CKOPOCTH TENECHOM TOUKM, B Ka)kKOH TOUKE OH —
CBOM. DTOT BEKTOp yMHOKAeTcsi Ha Maccy Y d ) aneMeHTapHOro MarepuanbHOro o0bema, Tak

YTO B PE3YJIbTATE KAaK pa3 U NOJYyYaACTCsA KOJIMYECTBO ABHMXKCHHA TaAHHOI'O MAaT€pPUAJIbBHOI'O oObe-
Ma.

Pamnyc-BekTop 1ienTpa Macc teaa B :
. = L ff ydbl .
"y

BekTop ¥ 31€Ch — painyC-BEKTOP MOJNOKEHUS TEJTECHON TOUKH.

MowmenT unepuun Tena B otnocutensno ocu Oz
2, 2 .
I, = f(x +ys)ydl;
14

34€Ch X U ) — KOOPJAUHATBI TCKYHICIO MOJIOXKCHHUA TEJICCHOM TOYKH.

Jlns cpaBHeHus 3anvineM (QOpMyJy Ui MOMEHTa UHEPIIUH CHCTEMbl MATEPUATIbHBIX TO-
YeK OTHOCHUTEIBHO TOH JK€ OCH:

s CMT:
I, = Xm, (x+y2).
2%

Haperoch, 4TO MpHUBEISHHBIX MPUMEPOB OOCTATOYHO Ul TOro, 4ToObl Bel B Oynyimem
MOIJIN JICTKO MEPEXOOUTb OT IPEACTABJICHUA BCJIWYUHBI B BUOAC CYMMbl K €€ UHTEIrPAJIbHOMY
MPEACTaBICHUIO, U O0OPATHO.

PaccmoTpuM mpumep HCIONB30BaHMS TOJYYeHHOW HAMU (OPMYJIbI TSI MOMEHTA UHEp-
LWU TeNa.

Ilpumep. BpluuciaMM MOMEHT MHEPLUMHM OJHOPOJHOTO TOHKOTO CTEPIKHSA
JmaHbl [ oTHOCHTENBEHO ocH (OZ, EPIEHIUKYIISIPHOM CTEPIKHIO M IIPOXO/IAIIIEH Ue-
PE3 €ro KOHCI.
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ceueHue S

X

I
I
|
I
I
I
1
9] |
I

Ha pucynke uzobpaskennt ocu Ox u Oy, neprneHauKy isipabie ocu Oz .

3amerbTe, UTO peub (PaKTUYECKU UAET O OECKOHEUHO TOHKOM CTEpPXKHE. DTO — OJIUH W3
TeX MPEETIbHBIX CIy4aeB, O KOTOPBIX Mbl YIIOMUHAJIM B MPEABIAYIIEM MyHKTE, Koraa o0Cy kaa-
JIU OMpeJeieHre MaTepUaIbHOrO Tea.

Hapucosad ke crep:keHb KOHEUHOW TOJIIMHBI. MBI NPOBOAUM PACCyKAEHUS IJI HETO,

HO MONYTHO A€JIacM T€ YIPOLICHUA, KOTOPBIE CBsA3AHbI C BO3MOXHOCTBIO npeHe6peqb TOJIIH-
HO CTEep KHS.

/
I, = fxzde + fyzde= ijzde) dx =
V V 0 S
0 nns 6eckoHEUHO
TOHKOI'O CTCPIKHA
/ /
3 2
= Ixzyde = fxznldx _m I _ ni
sosmmmse [ [ 3 3
"omy
Vi
Hraxk,
2
IZZ = ni
3

Paccmotpum cpasy ke u Ipyroii ciydail, Koraa ocbh MPOXOAUT Yepe3 CePeNHy CTEpIKHS.

Ecmu oce Oz mpoXOauT depe3 CepeanHy CTEPKHS, TO MOMEHT HMHEPIIHH
MOKHO HAWTU KaK CYMMY MOMEHTOB MHEPLIUU CTEPIKHEN IMOJIOBUHHOMN JUTUHBI:

O
| * |
1 2
[ZZ _ [;12) i [;22) _ 2°(m/2) (1/2)2 _ 2m12 7
3 24

T.C.
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12

O6e >TH HOpPMYJIBI OYEHB YACTO HCHONB3YIOTCS MPH PEILICHUHN 33129 AUHAMUKH.

Cefiuac Hama odepenqHas Liejib — TOJYyYUTh BBIPAXKEHHUE AJIST priepaTopa WHepLwH adbco-
JFOTHO TBEPIOTO TeJa M MCCIEAOBATh €ro CBOWCTBA. JlJisi 5TOro HaM MOHAAOOSTCA HEKOTOPBIE
CBEIICHISI 3 MaTEMaTHKH.

3. JIuHeiinble onepaTopbl

[Tycte X — BexropHoe mpoctpanctBo. Omeparop A : X — X HaswsiBaeTCs
JIMHEIHBIM 0MEePATOPOM Ha MPOCTPAHCTBE X, €CITH:

) A(U+V) = Au+AV VuUvOX;

2) A(oud) = AT VaOR.

R — mHOMXECTBO HeﬁCTBHTeHBHBIX YUCCII.

3amerbre, uTo A — 9TO oTtoOpa’keHHe WM, TOBOPS MHBIMHU CIIOBaMH, (PyHKLUs. Apry-
MEHTOM €€ SIBJIAETCS BEKTOP, IIPU 3TOM apryMEHT B CKOOKH OOBIYHO HE OepeTcs, 1 Ha3bIBAETCs
TOT HOBBIIl BEKTOP, KOTOPbIN JIMHENHBIN OMEPATOpP COMOCTABISIET BEKTOPY U, MPOCTO: MPOU3BE-
JICHHEM OrIepaTopa A Ha BEKTOp U.

Han o6o3HadeHneM TMHEHHOTO omeparopa CTaBUTCS 4depTa — Kak M Haj 00O3HaueHHeM
BEKTOpa. JTO — BIIOJIHE €CTECTBEHHO: BEIb OMEpaTop — 5TO (PpyHKUMS, 3HAUYSHUSIMH KOTOPOM
ABJIAKOTCA BEKTOPHBIL.

v !
Onpenenenne TUHEHHOTO oreparopa Ow110 Briepsbie mado [x.Ileano B 1888

Joxyzermne ITeano (1858 —1932) — uTanbsHCKMH MaTeMaTHK.

OH, KCTaTH, MHOTO 3aHUMAJICSI MaTeMaTHYECKOH JIOTMKOH W OCHOBAaHHMSIMH MAaT€MAaTHKH.
HMeHHO OH BBeJl B MAaTEMAaTUKy Takue 3Haku, kak [, <, U, N.

Ecnu B npoctpancTee X BBemeH Gaszuc, TO omnepaTop MOKeT ObITh 3a/iaH MPH MOMOLIH
Habopa Jucer.

Ecmm { € } — Gasuc B mpocTpancTse X, T0 KO>bdUIMEHTDI d;; B pa3-

JOXCHUN

AE = Y a,¢,
1

HA3BIBAIOTCSA KOMIIOHEHTAMH orepatopa A, a marpuua A U3 STHX KOMIIOHEHT —
MaTpHIeii orneparopa A .

Uro Ml 31ech 3amucann? Bektop €; 6asuca Mbl yMHOXMIM Ha omepatop A, a
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pe3yJbTaT CHOBA PA3JIOXKIUIU 1O OA3UCHBIM BEKTOPAM.

Toraa i BekTopa U = . u; €, nmeem:
J

quj(lZaijEJ = lzglal.juj) €.

Jlunetineiii oneparop, Oynyun (yHKIMEH BEKTOPa, ONpeAeeH MOJTHOCThIO, €CIIH U3BECT-
HO 3Ha4yeHue 3TOH (PyHKUUHU [t JIFOOOro 3HAYEHUsT BEKTOPHOTrO aprymMeHTa. Ho TOJNBKO 4TO MbI
YCTaHOBUJIK, YTO 3HAYCHUC ,I[ElHHOfI q)yHKL[I/II/I OOHO3HAYHO OIPEACIACTCA, €CJIU TOJIbKO HdaHbI
9JIEMEHTBI MaTPULbI ONlEpaTopa.

At = Y uAF,
J

Takum 00pa3oM, He TOJNBKO ONEPaTOp 3aJaeT MATPHUILy, HO M MATPUIIA MO3BOJISIET 331aTh
oreparop.

BeiBoA: Kaxkaomy JIMHEMHOMY OINEPATOPy COOTBETCTBYET BIIOJIHE OMPEAe-
JICHHAs MaTpHiia U HA00OPOT, HO 3TAa MATPHUILIA 3aBUCUT OT BbIOOpa 0a3HCOB.
PaccmoTpum npumep.
Ilycts 1, J, K — enunnunsie Bexropsl cuctemsl OXxyz B “00bIYHOM” TpeX-
MEPHOM IPOCTPAHCTBE, a A — nuHeiHbIT OIlEpPaToOp Ha HEM.
Torma KOMOOHEHTHI BEKTOpA
Al = a i +a,J+ayK

00pa3yloT MEPBhIN CTOIOEIT MAaTPHUIlBI OTIEpaTopa A, utn

ay dy, dg;
AP = ay Ay, dy;
as;; Az, ds;
3,/:[er B O603HaquI/II/I ManI/IHbI MBI SIBHO yKa,3a.]-H/I, OTHOCHUTECIIBHO KaKOﬁ CUCTECMBI KOOp-
AVHAT BBIMUCIAKOTCA KOMIIOHCHTHBI HI/IHeﬁHOFO OHepaTOpa.

I/ITaK, B B]:I6paHHOI>i CUCTEME KOOPAUHAT OnepaTropaM COOTBETCTBYIOT MATpPHULIBL.
AHaJIOTusi: BEKTOpaM COOTBETCTBYIOT CH1010UbL.

OtmeTuM eine Takoil pakt (KOTOPBIH HETPYTHO MPOBEPUTD):

JlelicTBUS HAJ OIEPATOPAMH IMEPEXOMAT B AeiicTBUsA Haj Matputamu: C =
AB [ C =A4B, urm.

3Ha4yuT, ecnu Kakoh-HUOyab (PakT HE 3aBHCUT OT BhIOOpa Oasuca, TO Jydilne padoTaTh C
orepaTopaMH U BEKTOpaMH (3TO MPOLIe, MEHbIIE YACTHOCTEH MPUXOAUTCS NPUHUMATh BO BHH-
MaHue). MHaue — paboTaem ¢ MaTpUIlaMU U CTOJOIAMH.
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Tenepb 3aMeTUM, 4TO B “OOBIMHOM’ TPEXMEPHOM BEKTOPHOM MPOCTPAHCTBE 3a/laHa, KaK
TOBOPSIT MAaTEeMATHKH, €6KIU0064 CIPYKMYpA: ONPEeAeeHa ONepalusi CKaJIIPHOTO yMHOKEHUS
BEKTOpPOB. Takoe NMpeAnoaokeHHe Mbl CAENTaeM U B 00IIEeM ciydae.

[Tycte mpoctpancTBo X — eskiudogo (onpenencHa onepanus CKIIPHOTO
YMHOKEHU), a 6azuc {E j} — OPMOHOPMUPOBAHHBIIL.

ITomHuTE, YTO O3HAYAET MAHHBIA TepMHH? BekTopsl 0a3uca MOMapHO OPTOTOHAJBHBI, H
KQXIbIM U3 HUX UMeeT €AUHUYHYIO JJINHY .

Torma cnpaBennuBa BecbMa yaoOHast GopMyia Al KOMIIOHEHT JIMHEHHOTO OomnepaTopa.
Sanuiem:;

B stom ciyuae BepHa dopmyia

(%) a; = (€, A%,)

JlokasaTb ee, OIMPasChb HA OPTOHOPMHPOBAHHOCTH Oas3mca, coBceM HecnoxHO. Ho 3a-
ACPKUBATbCA HA 3TOM MbI HE 6y,HeM.

Teneps Ham notpedyeTcs OfHA BayKHAsl Onepanys, NpUMeHseMasl K JIMHEHHBIM OIepaTo-
paM Ha €BKJIUAOBOM MIPOCTPAHCTBE.

Paccmotpum Goniee ollee BhIpakeHuUE:
®(u,v) = (u,Av).

3nech 3amvicana QyHKLMS IBYX apryMEHTOB. U MV — 3TO MPOU3BOJIbHbIE BEKTOPBI, a HE
0bsi3aTenbHO GasucHble. 3HaueHus 31oi Gynkuun O — nelicTBUTENBHBIE YKCTA.

Oyukumst @ Ttakoro Buma — OMIMHEHHBIA (DYHKIIMOHA, OIpEeACIIAEMbIN

JIMHEHHBIM OIEPaTropoM A .

MOo3KHO NMPOCTO 3alIOMHUTH JAHHBIN TEPMHUH. A CMBICH 3TUX CJIOB — Takoil. bununen-
HOCTb — 3TO JIMHEWHOCTB MO KaXXTOMY U3 ABYX apTyMEHTOB.

bununenHOCTD:
O(u,+u,,v) = O®(u,,v) + ®(u,,v),
O(ou,v) = ad(u,v);
O(u,v,+v,) = O(u,v,) + ®(u,v,),
dO(u,0v) = ad(u,v).

CrnoBom ke “QyHKIHoHAT 0003HAYArOTCA (DYHKIMH, Y KOTOPBIX apryMEHThI — BEKTOPBI,
a 3HAYEHUs — CKaJLIPBL

Wrtak, OuivHeRHbIH (QyHKIIMOHA OHO3HAYHO OMPEIeSSIeTCs IMHEWHBIM OMepaTopoM A .
Ho BepnO 1 oOpaTHoe.

B cuny (*) KOMIOHEHTHI omeparopa A — 5TO 3HAYEHHS COOTBETCTBYIO-
mero eMy OuimHeHOTro (PyHKITMOHAIAa Ha OA3UCHBIX BEKTOPAX:

a.. = CD(EI.,E].).

i
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Takum 00pa3oM, JIMHEHHBI ONepaTop M COOTBETCTBYIOLIHI eMy OwinHEHHbIH (QyHK-
LIOHAJI OJHO3HAYHO ONPENEISIIOT APYT ApyTa.

Ceiiuac y HaC BCe TOTOBO, 4TOOBI AaTh ONpenejeHne OMHON Ba)KHOM Oreparyy, KoTopas
NPUMEHUMA K JIMTHEWHBIM ONepaTopaM, 3aaHHbIM Ha €BKJIHUIOBOM BEKTOPHOM IPOCTPAHCTBE.

4. TpancnoHNpoBaHUe JTHHEITHBIX ONIEPATOPOB
Paccmorpum muHeiHbi omepatop C : X — X M COOTBETCTBYIOIHHA eMy
OunMHEHHBIA (PYHKIIMOHAT
®(u,v) = (u,Cv).
Uro Oyner, eciid OnepaTop MOCTaBHThL HE MPH BTOPOM, a IMPH MEPBOM COMHOXKHUTENE?

Me1 oy urM, BOOOIIe rOBOpsI, IPyroil OMIIMHEHHBIN (yHKINOHAJ, U IO IPUHSTHIM MPaBUIaM
OH OyZIET COOTBETCTBOBATh YK€ APYTOMY JIMHEHHOMY OMepaTopy.

— T
Omneparop C : X — X — TpaHCOOHWUPOBAHHBIN OMEPATOP /I OIeparopa

C, ecmmn
(i,C'v) = (Cu,v) Vuvox.
Jlna OunmHeRHBIX (PyHKITMOHAJIOB!
¥(a,v) = (i,C v) = (v,Ci) = ®O(v,u).

HHaue roBopsi, TPaHCIIOHUPOBAHHOMY OIEPAaTOpy OTBEYAaeT OMIIMHEWHBIN (byHKIHOHAI,
MOJTY YAKOLIUICA U3 UCXOOHOTO IIPH NEPECTAHOBKE apryMEHTOB.

Il

JlaHHOE ompeneneHne, BO3MOXKHO, KOKETCA NOCTaTOUHO “XxuTtpeiM”. Ho B KOMmoHeHTax
BCE MPOCTO:

¢, = (€,C €) = (Ce,¥

) = (€,Ce) = c,.

J? ji

3Hauur:

(*) CiTj = Cji

—~T T
Crnesa crosit komnoHeHTs! oneparopa C ', T.e. ainemenTs! ero mMarpuusl C , a cnpasa —
KOMITIOHEHTbBI UCXOOHOI'0 oneparopa C, T.C. 3JIEMCHTBI €0 MaTpPHIbI C Ho HUHACKCHI CTOAT B
Pa3JIMYHOM TMOPSIZIKE.

CHOBaMI/I 5TO BpraSI/ITb MOJKHO Tak.

TpaHCcnOHUPOBATL MATPHILY — IOMEHATH CTPOKU M CTOJIOLBI MECTAMMU.
T T — T —_—

Ewe pazmomenssem [ (C ) = C; spaumr,u (C ) = C.

ITocnennee BeITEKAeT U3 HAIWYUS B3aUMHO OJHO3HAYHOTO COOTBETCTBUS MEXAY OmNepa-
TOpPaMH U MaTPULAMH.

Tonmbko 4TO MBI OOOCHOBAJIM Ba)KHOE CBOWMCTBO OIEPAIMK TPAHCIIOHUPOBAHUS. €€ TIO-
BTOPHOE IIPUMEHEHUE BO3BPALIAECT HAC K UCXOLHOMY OIEPaToOpPy.
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Hanee:

W3 dopmynbl (*) a1 KOMIIOHEHT TPAHCIIOHUPOBAHHOT'O OIlepaTropa Ciemy-
€T, UTO JJIs JJF0OO0T0 JIMHEWHOTO OTiepaTopa TPAaHCIIOHUPOBAHHBINA OMEPaTop CyIIle-
CTBYET U €TUHCTBEHEH.

B camom nere, mo Marpuue JaHHOTO omeparopa Mel 0e3 Tpyaa CTPOUM TPaHCIIOHHPO-
BaHHYIO MAaTPHIly, COOTBETCTBYIOLIMIA €ii orepaTop U OyaeT HCKOMBIM.

A U3 Halero nepBOHAYAJIbHOTO OMPENEeeHUs] CYIECTBOBAHHE U €IMHCTBEHHOCTh HETO-
CPEINCTBEHHO YBUETh TPy AHO. OnHAKO paboTaTh C TUM ONpPEneIeHHEM MPOCTO.

Uro0Bl MONPAKTHKOBATLCS B Pa0OTE C NAHHBIM ONpENeNIeHHeM, MOCMOTPUM, KaK MOXKHO
MPOTPAaHCIIOHUPOBATh MPOU3BEIEHUE ONEPATOPOB.

C =CC, 0o (Cuv) = (C,C,u,v) =
= (C,u,C,v) = (u,C,C,v).
C T
Hraxk,
LCl Cz ) = CzT
C

1

Pasymeercs, o TOMy ke NpaBUly TPAHCIIOHUPYETCS U MPOU3BEAECHUE MATPULL.

Omnupasice Ha ONpefeJcHUEe TPAHCIOHHMPOBAHHOIO ONEPAaTOpa, PAacCMOTPHM BaKHBIE
KJIACChl JIMHEHHBIX ONEPaTOPOB.

Omneparop S: X — X — cuMMeTpUYHBIH, €CITH

(a,Sv) = (Su.v) va,vioXx.

Htak, cCUMMETpPUUHBIN OnepaTrop MOXKHO MepeOpOCHTh C OIHOTO COMHOKUTENS CKaJIsip-
HOT'O MPOM3BEACHUS Ha APYToi O€3 TPAHCIIOHUPOBAHUSI.

B obmem xe ciaydae
-_— — — — T —
(Su,v) = (u,S v).
C Y4YE€TOM 3TOTO ONPEACTICHUE CUMMETPUYIHOIO ONepaTopa MOXKHO 3arCaTh MHAYEC.

Wnas dopma omnpeneneHus:

S =8§.

B komnouneHTax:
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Takum o6pa30M, MPUMCHUTECIIBHO K MaTpUulam CBOICTBO CUMMETPUYIHOCTU MOXKHO BbI-
Ppa3uTb Tak: CAMMETPHUYHAA MaTpUulla HEC MCHACTCA, €CJIU IOMCHATL €€ CTPOKU U CTOJ'I6LUJI MEC-
TaMH.

A Tenepb pacCMOTPUM APYTOH BaXKHbIH KJIACC JTMHENHHBIX ONEPaTOPOB.

Oneparop A : X — X — aHTUCHMMETPHUYHBIH, €CITH

(u,Av) = - (AU, V) Va,viox.

Hrtak, npu nepebpacblBAHUN aHTUCUMMETPUYHOTO OIEPaTopa € OJHOTO COMHOMKUTEIS
CKaJIIPHOTO IIPOMU3BEIEHNUs HA APYrol MOSBJISIETCS 3HAK “MHHYC .

Crano ObITh, B 3TOM Clly4ae poOJb TPAHCIOHHUPOBAHHOIO onepatopa OyaeT urparb Hc-
XOJIHBIN OMepaTop, HO C U3MEHEHHBIM 3HAKOM.

Wnas popma onpeneneHust:

B kxomnoHeHTax;

O6paTI/IMC$[ TENEPDb K MEXAHUKE U MOCMOTPUM, I'I€ UMEHHO B MEXAHUKE Mbl (I)aKTI/I"IeCKI/I
CTAJIKUBAEMCs C AHTUCUMMETPHUYIHBIMU JINHEMHBIMU oneparopamMu.

5. Onepatop MmomMeHTa
Hpeﬁ(z[e 4Y€M JaThb ONpPEACJICHUE Oreparopa MOMCHTA, pacCMOTPUM BaKHOEC CBOP'ICTBO,
cenudpIHOE I AHTHCHMMETPUYHBIX OIEPaTOPOB B TPEXMEPHOM IPOCTPAHCTBE.

Teopema. B mpexmeprnom €BKIMIAOBOM BEKTOPHOM TMPOCTPAHCTBE Cy-

MECTBYECT B3aMMHO OAHO3HAYHOC COOTBETCTBUC MCIKIAY BCKTOpAMH W AHTH-

— — =< T e
CHMMETPHYHBIMHU OrepaTtopamMu: a <> A = a, A = — A . [lpu stom:
t_

rajodka

VAT Au = [a,u]

Omneparop A 1m0 BEKTOPY A HaXOIMTCS OAHO3HA4YHO. I[Ipome-
PUM, UTO OH — JIMHEWHBIA U aHTUCUMMETPHAYHBIN.

JIMHEMHOCTD:
A(u+v) = [a,a+v] =

= [a,a] +[a,v] = Au+ AV,
A(au) = [a,0u] = af[a,0] = aAT.
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AHTHCHMMETPUYHOCTL: ecd 1, J, K — BekTopsl npasoeo op-
TOHOPMHPOBAHHOTO 0a3uca, TO

i J Kk
v=[aual o v=|a a a =
AG ue U, U,
x = Gy U, - a,u, -a, a,
N y - a,u, — a,u, 0 A = a, 0 —ay ’
V, = a U, - d,u, -a, a, 0
A" = -4,

ToaBpKO YTO MBI MOJYYWIN BBIPAKEHUE JJII MATPULIBI AHTUCHIMMETPHYHOTO
orepaTtopa, KOTOPBIM CTABUTCS B COOTBETCTBME BEKTOPY a. BoT — cxema, Mo
KOTOPOH yIOOHO CTPOHTH 3Ty MATPHILL

TpeyronbHUK:

\ X J

Tenepb Mbl NOKa3aJil BCC YTBEPXKACHUA TCOPEMbL, KPOME TOIrO, YTO JaHHOEC
COOTBETCTBHE SIBJIIETCSI B3aUMHO OHO3HAa4YHLIM. HoO 3T0 — coBCeM MpocCToO.

o — =T,
B3aumHas 0QHO3HAYHOCTh: BCAKHU omeparop A = — A uMeer
marpuity A ykazaHHOro Buma. IlosToMy BEeKTOp @ MmO A HaxoauTcs
OJTHO3HAYHO.

Caencreue 1. a u [] U, Tak kak [i_l,l_l] ] u.

HeﬁCTBHTeHbHO, BeKTOpHoe HpOI/IBBeI[eHI/Ie nepneHnHKyns{pHo K&)K,Z[OMy U3 COMHOXUTEC-
JIen.

Caexcrue?2. au =0 [0 U@, takkak [a,u] =0 OO
ulla.

JIeHCTBUTENIBHO, BEKTOPHOE MPOU3BENEHHE 00paInaeTcst B HyJlb TOTZA U TOJBKO TOTNA,
KOTJIa BEKTOPBI MapaJuIeSIbHbI.
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SaMeTI/IM, YTO YCTAHOBJICHHOC COOTBETCTBUE MEXKAY BCKTOpAaMU U aHTUCUMMETPUYIHBIMU
orneparopaMu Ja€T HaM €11€ OAUH CIIOCO0 BBIYHCISITD BEKTOPHOC MPOU3BCACHUE. I[OCTaTOLIHO

YMHOXKHUTB CTONOEL KOMIIOHEHT BTOPOTO BEKTOpPa Ha MAaTpULy A, TOCTPOSHHYIO M3 KOMIIOHEHT
MIEPBOTO BEKTOpA IO “NPaBIITy TPEYTOJNbHUKA .

IIpu 4nCIOBBIX BBIKJIAAKAX, MPOM3BOAMMBIX “Ha pykax’, 3TOT CHOCOO He jydine oObu-
HOTO crocoba BBIUMCIIEHHS BEKTOPHOro npomsseneHus. Ho mpu OyKBEHHBIX BBIKIAQAKAX HWIIH
MPYMEHUTEIbHO K aBTOMATU3aLlMN BEIYHCICHUN Ha KOMIIBIOTEPE TEXHHKA Iepexoia OT BEKTO-
POB K aHTHUCUMMETPHUYHBIM OMepaTopaM U oOpaTHO ymoOHa.

HTaK, YMHOXEHUE BEKTOPOB HAa aHTUCUMMETPUYHBIC ONIEPATOPbl — SKBUBAJICHT OICpa-
LU BEKTOPHOI'O MPOU3BEACHUSL.

A B MEXaHUKE BEKTOPHBbIE MPOM3BENCHUs MCIOJB3YIOTCS BechMa 4acto. Hampumep,
BEKTOPHOE YMHOK€HHE Ha PajuyC-BEKTOP TOUKHU IPUJIOKEHHUS CBA3AHHOIO BEKTOpa AAET HaM
MOMEHT 3TOT0 BEKTOpa OTHOCHUTEJIBHO IMONIOCA.

ITycts Touka O — momoc, U — BEKTOP, MPHIOXKEHHBINH B Touke A . Torma

M, (i) = [F,,,u] = F,, 0

BOT MBI ¥ IPUIIIH K TOHATHIO, KOTOPOE (PUTYypPHPOBAIIO B 3ar0JIOBKE JAHHOTO Iy HKTA.

OnepaTop MOMEHTa — aHTHCHMMETPUYHBIN oneparop F , (O — momoc, A
— TOYKA MPUIIOKECHHUA).

Vka3aHHBIE 1B€ TOUKM OJHO3HAYHO ONPEAENSIOT NAaHHBIN aHTHCUMMETPUYHBIA omepa-
TOP.

3ameTuM, 4TO MBI Kak JUIsl pailyC-BEKTOPa, TaK U IJIsl ONlepaTopa MOMEHTa HMCIIOJIb30Ba-
JH TIOJTHBIE 00O3HAYEHUs, KOTJa YKa3aHel 00e yIOMSIHYTbIe TOUKUA. YacTo MOJB3YIOTCS COKpa-
IIEHHBIMA 00O3HAYEHHSMH, B KOTOPBIX MOIOC HE YKa3bIBAIOT, a OAPA3yMEBAIOT.

Hanpumep, 1uis MOMEHTA CHITBI, TPUJIOKEHHOM K MaTtepuaibHoi Touke M, ,
W IJI1 MOMEHTA KOJIMYECTBA ABMXKEHHS 3TOW TOUKHA UMEEM:

E0v = 1\_/[O(Fv) = [FV’FV] - T,F

K,, = Mo(

v) = [rv>Qv] = 1,Q,;
spece ¥y, = Ty W Q,=myv,.
B oTHX mpumepax orepaTtop MOMeHTa O0ecrevHBaeT albTepPHATHBHYIO (OpPMYy 3aImcH

IUIl BEKTOPHBIX MPOU3BEACHUN. A B CIEAYIOLIEM MyHKTE MbI C €ro MOMOLIBIO OINpPEeNUM HO-
BbI JJUHEHHBIN ONepaTop.
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6. OnepaTop HHEPIMHU MATEPHATILHONH TOUKH U €ro KOMIIOHEHTbI

ITycte E — ycnoBHO Henmoasmxkuaas CO. PaccMOTpHM MarepHaabHYIO TOY-

Ky P ¢ Maccoii m, IBHXYIIYIOCS BMECTE ¢ KaKOH-JIMOO MOABUMKHOM CHCTEMOM OT-
*
cuera E .

Takum 06pa3om, naHHas MaTepuaibHas TOYKa HEMONBHKHA B cucTeme oTcueta E *; a mo
OTHOIIEHHIO K YCJIOBHO HEMOBHKHON CUCTEME OTCUETa TOUKa P JBIIKETCS.

£
[lycts A — mpowm3BoibHAs TOUKa cucTeMbl oTcueta E ; paccmorpum aBu-
’keHre TOUKU P OTHOCHTENIbHO momoca A .

Korpa mMbl onpenessiin NOHSATHE OTHOCHTEIBHOTO KHHETHYECKOTO MOMEHTA, MBI YK€ ro-
BOPUJIM O TOM, UTO TAKOE “‘IBMJKEHHE OTHOCUTEIBHO TOUKK . JlaBaiiTe BCIIOMHUM 3TO.
3ameuanune. Peub maeT O JBMXKEHHMH TOYKHM P OTHOCHTEIHHO HEBpAIIAKO-
~ ! ~
mietics CO E |, apmkyineiicst BMeCTe ¢ IMOIIOCOM A .

310 — BakHOE 3aMeuyaHue. Y HAc €CTh YK€ JIBE CHCTEMbI OTCUYETA: YCJIIOBHO HEIOIBHK-
Hasg E u monsmwxHas E ¥, J[BukeHHe TOUKH OTHOCHTENBHO MEPBOI M3 HUX — 3TO a0COMOTHOE
JBWKEHHE, OTHOCHTENIbHO BTOPOW TOYKAa MOKOWTCS. Tak 4ro Oe3 BBENEHUS TPEThEH CHUCTEMBI
orcuera He OOOUTHCH.

ITocne Takoro yTOYHEHHs IBUHEMCS JAajblle. 3amnuiieM, 4TO Mbl coOupaemcsi ceiiuac
CHCJIATb.

BbipasuM MOMEHT KOJIMYeCTBA OTHOCHUTEIILHOTO JBFMOKECHHS TOUkH P uepes
T o *
yraoByio ckopocts L momsmkaoit CO E .

== OTH —_— —_— —_— —_— —_—
K, = [rAP>mVPOTH] = mT,, (V,—V,);
[ —
VP_VA

311€Ch Vp UV, — abCOIOTHBIE CKOPOCTH TOueK P u A.

OGe >Tu TOUKM NPHUHAINEKAT ONHON M TOMH ke MOMBMKHOH cucTeme orcuera E *. Kak
W3BECTHO U3 KMHEMATHUKH, a0COIOTHBIE CKOPOCTH TaKUX JIBYX TOYEK JOJIKHBI yAOBJIETBOPSITH
hopmy e Diinepa.

[To dopmyne Diinepa:

Vp = VA""[D:rAP] = VA_[rApalj] =
_ - = _ _T =
=v,-r,0=yv, +r,0
_ T —
(B CHUTy aHTHCUMMETPHUYHOCTHU ONEPATOPa MOMEHTA T ,, = — T ).
Hrak,
3> OTH —_ _ T =

Hckomoe BeIpakeHU€ MOAy4Y€HO. Mbl BUIUM, YTO MOMEHT KOJUYECTBA OTHOCUTEIBHOIO
IBIDKEHUS] TOUKH P paBeH MPOU3BENEHHUIO BEKTOPA YITIOBOM CKOPOCTU TOIBUKHON CHCTEMBI OT-
CUETa Ha HEKOTOPBIN JIMHEWHBIN OonepaTop.
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Otcrona — Takoe OMIPECACIICHUEC.

JInHeWHbIN onepaTop

— - T
J, = mY¥, 7,

HA3bIBAETCS OMEPATOPOM MHEPIWH (HMId TEH30POM HHEPIMH) MaTepHaIbHOM
TOUKH P OTHOCHTENBHO moroca A .

Bepxuuii MHIEKC 37€Ch B3AT B CKOOKH, YTOOBI M30€KATh MyTAHUIIBI ¢ TIOKA3aTeeM CTe-
[IEHH.

TepmuHbI “omepaTop MHEPUHUH U “TEH30p MHEPLUH SBJSIOTCS CHHOHMMamu. B Gonb-
HINHCTBE y‘{e6HI/IKOB TeOpeTPI‘ieCKOfI MCXaHUKH A0 HEAABHETO BPEMCHU MPCATNIOYUTANIN IMUCATD.
“TeH3op uHepuun . Tenepp Ha3BaHHUE “OnepaTop MHEPLUK YIOTPeOIsieTCs] BCe yalle.

IIpeanouTuTensHO TOBOPUTH “ONEPAaTOp MHEPLUWK . MBI BEb 3HAEM, YTO TaKOe JIMHEH-
HBIH onepaTop. A 4TO Takoe TeH30p?

OTO MOHATHE BBOOUTCA B meH30pnom ucuucienuu. OOCYXIEHUE TOro, 4TO 3TO TakKoe,

yBeJIO OBl HAC CIIMIIKOM JIaJIeKO B CTOPOHY. OTMedy JIHIlb, YTO MOHATHE TEH30Pa OXBATHIBAET
MHOTHE TIOHATHS! INHEHHOH anreOphl.

TeH30pbI: — CKaJIAPHI,

— BEKTOPHI;

JIMHEMHBIE ONEPATOPHI,

OnnTMHEHHBIC (PYHKITMOHAITHI

Ilog MHOrOTOUMEM 37IECh CKPBIBAETCS MHOKECTBO anreOpandeckux oObekToB. Hekoro-
pBIE U3 HUX UMEIOT CIIEIMAIbHBIC HA3BAHUS, IPYTHUe — HET.

ITosyunM MOKOMIIOHEHTHOE MPENCTaBICHUE ONEpaTOpa HHEPLUU MaTEPUAIbHOU TOUKH.

Ilycts AXyz — npOM3BOJIBHAS CHCTEMA KOOPAMHAT C HAYaJIOM B TOUKE A .

CnoBo “npon3BOSIbHAST” OTHOCHUTCSI K BBIOOPY OCEH, KOTOPBIE MOTYT ABHIAaThCS IPOH3-
BOJILHBIM 00pa3zoMm.

=) - T .
Martpunia onepatopa J, = mY,, T, B JaHHOW CHCTEME KOOPAMHAT

UMEET BUL
0 -z W 0 z -
» = m|z, 0 —x,| |2 0 x =

Yp X% O Yo —%p O
2 B
Yp+t2Zp = XpYVp = XpZp

— _ 2 2 _
= m YpXp Zp +Xp — Vp Zp

_ 2 2
Zp Xp ZpYp Z2p + Xp
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B omnpenenenun omneparopa MHEpUUU MaTE€PHANbHON TOYKH — MOAYEPKHEM BTO — pedb
UAET O MPOM3BOJbHOM mojroce. Ho moannHHOe MexaHuueckoe copeprkaHhe MOHATHE ONepaTo-
pa MHEePLUHMH MAaTePHAIBHOW TOYKM OOpeTaeT MpH CAENAaHHBIX HAMH B Hayajie MyHKTa MPEeAro-
JIOJKEHUSIX.

BeiBoa: ecu mMarepuasbHas Touka P IBHXKETCS BMECTE ¢ KaKOW-TH00 cuc-
temoii orcuera E ¥ u momocom A cnyskut omma 3 Touek 3ol CO, TO MOMEHT
KOJIMYECTBA OTHOCHTEIILHOTO JIBMIKEHUS TOUYKH P paBeH MPOM3BEACHUIO €€ Orepa-
TOpa MHEPLHUH Ha BEKTOP yriaosoii ckopoctn CO E ™

< < *
YacTHblii cayuaii: eciu OpuHAICKAIIad CUCTCMC OTCUCTA E " Ttouka A BO

BCE BpeMs IBMKeHHs coBnanaer ¢ Hekotopoi Toukoi O y.uH.CO E (cghepuueckoe

memwxerne CO E ™), to
= = ()

K, = J, O.

31ech yxe pedb UIeT O MOMEHTE KOJIMYECTBAa aOCOMIOMHO20 NBYDKEHUS MaTePUANbHON
touku. TepmuH “cheprueckoe OBIDKEHHE OOBSICHAETCS OYEHb MPOCTO. TPACKTOPUHU JIFOOBIX
TOYEK TOJBIDKHOM CHCTEMbI OTCHeTa (@ 3HAYUT, M TOYKH ) JiexaT Ha KOHIEHTPHYECKHX cde-
pax ¢ uenTpom B Touke 0.

7. Onepatop uHepuuu a0COIIOTHO TBEPAOI0 TeJa

B cuiny mpuHLMIAa MaTepHaNbHBIX YacTUI JHjIepa Mbl 3HAeM, YTO aOCONIOTHO TBEPIOE
TE€JIO MOXHO MOACIIHUPOBATH HEU3MEHSIEMOU CUCTEMOM MaTCpUAJIbHBIX TOYCK. C Hee U HAYHEM.

Paccmotpum memmensiemyro CMT { M, M,, ..,6 M, } . Bynewm cuwmrars,
YTO PACCTOSHUE MEKIY JIOOBIMU ABYMsI €€ TOUYKAaMH HE PAaBHO HYJIO (MHAYe WX
MOYHO OBIJIO OBl OOBETUHUTH B OJTHY ).

HamomHuM, 4TO CHCTeMa MaTepHaJIbHBIX TOYEK HA3bIBACTCS HEHU3MEHSEMOMH, eCH U3-3a
HAJIOXKEHHBIX Ha 3TH TOYKH CBsI3€il PACCTOSIHUSI MEXKAY JEOOBIMHU ABYMsI TOYKAMU CUCTEMBI OC-
TAOTCSI IOCTOSTHHBIMU.

UyTh MO3KEe MbI HAJIOKHM JOMOJHHUTEIbHbIE OTPAHUYEHHsI Ha OTHOCHTEJIbHOE PacroJo-
JKEHHE TOYEK CHUCTEMbI — C LIEJbI0 MCKIKOUYUTh HEKOTOpPbIE 0COObIe (BBIPOXKIAEHHBIE) CIyyaw.
IToroBopuMm ceiiuac kak pa3z 00 3TUX OCOOBIX ciy4asx. Bo-mepBbIX, 0OCOOBIM CllydaeM s Hac
SIBJISIETCSI CHCTEMA, COCTOSIIIASI U3 OIHOW-€IMHCTBEHHOW MaTepHabHOM Touku. OcoObIM Ciryda-
eM OyzaeM cuMTaTh U TaKOW CIyd4ai:

Ecmu n > 1 u Bce Toukm Hemsmensemoir CMT nexaT Ha OJXHOM TPAMOA,
T0 Takass CMT Ha3bIBaeTCs pOTATOPOM.

ITonATHe potaTopa BBOAUTCSA M MPUMEHUTENBHO K aDCOIIOTHO TBEPIBIM TEJIaM.
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B nenpepoiBHOM ciiyuae porarop — 510 ATT, mpeacrasistomniee coOoi
OECKOHEYHO TOHKHUH MPAMOM CTEPKEHD.

CnoBo “npsiMoii” O3Ha4yaeT: He M3OTHYTHIH. PakTHdecKu pedb uper o0 OTpe3Ke, BAONIb
KOTOPOTO Macca PachpeieeHa HEMPEPhIBHO.

Mel, kCTaTH, yXK€ 3aHUMAJHCh TAKOrO BUAA Te€JaMU U BBIYMCIUIM 3HAUYE€HHE MOMEHTA
VMHEPLUH OJHOPOIHOIO TOHKOI'O CTEPKHSI OTHOCHUTENIBHO OCH, MEPHEeHINKYJIIPHON CTEPKHIO U
NpOXOJsIIeH Yepe3 ero KoHell I yepes ero cepeauny. Ho B oOuieM ciiyuae Mbl OTHOCHJIM Ta-
KH€ TBepAbIE TeJla K IPeAeIbHbIM ClydasiM, KOTOPbIE €C/IU U PACCMaTPHBAIOTCS, TO — 0C000.

Takoe e orpaHMYeHHE Mbl HAJOXKHM CEHYac U HAa HEM3MEHAEMYIO CHCTEMy MaTepHallb-
HBIX TOYEK.

Janee npennonaraem, uto HemaMmeHsiemas CMT ue ceodumcs Kk 0HON TOU-
KE WJIM K poTatopy (T.e. B HEH MMEIOTCS TPH TOUYKH, HE JICKAIUE HA OTHOM Tpsi-
MO¥1).

J15ist uero Mbl TaKO€ IMPEATIONOKEHNE CaAeIann? A BOT Ui 4ero:

C takoit CMT MOKHO OJHO3HAYHO CBS3aTh CHCTeMy orcuera E ¥, B koTo-
poOil MaTepuabHbie TOYKUA OYyIyT HEMOABHKHBIMHU.

JlelCTBUTENBHO, TPU TOUKH, HE JISKAIINE Ha OJHOH OPsSMOH, ONPENENsIOT HEKOTOPYIO
IJIOCKOCTb. B »TOH MIOCKOCTH MOXKHO BbI6paTb KaKyr0-TU00 TOYKY M J[BE OCH, NpoXOasIIe
yepe3 3Ty TOUKY U B3aMMHO OPTOTOHANBbHBIE. TPEThI0 KOOPAMHATHYIO OCh MPOBENEM Yepe3 BhI-
OpaHHYIO0 TOYKY MEPNEeHAUKYJSPHO TIIOCKOCTH. BOT M MONy4HTCA CUCTEMa KOOPAWHAT, Ompe-
nensromas cucTeMy orcuera E ¥,

A BOT ¢ pOTaTOPOM OFHO3HAYHO CBA3aTh TAKYIO CUCTEMY OTCUETa Henb3sl. Tam mmeercs
BCEro OJlHA MpsIMasi; €CJIU €€ B3ATb 3a OJHy U3 KOOPAUHATHBIX OCEH, TO JBE APyrHe OCU MOIYT C
TEUEHHEM BPEMEHU IPOU3BOJIBLHBIM 00pPa30M MOBOPAYMBATECS BOKPYT HEe.

Ho nanHbIi ciyyali MBI CEHYAC HE PaCCMAaTPUBAEM.

Hrtak, nnsd HEM3MEHSEMOH CHCTEMBl MaTEPHANBHBIX TOYEK, YIOBIETBOPAIOIIEH CAeNaH-
HOMY TPENIONIOKEHUIO, MBI MOKE€M TOBOPUTH O CBSI3aHHOH CHCTEME OTCUeTa — KakK MBI 3TO Jie-
JIa B KMHEMATHUKE TPUMEHHUTENbHO K aOCONIOTHO TBepaoMy Teny. [loHsThe CBsI3aHHOH cuc-
TEMbBI OTCUETA OYEHDb BAXKHO, U BOT IIOYEMY

B kuHemaTtnueckoM IiaHe m3ydeHHe NBYokeHUsA Hemsmensemo CMT (unm
-~ *
ATT) cBoautcs k m3yuenuro aprxenus cssannoit CO E .

JBIoKeHHe OJHOH CHCTeMbI OTCUETa OTHOCUTENIBHO APYrod B KMHEMAaTHKe ObLIO HCCIie-
JOBAHO JIOCTATOYHO TIOAPOOHO.

B nuHaMHUYECKOM TJIaHe Ba)KHYIO POJIb UIPAET TaKXKe pacrpeneneHre Macc. Hampumep,

B Cily4ae abCOJIOTHO TBEPOrO Tella OHO MOJHOCTHIO OMPEeNsieTCs] 3SHAUSHUSIMU TUIOTHOCTH Y —
CKaJIIPHON (YHKLMHK, BXOIAIIEH B ONMpEeAeNeHUE MaTepPHalbHOIO Tejla M ONpedeNeHHON st
0001 TOYKH HTOrO TEJIA.

HpI/IMeHI/ITeJ'[bHO K MaTepI/IaJ'H)H])IM TEJaM MbI OJ1d TOYECK TEJIa UCIIOJb30BaAJIN CUHOHUM:
“TenecHble Touku . Jlmst aOCOMFOTHO TBEPABIX TEJ MPHHATO MHOE CJIOBOYIOTpeONeHHe, KOTaa
5TH TOHsTHS paznudaroTcs. ChopMyupyeM BUIOU3MEHEHHOE OMpENeIeHUE TENECHONH TOYKH B
BUAC 3aMCUYaAHUS.
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3ameuanmue. /[ aOCOMOTHO TBEPIOTO TeNa (B OTIIMYHE OT ciaydas aedop-
MHUPYEMOTO MaTEPHUATBLHOTO Tella) TeJECHBIMU TOYKAMH HA3bIBAIOT J100ble TOU-

o £
KU CBsA3aHHOM ¢ nanubiM Tejiom CO E .

Ha npomioit nekimu Mbl ¢ BaMu BBIICHWIIM, YTO TaKO€ ONEPATOp MHEPLUU MaTepHUallb-
HOUM TOYKU U KaK OH TMPUMEHSACTC B 3a4a4€ BbIYUCICHUSA MOMECHTA KOJIMYECTBA ABUIKCHUA TOY-
xku. Ilocne 3TOro Mbl NPUCTYNMJIN K PACCMOTPEHMIO aHAJIOTMYHBIX BOIPOCOB IJIs1 HEM3MEHsIe-
MOW CHCTE€MbI MaT€PHAIbHBIX TOYEK U JJIs1 a0COIIOTHO TBEPAOTO TENA.

ITonyTHO OBUTA HECKOJIBKO M3MEHEHAa HCIOJIb3yeMasi TepMUHONorus. Eciy paHbpine Mbl
NOJIb30BAJIMCH TOHATHEM “TeJIeCHasl TOUKa KaK CHHOHHMMOM JUISl IOHATHUS “TOYKa MaTepPHaIbHO-
ro Tena’, TO Ternepb ObLIO JaHO OoJiee ObIee onpenencHue.

I/IMGHHO7 MbI YCJIOBHUJIMCH, YTO B CJIy4ac abCOJIOTHO TBEPAOro TCjia TCICCHBIMU TOUYKAMU
HAa3bIBAIOTCS J1100bl€ TOYKH CBSI3AHHOM C JaHHBIM TEJIOM CHUCTEMBbI OTCHETA.

B cooTBeTcTBUU C 3THM YTOYHEHHBIM OIPECACICHUCM, Jr00ast TOUKa Teja €CThb TEIECHAsI
TOYKa4, HO O6paTHOG HEBCPHO.

3auem Takoe 0000IIEHNE MOHATHUS TEJIECHOW TOUYKH nenaercsa’ Hampumep, mpencrassre
cebe omHOpOAHOE TBepAOe TeJo, uMeroliee Gopmy Oapanku (T.e. Topa). LlenTp Macc sToro ma-
TEPUATBHOTO TOPA HAXOAMUTCS B €0 T€OMETPUYECKOM LIEHTPE (TaMm, IZie AbIPKa), MO3TOMY OH HE
SIBJIIETCSI TOUKOH T€J1a, HO — C TOYKHU 3pCHUSA JAHHOTO OINPEACICHNA — SBJISICTCA TEJIECHOU TOU-
KOH.

JIBUKETCSI LIEHTP MAcC BMECTE C CAaMHM TeJIOM, U BEKTOP CKOPOCTH LIEHTpa Macc, eCiu
W3BECTHBI CKOPOCTD IMOJIIOCA U YIJIOBAsi CKOPOCTb, MOJKHO HAWTH MO TO# ke Gopmyie Ditnepa,
YTO U CKOPOCTh Tena. Takum oOpa3oM, B TUHAMHKE aOCOJIOTHO TBEPAOro Teja ¢opma Tena
0ONBLIOrO 3HAUEHHS HE UMEET.

B cBs131u ¢ 3THIM OTMETUM ele OaHO 00CTOATEILCTBO.

JIist TenecHBIX TOUeK, He ABsomuxcs ToukaMu ATT, 3HaUeHHE IIOTHOCTH
Y IPUHUMAETCS MO ONPEACIICHUIO PABHBIM HYJIIO.

BepHeMcs Tenepp K CIydar0 HEU3MEHSIEMON CHCTEMbI MAaTEPUATIBHBIX TOUYEK.

Ilycts A — TMpom3BONBHAA TOUKA CHCTeMBI oTcuera E ¥, cBA3aHHOM ¢ Hems-
mensemoit CMT.

Bripazum oTHOcUTENbHBIN KHHETHUYECKMA MOMEHT CMT OTHOCHTENBHO MO-

T o *
moca A uepes yriosyro ckopocts [ cesaszannoit CO E

[To onpenenennto,
= OTH __ == OTH - — OTH
KA = ZKAV - Z[rv:m v
v v

roe T, = T, — pamdyc-BeKTop Touku M,,, a V,)' " = V,— V,.

Ho TENCPb Mbl AJI1I MOMEHTa KOJIMYECTBA OTHOCHUTCIIBHOI'O ABUXKCHUA MaTepHaHbHOﬁ
TOYKHU UMEEM U NPYTOC BBIPAKCHUEC, CIIPABCATIUBOC IMPU CACIAHHBIX HAMU IMPEATIOTIOKCHUAX.

*
Tak kak Bce Touku M, u momoc A apwkytes Bmecte ¢ CO E ;) To:
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— OTH — OTH = (V)—
K, = ZKAV - Z , O,
v v
- (V) — T

Bexrop L] MOKHO cuuTaTh HaXOISIIHUMCS BHE CYMMBI, B KOTOPYIO, TaKMM 00pasom, Oy-
IyT BXOAUTH TOJBKO ONEpPaTopbl HHEPLHUH MaTEpHabHBIX TOYeK. ECTECTBEHHO BBECTH TaKOe
olpeeseHue:

Jluneiinbiii oneparop

— - T
JA = Z m,, x,, Yy
Vv

Ha3biBaeTcsl omepaTopoM uHepuuu CMT otHocuTenbHO ToONMOCa A OH paBeH

CyMME ONEPaTOPOB MHEPIIUU BCEX TOUECK CUCTEMBI.

B NMPUBEACHHOM ONPECACIICHUN Mbl HE TOBOPUIIM O TOM, YTO CUCTEMA MATCPUAJIBHBIX TO-
YeK HEU3MEHsIEMAsi, a IMOJIIOC 00s3aTENbHO SIBJISIETCS TOYKOM CBSI3aHHOHN CHCTEMBI OoTcuera. Ho
peabHOe MEXaHHMYECKOe CONepKaHNue MOHATHE OMepaTopa WHEPLHH MPUoOpeTaeT MpH CaeNaH-
HBIX HAMH BBILIE MPEANONOKEHUSIX.

BeiBoa: oTHOCHTENBHBIN KHHETHUECKHH MOMeEHT Hem3dmensemoir CMT ort-
HOCHUTEIIbHO KaKoW-Tn00 Touku cBsa3aHHOW ¢ Hed CO, B3SITOM 3a MOJIOC, PaBEH
MPOU3BEACHUIO OTIEPATOPAa MHEPIIUH OTHOCUTEIBHO ATOTO TMOJI0CAa HA BEKTOP YT-
J0Bo# ckopoctu nanHo# CO:

Kak u BCAKMI JTMHEWHBII orepaTop, onepaTtop MHEPLUUH NpeodpasyeT BEKTOPhI B BEKTO-
pBL. A BEKTOp YIJIOBOH CKOPOCTH OH IpeoOpasyerT B BEKTOP OTHOCHTEJIbHOTO KMHETHYECKOTO
MOMEHTa.

BHOBP mopdepkHEM CMBICH, KAKOW HUMEIOT CJIOBA “OTHOCUTENIbHbBIN KUHETHUECKUH MO-
MEHT .

o '
Peus uaer 06 ornocurensHoMm asmxennn CMT B Heppararoteiics CO E |
JIBFDKYIIIEHCST BMECTE C TTOJFOCOM A .

BCC7 YTO MbI TOBOPUJIN O HEU3MEHsIEMOIl CHCTEME MaT€pPUAJIbHBIX TOYCK, MOXKET OBITH
NEPEHECCHO — MO U3BCCTHBIM HaM IIpaBUJIaM — W Ha CJ'Iy‘Iaﬁ a0COIIIOTHO TBEPOOro TEa.

Caencreue. OtHOocuTenbHb kuHeTHYeCKHit MoMeHT ATT oTtHOCHTETHHO
MPOU3BOJILHOM mesechoti TOUkn A, B3ATOMN 3a MOJIOC, PaBEH MPOU3BEACHHIO OIle-
paropa WHEPIMK OTHOCHTEILHO TOTO MOJiFoca Ha Bekrop LlyrioBoii ckopocTH Te-
na:
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®opmMysa 5Ta UMEET TOT >K€ CAMBbIi BUJ, YTO U JJI1 HEU3MEHAEMON CUCTEMbl MaTepUaJIb-
HbIX Touek. Ho, cTporo rosops, ¢urypupymouye B Heil BEIMYHHBI ONPENENAIOTCA HECKOIBKO
HHaYe.

OtHOCUTENBHBIN KHHETUYECKU MOMEHT ATT:

K:;TH _ f[f,VOTH]'YdV J'FVOTH,YdV’
V

14

onepatop unepuun ATT:
— _ =T
J, = jr r ydr.
4
3mech T — paalyc-BEKTOP TOUKHM Tela OTHOCHTENbHO momoca A, V O =
V — V, — BEKTOp €€ OTHOCHUTEIHBHOM CKOPOCTH.

Hnrerpan G6epercst mo obbeMy, 3aHUMaeMOMy TBEPIbIM TEJIOM. Brpouem, eciu y4uecTs,
YTO B OCTAJIBHBIX TOYKAX CBA3aHHOM CHCTEMbI OTCHYETA IUIOTHOCTh Y TeIepb OMpEAeNeHa U TOX-
IEeCTBEHHO PaBHA HYJIIO, MHTErPHPOBAHUE MOKHO BECTH IO BCEMy MPOCTPAHCTBY (MHOTAA 3TO
ObIBAET yA00HEe).

PaccmoTpuM eme 4YacTHBIA ciydail MOJTy4YeHHOH HamMu (POpMyJIbl Uil KMHETHYECKOTO
MOMeHTa. [y onpeneneHHOCTH, NpuBeneM (opMyIUpOBKy ISl Ciydast aOCONFOTHO TBEPIOTO
Tena.

YacTHBIHA CJIydaii: €Cjid OJIHA U3 TEJIIECHBIX TOUECK BO BCE BPCMA ABHIKCHUA

coBnagaer ¢ Hekotopoit Toukoit O y.u.CO E (cepuyeckoe mpmxenne CO E ™),

TO
K, = J,00.
3,/:[er YK€ ABUXKCHHUE ABJIACTCA a6COJ'II'0THbIM, " p€Yb UACT NPOCTO O KUHETHYCCKOM MO-

MEHTE TBECPAOIro Tejia OTHOCUTECIIbHO HeHOHBI/DKHOﬁ TOYKH.

PaccmoTpuM Teneps KOMITOHEHTHI OTepaTopa MHEPLUUH a0COMIOTHO TBEepHoro tena. s
NPOCTOTHI 00O03HAUeHWH OyIeM MOIEeIUPOBaTh €ro HEM3MEHSIEeMOW CHUCTEMOW MaTepHalbHBIX
TOUEK.

8. MoMeHTBHI HHEPIHHU U UX CBOHCTBA

Beemem cnenyrommue 0003HAUEHWs JUIA DJIEMEHTOB MATPHIBI OINeparopa
uHepiwn J , Hemamensemoit CMT (wmua ATT):

[xx _[xy _[xz
Axyz
" = Ly Ly =1y,
[Zx _[zy [ZZ
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Axyz
TO I JUArOHAJIbHBIX 3JICMCHTOB MAaTPHUIILI I % HUMCCM

[xx va(yvz_i'z\%)’
v

L, >om, (z2+x2),
v

L, = 2m, (xp+3y).
v

D10 — oceBbie MoMeHThI nHepiu CMT (wmm ATT); Bnepsbie 3T Benn-

yuHbl paccMmatpusan [roiirenc B 1673 r.

['toiirenc, Xpuctuan (1629 —1695) — rommanackwii MexaHUK, (PU3HMK U ac-
TPOHOM.

Ponb 3TOrO0 yUeHOro B pa3BUTUM MEXaHHKH BECbMa BelIMKA. B "acTHOCTH, OH m300pen
MEXaHUYeCKHe Yachl C MassTHUKOM. Pa3pabaThiBas ux Teoputo, [ TolreHc BepBbIe PeIlu 3aaa-
4y O IBMXKEHUH (PU3MYECKOro MasiTHUKA — IO CYLIECTBY, MEPBYIO aKKyPATHO PEIISHHYIO 3a1a4y
AWUHAMUKU TBEPAOIO TEA.

D10 OBUIO BECbMa HEMPOCTO, MOCKOJBKY B TO BpEeMsl €llle He ObLIO M3BECTHO HHU OOIIMX
TEOpeM NUHAMUKHU, HU Aaxe camux 3akoHOB Hrerotona. Ilostomy I'roiireHc paccysknan uHaue,
YeM 3TO AeJIaeTCsi ceiiuac: OH UCXOAMJI U3 CPOPMYJIMPOBAHHOIO UM MPUHIIMIA, KOTOPBIA C CO-
BpeMeHHOﬁ TOYKU 3PEHUA HABJLCTCA YaCTHBIM CJIyda€M 3dKOHa COXPaHCHUA MeXaHUYECKON
SHEPTHH.

Hukaxoro Ha3zBaHus Ay MOMEHTOB uHepuuH [rofireHC He BBOIWJI, TEPMHH ‘MOMEHT
MHepUHMK TPEUIOKWIT DHIep CeMbAECAT C JIMLIHUM JieT ciycts (B 1749 r).

JUtst B3SATBIX €O 3HAKOM “MHWHYC~ BHEIMATOHAIBHBIX SJIEMEHTOB MAaTPHIIHI
Axyz
I umeem:

]xy - [yx ;mvxvy\m

Iyz - [zy - vayv Zy
v
I, = I, = )3 m,, zy Xx,, .

010 — HeHTPOoOe:kHbIe MOMeHThI HHepuuu CMT (wmu ATT).

ITonsitrie 0 HeHTPOOEIKHBIX MOMEHTAX MHEPLHH MOSBUIOCH HE BO BpeMeHa | toiireHca, a
3HAYUTENLHO Mo3ke. MbI 00 3TOM OyaeM roBOPUTH MO3THEE.

A ceifuac pacCMOTPHUM HEKOTOpbIE CBOMCTBA MOMEHTOB HHEPIIHH.
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U3 BrIpaskeHUi AJi1 MOMEHTOB MHEPLUU Mbl BUAMM, YTO MAaTpPHULA ONEpPaTopa WHEPLHH
sIBJsIeTCA cUMMeTpudHON. OOHAKO He BCAKAas CHMMETPHYHAs MAaTPHULa MOXET CIYKHTb MaTpu-
Lieli onepaTopa MHEPLUHU TBEPAOrO Tefa.

HMeHHO, CIIPaBCAJIMBO TAKOE CBOMCTBO OCEBBLIX MOMEHTOB WHEPLHNH.

CaoiictBo 1. OceBble MOMEHTHI MHEPLIMA HEOTPULATENIbHBI, MPUYEM MO-

MEHT WHEPIMHA OTHOCHTEIBHO OCcH oOpammaercs B Hyiab [ Bce Toukn CMT (wm
ATT) nexar Ha HaHHOW OcH (@ 3TO 3aBEIOMO HEBO3MOXKHO, €CJIM CHUCTEMa HE
CBOJUTCS K OJHON TOYKE MJIU K POTaTopy).

B camowm nerne:
_ 2 2
I, = >m,(y +z;) = 0;
v

[,=0 0O Vvy,=2z,=0.

XX

CroiicTBO 2. )15 OCEBBIX MOMEHTOB MHEPIIUH BBIMOJIHSIOTCS HEpPABeHCmsed

mpeyeonbHUKd.
[xx S [yy b [zz >
[yy < I +1,,

IZZ < IxJC + [yy ;
HEPABEHCTBO OOpaIaeTcs B PaBEHCTBO [] BCE TOUKH JIXkKaT B JAHHOW KOOPIH-
HATHOU MJIOCKOCTH.

Haneroch, moHSTHO, 4TO O3Ha4aeT “B AaHHOW ? Pedub MOeT O MIOCKOCTH, KOTOpas ornpe-
JIENSETCs] MHASKCAMH, CTOSIIUMH B MPaBOW 4aCTU HepaBeHCTBa. JlokakeM — st OnpeneseHHO-
CTH — MOCJIEIHEE U3 HEPABEHCTB.

Tak,

Lot Dy = NmGFezd) + S, (Fex]) =
v v

2omy (xy+y) + 23 myz, =
v v

L,+2Ymz: > I_;
v

zz zz

paBeHCTBO — jumib ecan Vv z, = 0.

Takum 06pa3oM, B 3TOM TOCJIENHEM CIIyHYae TEJIO CBOAUTCS K OECKOHEYHO TOHKOM IIO-
CKOIi urype, nexaieil B mockoctu OX) .

CaoiicTtBO 3. Ecim cucteMa TOUYEK WIN TEJNO XapaKTePU3YETCA Mamepudib-
HOU_cummempueti OTHOCHTEIHPHO KOOPAWHATHOW OCH (WJIM TUIOCKOCTH), TO JBa

HEHTPOOCSIKHBIX MOMEHTA HHEPITUH U3 TPEX PaBHBI HYIIIO.
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CrnoBa “maTtepuanbHasi CUMMETPHUST O3HAYaIOT, YTO CUMMETPHsI PacCHpOCTPAHSETCS He
TOJIbKO Ha PACIOJIO’KEHHE TOYeK, HO W Ha pacmperneneHue macc. Kakue MMEHHO MOMEHTBI
WHEpLMK 00paIaroTcs B HyJib, Oy/1eT BUAHO U3 MPUMEpA.

Tak, nycts och cummerpun — Oz (miockocts cummerpun — Oxy). Toraa
KaxXHoi Touke M, OTBewaeT cummeTpuuHas Touka M, ¢ TOH xe

MaCCOW ¥ TaKUMH KOOpAHHATaMHU:

0Chb IUTOCKOCTb
X, = X, X, = X,
Yu = =Wy Yu = Wy
Zy, = Zy z, = —2z,

B dopmynax I, = > m,z, X, u = Y. m,y, z, COOTBETCT-
v v

BYIOLIME CIIAraeMbIe MONAapHO cokpawmaotes, Tak 4ro I, = 0 u [, = 0.

Tenepb HUCHOJIB3YyEM OTH CBOMCTBA IJist BBIMUCJIICHUS MOMEHTOB HHEPLUUN KOHKPETHBIX
TEJI.

9. Oneparop UHEPUHH OAHOPOJIHOT0 TOHKOI0 JUCKA

Peub nofiner daktuueckn o OeckoHeYHO TOHKOM aucke. OH mpexacrasiser coOOH mIo-
CKy1o purypy (a UMEHHO — KpPyT) C OIHOPOIHBIM pachpenesieHHeM Macc.

Boruncnenus GyneM MpoBOAUTE B CHELMAIBHO BHIOPAaHHON cucteMe koopauHat. Ocu ee
— 4TO0BI HE MyTaTh C OCSMH OCHOBHOH CHCTEMBI KOOpAMHAT — OyaeM o0o3HauaTh OykBaMu &
N, { (uMeHHO Takue 0003HAUEHHs UCTIONB3YIOTCsI B pacuere [1-6).

CHauaja MbI BBIYUCIUM orepaTop MHEPLUUU HE NHCKA, a KOJibLa.

Caspxem ¢ rieHTpoM Mace C' 00HOpoOH020 monko20 koivyd pamayca R ocu

C&,Cn, CC, coBmectuB iockocth C'EMN € MIOCKOCTHIO KOJbIIA.

Cpasy ke 3ameTum:

Ocu sBISIOTCS OCSMM MaTepuanbHOl cummerpun O [, = [ . =
=1, =0.

MBI HCTIONBE30BANH CBOHCTBO 3 ° MOMEHTOB MHEPIIMH.

Taxum 00pa3oM, ¢ HEHTPOOEKHBIMH MOMEHTAMU MHEPLUUH MbI pa3o0painch. Bbrucie-
HUE OCEBBIX MOMEHTOB MHEPIIMH HAYHEM C MOMEHTA WHEPLUH OTHOCUTENbHO ocH (.

_ 22y 2 2
I = 2Xm, (&,+ny) = >Xm,R° = mR".
v v
HpeX(,L[e €M ABUIaTbCs AaJIbIIC€, BCIIOMHUM, YTO BMCCTO MOMEHTA MHEPLUU 4HaCTO UC-
TOJIb3y€TCS Palny C MHEPLIUH.

3aMeTHuM, 4TO [CC = mQ 2 0O O = R, T.e. 11 TOHKOrO KOJIbIIA pa-
JMYC WHEPITMH PaBEH PaanyCy KOJbIa.
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JBa Apyrux OCeBbIX MOMEHTA MHEPLUM MPOLLE BCErO HANWTHU W3 HEPABEHCTBA TPEYIrOJb-
HHMKa, KOTOPOE B IAHHOM Clly4ae 0oOpaIaeTcsi B PaBEHCTBO.

Bce Touku nexar B mmockoctd CEN [0 HepaBEHCTBO TPEYTOJbHUKA 00-
pariaercs B paBeHCTBO:
I R?
4 m
— =+ = = —_—= = —
Ig = L+ Ly O I = Ly = 5 >
MBI BOCIIOIB30BANHCH CBOMCTBOM 2° MOMEHTOB MHEpLMH. B CHIy CUMMETPHH KOJbLA
PaBEHCTBO MOMEHTOB HHepLwH [ £g I/I]nn IpYT OPYTY SIBJSIETCS] OYEBUIHBIM.

Hrak, mis koabna

JCame _ mR*
2

o © =

0 0
1 0
0 2

ManI/IL[a OorepaTopa MHEPUHU KOJIbLida BBIMUCJICHA ITOJTHOCTBIO.

HepeXO):[I/IM K CJiy4daro JHCKa.

Tenepp TakuM ke 00pa3oM CBSDKEM KOOPIWHATHBIE OCH C IIEHTPOM Mace
OOHOPOOHO20 MOHKO20 OUCKA.

BHOBB 3aliMeMCsl BEIUHCIEHHEM OCEBOIO MOMEHTA HUHEpUUH ICC .

Pazo6beM IHCK Ha /1 3]IEMEHTAPHBIX KOJIEI ¢ PAJMyCaMu 7; W IMPH-
Hoii Ar:

n
Fi
¢ 2
Ar
m m
ECHI/I 'Y = E = _RZ — MaccCa, OTHCCCHHAA K CAUHUIIC IIOIAIn
o

JMCKa, TO Macca Koybila OyaeT

Am, = y-AS; = v-2znr,Ar.
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3n1eck MBI, UMes B BUAy HOCIEAYIOIINH Iepexo K Ipeneny, NpeHedperaeM ciaraeMbIMH,
GECKOHEYHO MaJIbIMHU TI0 CPaBHEHHIO ¢ A7 .

B cuny dopmyner [ cent > []_Cénc AMEEM:
J

()
I, = JZ[CC = JZAmjrjz = 2ny]er3Ar.
IIpn n — oo momyvaem:
R

4 4 2
I = 2nyjr3dr = 2nyR— = m_ R UE
0

4 T ThrR2 2 T 2

I/ITaI(, MOMCHT MHCPLUUHN OUCKA ITOJYYa€TCsa B IBa pada MEHBIIUM, Y€M Yy TOHKOI'O KOJIbLa
C TEM K€ PaJHNyCOM.

R
3ametnm, uto [ = mo?,0 = ——, T.e. W QUCKA PATAYC
\2
MHEPIUK PABEH PaldyCy IUCKA, JCTCHHOMY Ha /2 .

BpranciaeHue oCTaJIbHBIX MOMEHTOB HHCPpUOUU MPOUCXOOUT I10 TOM Ke CXEM€E, 4UTO U AJIA
KOJIbLIA.

Kak u g1s xosbna,
= = - — - &
[én_[nf;_[f;é_o° Iéé_l o

Hrak, nna nucka

7Ce _ mR’
4

0 0
1 O
0 2

o O =

ITo cpaBHeHHUIO ¢ GOPMYJION JJIsl KOJIbLIA 3/1€Ch €CTh €AMHCTBEHHOE OTJIMYHE. B 3HAMEHA-
TeJIe CKAJSIPHOIO MHOXKUTEJISI BMECTO YUCa 2 CTOUT YUCIO 4.

[MomuepkHem, uto 00e 3TH GOPMYJIbI CIIPABEAUBBI TOJBKO MPHU CIIELHUATBHOM BBIOOpE
KOOPIUHATHBIX Oceil. B 3Tux ocsix Bce LEHTPOOEKHbIE MOMEHTbI MHEPLMU MOJYYHINCH paB-
HBIMH HYJIIO.

J7s1 aTOrO CNyyas ecTh creluaibHas TEpMUHOJOTHS.

I'aaBubie ocu uHepuun CMT (wnmm ATT) — xoopauHaTHbIE OCH, B KOTO-
PBIX LEHTPOOEIKHBIE MOMEHTHI HHEPLIUU PABHBI HYJIIO.

Hrax, MBI NOIy4YUIN KOOPAUMHATHOE MPEACTABIIEHHE OllepaTopa MHEPLUH OJHOPOIHOTO
TOHKOT'O JIMCKA B I'JIABHBIX OCSAX MHEPLIUU.
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4. Daauncoua MHepPUUH

PaccMoTpum ypaBHEHHE TTOBEPXHOCTH:

(*) (F,J,F) = k* |,

rne J, — omepatop uHepiuu ATT (unmu CMT) otHocutensHO momoca A, T
paanyc-BEKTOP TOYKU MOBEPXHOCTH.

DTO — AEHCTBUTENBHO ypaBHEHHE MOBEPXHOCTH B TPEXMEPHOM MpocTpaHcTBe. Touka
NPUHAIJIEKUT STON MOBEPXHOCTH TOTAA M TOJBKO TOT/A, KOTAA PagHyC-BEKTOP JaHHOW TOYKH
YIOBJIETBOPSIET YPABHEHHUIO (*) .

B neBoii yacTu ypaBHEHHs 3anucaH OWIMHEWHBIH (yHKLMOHA, ONpeneNsieMblii onepa-
TOPOM HHepuuu. B kauecTBe 00OMX apryMeHTOB (pyHKIMOHAIA B3ST PaguyC-BEKTOpP TEKYIIeh
TOYKH MOBEPXHOCTH.

B NpEeAbIAYIIUX IMyHKTaX MbI YK€ HE pa3 paCcCMATPUBAJIN BBIPAKCHUSA TAKOIr'O BUIAd U
3Ha€M, 4YTO €CJIU paanuyC-BEKTOP — HeHy.J'IeBOﬁ, TO AJIA PEAJbHOTO TE€Jla 3TO BBIPAKCHUE I10JIO-
JKUTEJIBHO.

A 49TO cTOWT B IpaBoi YacTu?

IMapamerp k > O ompenenser Macmrad MOCTPOSHHSA: B CHILy OJHOPOIHOCTH
JIEBOM YaCTH HPH M3MEHEHUH Kk TIOJIyYUM IMOBEPXHOCTH, HOAOOHYIO HCXOIHOM.

Bo usbesxaHue HeNOpa3yMEeHU OTMETHM, YTO TMapaMeTp kK eCTb pasMepHasi BEJIMUKHA.

[k] = xr2.m2.

B HekOTOpbhIX yueOHMKAX BMECTO K 2 nuuryT 1; HO Takod BBIOOP BO3MOXKEH TOJBKO TO-
raa, Korga BMECTO MEXaHHUYECKUX BEIMYMH B YPaBHEHHE IOACTABJICHbl MX YHCICHHBIC 3HaYe-
HUs (a MHa4Ye pa3sMepHOCTH 00enx vacTel ypaBHeHus (*) OyayT pasHbIMH).

BbIS[CHI/IM, YTO 3a MOBEPXHOCTH MbI NOJTYYNIIH.

Ilycte [ — ock, mpoxopsmias 4epe3 momoc A M TOUKYy HOBEPXHOCTH, a
€ = T/|F| - equnnunbiit BekTop OCH. 3aMeEHSS B ypaBHCHHH (*) T Ha |¥|- €,
UMEEM:

IF|° (8,3,€) = k2,

T.C.

Mpb! HalT MOAYJb PafHyC-BEKTOpA TEKYILIeH TOUKH MOBEPXHOCTH (*) , T.€. paccTos-
HUe HTOM Touku ot nomoca 4. I1og KOpHEM — MOMEHT UHEPLIMHU TeNa OTHOCHTENBHO OCH /.

ITpwm sTOM

r = e .

_k_
\IIZZ



IIpu BbIBOZE 3TOH (POPMYJIBI MBI JEHCTBOBAIM TakK: Opasy TOUKY Ha MMOBEPXHOCTH W €i
COTIOCTABJISIA €IMHUYHbBIN BEKTOp €. HO MOXHO Ha HaHHYK (HOPMyJy MOCMOTPETh U C UHBIX
MO3ULIHAN.

[Tycth Temeph € — TPOU3BOJIBHBIA €IUHUYHBIA BEKTOp, [ — mpoxomasimas
yepe3 A OCh, HanpaBJIeHHE KOTOPOM 3a1aeTCsi BEKTOPOM €, a [;; — MOMEHT UHED-
umna ATT oTHOCHTENBHO OcH /.

[Mockonmbky it peanvroco tena I;; > 0, 1o mocnemusist Gpopmyaa OIHO-
3HAYHO COTIOCTABJISIET BEKTOPY € TOUYKY TIOBEPXHOCTH (*).

DTa TOUKa JIEXKUT HAa OCH [, TIpUYEM ee pamuyCc-BEKTOP COHAMpPABJIEH BEKTOPY €. MbI To-
JYYUJIA B3aUMHO OJHO3HAYHOE COOTBETCTBHE MEXAYy TOYKAMH MOBEPXHOCTH (*) U BCEBO3-
MOXHBIMU €OIUHUYHBIMU BEKTOPAMU B TPEXMEPHOM IIPOCTPAHCTBE. ZL]'IH TCJI, CBOOAIIUXCA K
OZHOM TOYKE WJIH K POTATOpPYy, OINEpaTop MHEPLUH He SBJSETCS MOJNOKUTENBHO ONPENENEeHHbIM,
U [Tl HEKOTOPBIX OCeil MOMEHT MHepLuu /;; oOpalnaercsi B HyJib; CJIEJOBATEIbHO, TAKHE OCH HE
HUMEIOT MepPeCceueHuil ¢ MOBEPXHOCTHIO (*) .

B ciyuae ke peanbHOro Tena MOBEPXHOCTb (%) — 3TO MOBEPXHOCTb O2PAHUYEHHAS: B
M0O0M HAaNPABIEHUU €€ TOUKU OTCTOAT OT IOJII0CA HA KOHEYHOE PACCTOSHHE.

BriBoa: mOBEpXHOCTS (*) SIBIACTCSA OTPAHUUEHHOM.
Tenepb 3alyviueM YpaBHEHHUE HaIen MOBEPXHOCTHU B KOOPAUHATHOM BUIC.
[Tycth B cucreme koopauHat AxXyz
F = xi +y] +zk .
MoskHO ObLTO ObI TIOJICTABUTL 3TO BLIPAXKEHHWE B COOTHOIIEHHUE (*) U MPOU3BECTU He-

oOxoaumble BBIKJIAAKH. HO MBI MOCTYNMUM Tipolne: Bocmonb3yeMmcs dopmyiioi Kommm ans oce-
BbIX MOMCHTOB MHCPLHU.

HNmeem:
¥ = |F|-€ = |F| - (cosa-T + cosB-j + cosy-k) .
3mech o, B, Y — yrusl Bektopa € ¢ ocsimu Ax, Ay, Az (Mbl yxe NOIB30BATKCH STHMH
yriamu npu BeiBoze GopmyJbl Komm). 3Ha4uT, nepexom OT KOMIOHEHT BEKTOpa € K KOMIIO-

HEHTaM X, y, zZ BEKTOpa F CBOOAUTCS K YMHOXXEHUIO KOCUHYCOB JaHHBIX YITIOB Ha MOAYJIb BEK-
TOpa I .

®opmyna Komm naer seipaskenue enuuunsl [;; = (€, J,€) yepes cos o
, cos B}, cos Y. Ecnu B 1TaHHOM BBIpak€HUH 3aMEHUTH 3TH KOCHHYCHI Ha X, ), Z, TO
nonyuutces Beipaxkenne s ( T, J, T ), T.e. i 1eBOM yacT ypaBHEHUs (*).
[TosToMy KOOpAMHATHAS 3aMKMCh YPABHEHUS (*) BBITJISIUT TaK:
2 2 2 _
(%) Loyx* + L, y° + 1,z
- 2L,xy - 21,yz - 21, zx = k?

MpbI NOAy4YHUIN YpaBHEHHE C TPEMs HEM3BECTHBIMH, KOTOPOMY B TPEXMEPHOM MPOCTPaH-
CTBE OTBEYAeT MOBEPXHOCTL. [0 BHEIMIHEMY BHUIY 5TOrO YPAaBHEHHs YK€ HETPYAHO MOHATD, YTO
5TO 32 OBEPXHOCTD.
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OTO — ypaBHEHHUE MOBEPXHOCTH 2-ro nopsiaka. M3 aHaauTHyeckol reomer-
PUU U3BECTHO: €IUHCTBEHHON OTPaHUYEHHOUN MOBEPXHOCTHIO 2-T0 MOPSIAKA ABJIS-
€TCs AITUTICOU .

Takum obpa3oM, Hala MOBEPXHOCTH IS JIFOOOTO PeajbHOrO Tejla MPEefCTaBisieT coOon
SJUTUTICOU .

OTtcroma — onpezneneHue:

[osepxHocTh ¢ ypaBHerneM ( F, J, F) = k’ HasplBaeTCS JLINIICOMIOM

unepuuu ATT (umu CMT) ¢ uentpom B Touke A ; BBeneHa [lyanco B 1831 r.

Nwmst ppannysckoro mexanuka Jlyn Ilyanco Bam u3BecTHO M3 Kypca CTaTUKU. 3aHUMAJ-
Cs1 OH U TMHAMUKOH abCONMOTHO TBEPAOTO TeNa (U BeChbMa YCIIENTHO).

Eie pa3s HarmoMHUM, 4TO HAaIIU PacCyKAE€HUSA OTHOCATCS K PeajbHOMY TeJsy: TOJIBKO IJIs
HEro BO BCEX CIy4YasX OCEBOW MOMEHT MHEPLIMH MOJOXUTENIeH. B BBIPOKIEHHBIX XKe CIydasx
TaKWe PACCyKAECHUs] BEPHBI HE BCETAA.

3ameuanue. Eciu ATT saBisieTcs poTaTopoM | MOOC A JIEKUT Ha €ro OCH,
TO AJUTHIICOU MHEPIIUHA BBIPOXKIAETCS B ITUJIHUH/IP.

JTa NMOBEPXHOCTh YK€ HE SIBJISETCS OIPAaHMYEHHOH. YpaBHEHHUS 3TOro LMJIMHIpPA MOy-
YUTh HETPYJHO, HO HA 3TOM MbI OCTAHABIIMBATbCA He OyneM. 3aMeTHM, UTO ONepaTop MHEPLUU
MOXXKHO paccMaTpuBaThb OTHOCHUTENBHO JIIOOOH TOYkM mpocTpaHcTBa. IlosTomy amnmmmncomnssl
HUHEpLUH MOXHO CTPOMTH IJIA pa3HbIX Todek. IIpu cpaBHEHMM TakuX 3JIIMIICOMAOB Pa3yMHO
TOJIb30BATHCS. OMHUM U TeM ke (PUKCUPOBAHHBIM 3HAUEHHEM mapamerpa k. B actHocTH, 3a mo-
JIFOC MOXKHO B35Th LIEHTP MacC TBEPAOrO TEA.

9J'IHI/IHCOI/II[ HHCPOHUK € LHCHTPOM B HCHTPEC MACC TCJIda HA3BIBACTCA LICH-
TPAJIbHBIM JJIJIMIICOMI0M HHEPIIHH .

[TocmoTpuM Temepp, KakuM OOpa3oM TOHSTHE 3JUTMIICOMAA WHEPIHH MOXKET OBITh HC-
MOJIb30BAHO IIPU U3YUYEHUM CBOMCTB OINEpaTopa MHEPLIUU.

S. I'1aBHbIe MOMEHTbI HHEPLHH

Bocnonezyemcs HEKOTOPBIMU pe3ybTaTaMU aHAJIUTHUECKON F€OMETPHU.

H3BecTHO, 4TO U1 JOOOr0 3JUIMNCOMJA KOOPAWHATHBIE OCH MOXKHO BBI-
OpaTh TaK, YTO €r0 YPaBHEHUE 3aMUCHIBACTCS B KAHOHUYECKOM BUAE:

2 2 2

a,b,c — monyocu >Mncoua.
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Ocu Axyz HapuCOBaHBI HAKIIOHHBIMH — B OTJIMYHE OT OCEH TePBOHAYAIBLHO BHIOPAHHOI
cucTeMbl KoopauHat. Ho amst ynpolneHus nanbHeHINx GopMyJ1 HOBbIe 0003HAUYEHUs! T OCeit
He BBOAATCA. HapucoBaHbl TakKe ABa CEUEHUs JUIUIICONa KOOPAUHATHBIMU IUIOCKOCTSIMU. 3a-
METHM, YTO BBIOpaHHbIE YKa3aHHBIM OOPa3OM OCU SIBJSIFOTCS OCSIMH CUMMETPHH SJUTUIICOHMIA.
UTo 03HaYaeT ¢ MEXaHUUYECKOUW TOYKH 3peHUsT JaHHbIN BLIOOP KoopauHaTHBIX oceii? Obe wactu
KaHOHUYECKOIO YPaBHEHMSI MOKHO JJOMHOXUTb Ha k2, v Torma ero MOXKHO CPaBHHUTB C ypaBHe-
HueM (*#%) . JleraeM BbIBOA:

B Takux ocsAX ypaBHEHHE SJUTATICOMIA HHEPIUH (* *) TPHHUAMACT BU;
2 2 2 _ 2.
Liyx® + Lyy? + I,z = k7
nosromy Iy, = [, = I, = 0, W OCH CHMMETPHH DIUTMIICOM/A ABIAIOTCS
anasuvimu ocamu unepyuu ATT.

HanomHuM, 4TO HEKOTOpasi OCh Ha3bIBAETCS TJIABHOM OCHEO MHEPLIMH, €CJIU ABa LIEHTPO-
OexKHBIX MOMEHTA HHEPLMK OOPALIAIOTCS B Hy/Ib (JUIs OCH Z — 3TO MOMEHTEI /;,
ul,,urn).

Beisoa: s mo6oro ATT riaBHble OCH HHEPIIMHU CYIIECTBYIOT.

. 7
CyuiecTBoBaHuUE TNaBHBIX ocel nHepuun nokazan Cernep’ B 1755 r.

Hesasucumo ot CerHepa K MOHSITHIO TIABHBIX OCEH MHEPLUHU TPUINEN U Dijiep, HO Ha
Tpu roja nosxe — B 1758 r. I3 conocrasieHus MOCNEIHETO YPABHEHHUS C MPEAbIAYIIUM 3aMe-
qaeM:

I.. = k%a* wr.n., Tak 4ro

" Cernep, Anow Anpgpaw (1704 —1777) — BEHrepckuii MateMaTuk U MEXaHuK.
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Mzl BBIPA3WIN IMOJYOCH SJUTUIICOUAAa MHEPUUU Y€PE3 MOMEHTHI MHEPLUUU OTHOCUTEIBHO
rJIaBHbBIX ocei. Takue MOMEHTHI HWHEPUUHU HOCAT CIICHUAJIBHOC HA3BAHUEC.

Mowmentsl uHepurn ATT OTHOCHTENBHO TJIaBHBIX OCEH WHEPIMH Ha3bIBA-
FOTCS [JABHBIMH MOMEHTAMH HHEPLUH.

Panee MbI YK€ OTMEYAJIM, YTO MATpHULld ONIEPATOpPa MHEPUHHU B INIABHBIX OCAX SBJISACTCA
I[HaFOHaJTbHOﬁ. CHGHOBaTeJIbHOI

JIis mpon3BOJILHOTO BEKTOpa U

N U, I.. 0 0 U, I, u,

yz _ _

1 Uy = 0 Iyy 0 Uy = Iyy Uy,
uZ O O IZZ uZ IZZ uZ

[TosTomy mist BekTOpa U, HANPaBICHHOTO BJOJIb OAHOM M3 TJIABHBIX OCCH,
BekTop J, U Oynaer Takke HaNpaBjIeH BIOJb Hee. Hampumep:

ullAx 0O Jyu=17_ullAx,
T.€. YMHOXKEHHE Ha J , CBOAMTCS K pacTsSKEHHIO BekTopa U B /., pas.

Ota GopmyTpOBKa HECKOJIBKO YCJIOBHA. MOMeHT uHepimu /. — pa3sMepHas BeJIUYNHa,
1 B 3aBUCHUMOCTHU OT BbI60pa C€AUHULl UBMEPEHUSA PEUb MOXET UATU KaK O PACTAKECHUU, TaAK U O
cxatud. I'maBHOE ke — B TOM, 4YTO BCKTOP ﬁ HE U3MCHSICT CBOCTO HAIIPABJICHUS. B YaCTHOCTH,
TaKasl CUTyalusl IMEET MECTO JJIsl €JMHUYHBIX BEKTOPOB TJIABHBIX OCEH MHEPLUU:

0 =rI.0, Jg=1,), J,k =1 k.
B nuneliHOM anreOpe MCMONB3yeTCsl CASAYIOIAs TePMHHOJIOTHSL.

Bekrop U # 0 — codcTBeHHBI BEKTOpP rHEeHHOro oneparopa C, eciu 3

Cu = \u:

9quciio A — coGcrBeHHoe 3Havenune oneparopa C.

U3 sToro ompeneneHuss HEMOCPENCTBEHHO BUAHO, YTO BCAKUII HEHYJIEBON BEKTOp, MpPO-
NOPLHUOHAIBHBIN COOCTBEHHOMY BEKTOPY, TAK)KE SIBJSIETCS COOCTBEHHBIM BEKTOPOM (TIPHUEM C
TeM ke COOCTBEHHBIM 3HAYEHUEM).

BriBOA: raBHBIE MOMEHTHI MHEPLUK SBJISIFOTCS COOCTBEHHBIMHU 3HAUCHUAMU
orepaTopa MHepIuH J ,, a ¢IMHWYHBIE BEKTOPHI MIABHBIX OCEH MHEPIMH — €ro
COOCTBEHHBIMH BEKTOPAMH.

Otcrona BBITEKAIOT BaKHBIE U TUHAMHKH aOCOJIOTHO TBEPAOTO Tena pe3yibraThl. Ha-
npuMep, TAaKOH:
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CaencrBue. Ecnu nomoc A — TenecHas TOYKa, TO BEKTOP OTHOCHTEIHHOTO
KMHETUYECKOTO MOMEHTA KZTH =J A_D COHANpaBJIeH BEKTOPY YTIJIOBOH CKOPO-
cri O [0 Bektop L HApasieH BIOJb OHOM U3 [IIABHBIX OCEH HHEPIIIN.

BozHuKkaeT BOMpoC: Kak HAWTH TJIaBHbIE OCU WHEPIIUU abCOMIOTHO TBEPAOTO Teja?

Ecnu Axyz — npousgoiwHbie OCH, TO IJisi CIAHUYHOTO BEKTOpA € TJIaBHOM

ocHu / JOJIZKHO BBIITOJHATHCA COOTHOIIICHUC:

Ty Ly Ty | ey | = Mey
_sz _Izy IZZ €; €.

Ecnu Gbl Mbl 3HajM, Y€My PaBHO 3Ha4Y€HUE A, TO 5TO Obuta Obl CHCTEMA JIMHEHHBIX
YPaBHEHHII OTHOCHTENILHO KOMIIOHEHT €, e, e,. CnaraeMble U3 MpaBoOil 4acTu
MOXKHO MEPEHECTH B JIEBYH0, BUIHO, YTO JAHHAS CUCTEMA SBJSIETCS OMHOPOAHOMN. 3amu-
LIEM:

OTHOCHUTENBHO €, e, e, 3Ta CUCTeMa JIMHCHHBIX yPAaBHCHHH — OJI-
HOpogHas. /Iy cyliecTBOBaHMs HEHYJIEBOTO PELICHUs HEOOXOAUMO, UTO-
OBl €€ ONPENEIINTEIND PABHAJICH HYJIIO:

[xx_x' 4[xy Alxz
~Ly Ly-% -1 = 0.

yz
_sz _]Zy [ZZ_ A

Ecnu pacnucaTtb JIaHHBIN OMIPEACIIUTENDb, MOJIYYHUTCS KY6I/I"ICCKOC YPaBHCHHUE OTHOCH-

TEJIbHO A .

B cunmy monmoxuTenbHONW ONMPEneIeHHOCTH OTepaTopa WHEPIHHU STO XAPAK-
mepucmuyeckoe ypasHenue BCETIa UMEET TP TOJOKUATEIBHBIX KOPHS, PaBHBIX

rJiaBHbIM MOMeHTaM uHepuun ATT.

ITonoXUTEMTBHOCTb KOPHEH, pa3syMeeTcs, IMeeT MECTO Ul PEaJbHOrO TBEPAOTO Tea.

Takum 00pa3zom, 3amada HAXOXKAEHUS] COOCTBEHHBIX 3HAYEHUI OnepaTopa MHEPLUU CBO-
IUTCSL K peleHHur0 KyOuueckoro ypasHeHus. Ilocne Toro, kak coOCTBEHHble 3Ha4eHUs (T.e.
TJIABHBIE MOMEHTBHI WHEPLIUN) HaliIeHbl, €IMHIYHbIE BEKTOPbI ITIABHBIX OCEH HETPYIHO BBIYHC-
JUTh, pellas 3alMCaHHYI0 HAMH CUCTEMY JINHEHHBIX ypaBHEHHUH. /{11 NpOU3BONBHOTO JIMHENHHO-
ro OrnepaTopa MOKHO HCIOJB30BAaTh Ty K€ NMPOLENYPY: COOCTBEHHbIE 3HAUEHHs HAXOMATCS Kak
KOPHM XapaKTepUCTUUECKOro ypaBHeHus. CylLIecTBYIOT, NpaBAa, MHbIE METOABI BBIYMCICHUS
coOCTBeHHBIX 3HaueHUH, Oonee >(pdexkTuBHBIE NI ClydaeB BBICOKOW pasmepHocTu. MHOrma
IPY HAXOJKIEHUU TJIABHBIX MOMEHTOB MHEPLMU yaaeTcs OOOHTHCH Oe3 pemeHus KyOHn4eckoro
ypaBHEHUs. JTa CUTyalHsl HaM YK€ U3BECTHA: €CJIM TeJo 00NafaeT OCBIO MM IIIOCKOCTBIO Ma-
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TCpH&J’[bHOfI CUMMETPUHU, TO OOHA U3 I'JIaBHBIX ocel HWHEPLUUN HAXOAUTCA Cpaldy, HaAXOXKIACHHUEC
JKe IBYX APYTHX OCEeH TOrJa Pe3KO yIpOINaeTCs.

[Tycts Temeps AXyz — rnaBHbie ocu uHepuuu ATT.

MoryT 51 y 3TOro Tena ObITh Ipyrue OcH WHepluu? PaccMOTpUM BO3MOXKHBIE YACTHBIE

CIIy4am.

YacTtHele cnydan

1°. IlycTh Bce rTaBHBIE MOMEHTBI HHEPIIMH Pa3IM4Hbl. TOraa riiaBHbIC OCH
WHEPIIUA ONPEACIICHBI OTHO3HAYHO (DJUTATICOMIT HHEPIIMHA — TPEXOCHBIH ).

TpexOoCHBIN BJUITUNCOUA — STO AJUIMICOU C MOJyOCSMU Pa3IN4HON IJUHBL. B nanHoM
Cjlydac 3TO UMCHHO TaK, NOTOMY YTO IJIaBHBIE MOMECHTBI MHCPLHUU HCOAUWHAKOBBI. O,Z[HOSHaLI-
HOCTb O3HA4aC€T, YTO HUKAKHUE APYIrUe€ OCHU, KPOME KOOPAUHATHBIX, I'NTABHBIMH OCAMUN UHEPLHNU
He OynyT. B camom mere, ecnu och / He COBMANAET HU C OMHOM U3 KOOPIUHATHBIX OCEM, TO KOM-
MOHEHTHI €€ €IUHIUYHOTO BEKTOpa IMPH YMHOXKXEHHWU 3TOr0 BEKTOpa Ha OMepaTop WHEPLUUU pac-
TSIHYTCS B HEOIMHAKOBOE YHMCIIO pa3. Tak uTo 3TOT BEKTOP COOCTBEHHBIM He OyaeT.

2° Myers I, = I, # I, (cny4ait oceBolt MHaMUIECKOH CUMMETPHUR).
Torma Besikast och [, nekamas B INIOCKOCTH AXY, Takke OyJIeTr rJIaBHOW OCHIO

uHepuuu, u [, = [, , IOCKONBKY s €¢ eAMHUYHOTrO BEeKTOpa €

J, 8 = J,(ed+ej) = exiAj+eyiAj = [ €.
I L.}

SJIJH/IHCOI/II[ HHCPOHUH — JJUIMIICOHUA BPAIICHHA.

ITpumepom MOXKET CIyKUTh LEHTPAJBHBIN 3JUTHIICONA WHEPLUUH OJNHOPOJHOTO TOHKOTO
OUCKa. MBI BBIYUCIANN MAaTPHIly 3TOrO ONEpaTopa MHEPLUH W BUAENH, YTO ABA ITABHBIX MO-
MEHTa MHEPLUH COBIAJAIOT, a TPETHH — B B pasa OoJblie.

3° Hyerp Iy = I,

pun). Torma rmaBHOH ocblo mHepumu Oyaer mobas ock, u [, = [ . (omnun-

= [,, (cayuali mIapoBOW JMHAMHYECKON CHMMET-

couJ MHEPIUU — cdepa).

[IprMepoM MOXKET CIYKHTh LEHTPAJIbHBIN 3JUIMIICOMI MHEPLHHU OTHOPOAHOrO Imapa (a
Takxke Kyba M ;o00ro npaBUIBHOTO MHOTOTPAaHHHKA). Bce TpM BO3MOKHBIX Cydast MbI pas3o-
Opanu.

6. /lunamuyeckue ypaBHeHus Jiljiepa

Paccmotpum TBepaoe Teno B, cosepriatoiee cheprueckoe IBHKCHUE OT-
HOCHTEIIBHO HETIOBIIKHOM TOukd (). DTO 03HAYaeT, uTo TOuka () MPHUHAUICIKUT
YCJIOBHO HETIOJBMIKHOM CHCTEME OTCUETA M OJIHA W3 TEJIECHBIX TOYEK BO BCE Bpe-
MsI IBHDKCHHSI coBMamaet ¢ Toukoi O. Hampumep, B Touke () MOXKET pacrosiaraTh-
csa chepuueckuii mapaup. Begem nBe CHCTEMbI KOOPIMHAT — HEMOABMKHYIO O
x'y'z" n momBrKHYIO OXYZ, )KECTKO CBSI3aHHYIO C TEJIOM B.
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MeI fieficTByeM ceiiuac TOYHO TaK ke, Kak Mbl A€HCTBOBAIN IMPU BbIBOJIE YPaBHEHUN 1U-
HaMHUKH a0COJIIOTHO TBEPJOTO TeJa, BPALIAOINEroCs BOKPYT HEMOABIDKHOM ocu. MMeHHo mon-
BIJKHASI CHCTE€Ma KOOPIUHAT NIt Hac Oy/eT OCHOBHOM, TaK Kak B HEH KOMIIOHEHTBI OIepaTopa
uHepiuu Tena B OyayT mocTOsIHHBIMA.

[ToaTomy muist 3TUX MOABIKHBIX OCEH MbI HCMONIb3yEM Ceiiuac Haubolyiee mpocThie 000-
3HAYCHMSI.

[Tycts Ha Teno B neiictBytor aktuBHbie BHemHue cwitbl F |, ... Fy ¢ rnas-
= (e)
HbIM MoMeHTOM L ) .

IIpo riaBHBINA BEKTOP MBI 37I€Ch HE YIIOMSHYJH, TIOTOMY YTO OH HaM He MoTpedyeTcsl.

Kak u B cJIy4da€ Te€ja, Bpalaromerocs BOKPYT Hel'IOI[BPDKHOfI OCH, BOCIIOJIB3YEMCsl TE€O-
peMOﬁ 00 U3MEHEHNH KHHETUYECKOrO MOMEHTA B TIOABH)KHBIX OCAX.

B noaBMKHBIX OCSIX TSOpEMaA 00 M3MEHEHUHM KHHETUUECKOTO MOMEHTA OTHO-
CUTCIBHO HEMOABMIKHOM TOUKH 3aMMCHIBACTCS TaK:

‘“;0 L [BK,] = T
t

3necy [ — yrnosasi ckopocTh Tena B, a nokajbHasi MPOM3BOAHAST BHIYKCISIETCS B CBSI-
3aHHOI CUCTEME OTCUETA.

Bce BennuMHBL B 3aITMCaHHON (OPMYJIe OTHOCSATCS K aOCONIOTHOMY IBI)KEHHUIO TBEPIOTO
Tena.

CTpOFO roOBOpPsi, Mbl HE BCC BHCIIHUEC CUJIbI Y4YJIN. IToMUMO aKTHBHBIX CUJI, €CTh CLIC pPe-
akius cBsizeil B Touke (). Ho ¢ Hell — Bce mpocTo:

Bektop R, peaxiuu cBszeit B 310 ypaBHenue He Bxoaur, Tak kak M, (R,) = 0

Tenepb BOCMOIB3yEeMCsI TIOCTOSIHCTBOM OIEPaTOpa WHEPIIUH B CBSI3AHHON CHCTEME KOOp-
IAHAT.
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HHUMACT BUA.

Tak kak K, = J, O u B cesannoit CO J,

const, TO ypaBHEHUE MPH-

; + [_I:l, JO_D]

3T0 — ypaBHenme Jiijiepa auaamMuku ATT ¢ mHemoaswkHO# Toukoi (1750 1.).

Diinep 3amucan 3T0 ypaBHEHHE OTHIOIb HE B Takoi ¢opme. B ero Bpemena BekTOpoB (1
TeM OoJiee TMHEHHBIX OMEepPaTopoB) He 3HaAH. Ha caMoM jaeine OH 3amucai 3TO YypaBHEHHE B BH-
A€ TPEX CKAJIAPHBIX ypaBHeHI/Iﬁ — B IIPOCKUMAX HAa OCH CBSI3aHHOM CUCTEMBI KOOpAHWHAT.

3ameuanue. 1o popmyne bypa

d0 _ 4O

-4 moy - 4

dr ds ds

[TosTOMYy CHUMBOJI JIOKQJIbHOH MPOM3BOAHON B YpaBHEHUH Jiijiepa MOXHO yOpaTh, U OHO
OCTAHETCsI BEPHbIM. MBI, OHAaKO, He OyIeM 3TOro JIej1aTh, TaK KaK 4Yalle BHIYUCICHUs MPOBOISIT

1]

UMEHHO B CBSI3aHHOH cucTeMe koopauHaT. [lony4yum Tenepb KOOPAUHATHYIO GOpMy ypaBHEHUs
Diinepa. [lpeanonoxum, uro ocu Oxyz — 2ragusie ocu unepyuu tena B. DTo npennonoxkeHue
3HAYUTENBHO YIIPOCTUT HAIIM BbIKJIaAKu. Toraga

Q, 7.0
17" Q| = 1,Q,
z -8,
i I k
[O,J,0] Q. Q Q
L, Q, 1,0, 1,0,
= ([ZZ_]yy) QyQZi + ([xx_[ZZ) QZij T
+ (L~ L) Q. QK.
I.. Q. , (1,,-1,)Q,Q, = L,
dt
dQ2 e)
Iyyd—ty + (Ixx_IZZ)QZQx = LOy ’
dQZ (e)
L (I,,-I.)Q.Q, = L
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910 — auHaMu4YeckHe vpaBHenus Jijepa 111 ATT ¢ HemoaBMKHOM
toukoit (1758 r.).

Diinep, KCTaTH, UCTIONBb30Ba HECKOJIBKO HHbIE 0003HAYEHHUSI.

B o6o3nauenusix Dinepa:

dp
A= = (B-C + L
Y ( ) gqr ,
dq

— = (C-4 + M
P ( )rp ,
cY o (U-B)pg 4 N

3ameTbTe, uTO 0003HAaYEHHs Diiiepa HAMHOTO KOMIAKTHEE COBPEMEHHBIX, U 3aIIOMHHUTh
IMHAMUYECKUE YPaBHEHMsT DJiijiepa B Takux 00O3HAYEHUsIX jierde. Dinep 0003HAYAEeT riIaBHbIE
MOMeHTbI uHepimu yepes A, B, C, npoekunn yrioBoil CKOPOCTH Ha MOABUKHBIE OCH — 4epes p
g, ¥, a IPOEKLUH IJIABHOIO MOMEHTa BHEIIHHX CHJI Ha Te Jke ocu — uepe3 L, M, N.

CoBpemenHble ke 0003HaueHHs Oojiee TPOMO3IKH, 3aTO OHHW HEMOCPEACTBEHHO BBIPa-
JKAFOT CMBICHT KaKIOW BEJTMUHHBL.

Hy>xHO nmomuepkHyTh, YTO AUHAMUYECKUE YPaBHEHUs Diijiepa 3amucaHbl B INIABHBIX OCSIX
uHepuuu. [lepBoHAa4YambHO — BOCEMBIO OAMH paHbIle — DMiep MONy4YnsT YPaBHEHHs AWUHA-
MHKH TBEPJOTO Tella B HPOU360.1bHbIX CBA3AHHBIX OCSX. HO 3THUM pesyibTraToM OH He ObLl
BIIOJIHE Y IOBJIETBOPEH: XOTS YPAaBHEHMS M ObUIN MPABIIIBHBIMU, HO CIIMIIKOM YK FPOMO3IKHUMH.
A 5T TUHAMHUYECKHe YPAaBHEHHUS] OKa3aJHCh BeCbMa yIOOHBIMH Ml PAKTHYECKOTO HCIOJIb30-
BaHUA. BOT U MBI celiyac yaenuM HEMHOIO BHMMAHMS MPAKTHIECKOMY HCIOJIb30BAHMIO AMHA-
MHUYECKUX YpaBHEeHUH Diinepa.

s onpenenenns nprxeHuss ATT Hy>KHO NONOJHUTH 3T YPAaBHEHUS KH-
HEMATHYECKUMHU COOTHOLIEHUSMH — HANpUMEpP, KHHEMATUYECKHUMH yPaBHEHUSIMHU
Ditnepa:

« = Y sinOsing + 0 cos,
(x%) Q, = ysinBcosp ~ 0 sing,

Q, = YycosO + ¢,
rae Y, 0, @ — yruiel mpeneccuu, HyTauk U COOCTBEHHOTO BpaineHus (yriibl Dii-
Jepa).

OTH ypaBHEHHs ObUTM B Kypce KMHEMAaTUKU. HamoMHUM, Kak BBOASATCS yIJibl Diijiepa.
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3,[[er Ipu Nepexoac OT HEMOABUIKHBIX oCell K MOABIIKHBIM BBIIOJIHSIOTCS TpU TTOCJIC-
AOBATECJIbHBIX IMMOBOPOTA.

[Tosopotsr: Ha , 0, ¢ Bokpyr oceit Oz', OL u Oz.

3anuinem, 4TO MBI B PE3YJIbTaTE UMEEM.

Ecnu mpaBsie uacTu ypaBHeHHH (*)  W3BECTHBI Kak siBHbIC (yHKIHH \/, O,
P, Q, €, Q, uBpemenn £, To ypaBHeHus (*) — (¥*%) o00pasyrOT
cucremy Imectu auddepeHranbHbIX ypaBHeHHH 1-ro nopsaka.

Jl7is ee MHTErpUPOBAHUS HAJIO 33JaTh 6 HAYAIbHBIX YCJIOBUM:
y(0) = y°, 8(0) = 06°, o(0) = 0°,

Q.0 = Q. Q,0) = Q. Q.0 = Q.

B pesynbrare Oynet HatineH 3akoH cepuueckoro aerkenns ATT:
Vo= y(), 06 =0(@, ¢ = o).

ITo 3TuM TpeM yriam B Jr00ONH MOMEHT BPEMEHH MOYKHO OyIeT HaiTH MaTpHLy Harpas-
JIAIOLUX KOCHUHYCOB Il HEMOABUXKHONM M CBSA3aHHOW CHCTEM KOOPAWMHAT, W TOTZ@ MBI IOJHO-
cThIO OyIeM 3HaTh TEeKyLIyro KOHUrypauuro tena B .
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Jlo cux mOp Mbl pacCMaTPUBAJIM YaCTHbIE Cy4Yad IBIKCHHS TBEPAOTO Teja: MOCTyMa-
TEeNIbHOE, BpallaTesbHOe, IIIOCKOoe, chepudeckoe. PaccMoTpum Tenepb oOLumii ciy4ail JBIKEHHs
cBOOOIHOr0 aOCOIIOTHO TBEPAOTO Tea.

7. YpaBHeHUsI JUHAMHUKH CB0OOOIHOT0 a0COJIIOTHO TBEPAOrO TeJia

[Mycts Oxyz — HemomBwkHas cucTeMa KoopauHaT. CBKEM C IIEHTPOM
macc cBoGomHoro tena B kenwroBy cucremy koopaumuar Cx'y'z' u cszaHHyIO
cucremy koopamuar Cx*y*z*.

HaHOMHI/IM, qTO TBEPOAOE TCIIO — CBO6OI[HO€, €CJIM Ha HEro HEC HAJIOKCHbI HUKAKHUE CBsI-
3. OHO MOXKET COBEPLIATEL IMPOU3BOJIBHOC IMPOCTPAHCTBEHHOC ABUKCHUE — BCE 3aBUCUT OT

I[CIZCTB}HOHIHX Ha HCIrO aKTHBHBIX CHJI.

=) =(e) . . .
[Iyctre R w L, — rnaBHBIH BEKTOp W TJIaBHBII MOMEHT ACHCTBYIOIINX

Ha Teito B akTuBHBIX cul.

3anmmniem TCOPEMY 00 M3MEHEHHH KHHETHYECKOTO MOMEHTA OTHOCHTEIHHO
OcHTpa Macc 6 NOOBUINCHBIX OCSIX:

axK™
il G
dt¢
Ot10 HOBas (GopMyJia, HO CIIPAaBEIMBOCTEL €€ OYEBUIHA. MbI paciucaiy no gopmyie bypa
HpOI/ISBO,[[Hy}O I10 BpeMeHI/I oT CO6CTBeHHOFO KHHECTHYCCKOI'O MOMECHTA TeEJa. HonyquHoe

YpaBHEHUE XapaKTEPU3YeT NBIKEHHE TBEPAOrO Tejla OTHOCHTEIBHO €ro IIEHTpa Macc, T.€. ABU-
JKEHHE OTHOCHTEBHO KEHHUTOBOM crcTeMbl oTcueTa. IIpeoOpasyem maHHOe ypaBHEHUE.

+ [O,K™] = L.

— OTH e — . =
Tak kak K. = J. 0 u B cBsaszannoit CO J. = const, T0, ucnonb3ysi
TAKIKC TCOPEMY O ABHUIKCHWUH LHCHTPA MACC, UMCCM!

dVC —(e)

—¢ = R
" dr ’
45+ (03] - T

Oto — ypaBHeHHs quHaMuku cBoOoaHoro ATT, nnn ypaBHennst HproToHa
— Jiijepa.

B neiictBuTensHOCTH 00a 3TUX YPABHEHHS — B KOOPAMHATHOM TIPEICTaBIIC-
HUU — nofyuns Dinep. A uma HproTOHA yrmoMuHaeTca MoTOMY, 4TO NMEPBOE U3
HUX MMEET TOT K€ BUJI, UTO U ypaBHEHUE BTOpOro 3akoHa HeioTOHA, cripaBensiu-
BOE ISl MaTepUaAIbHON TOukKu. HamoMHUM: OCHOBOIOJIOKHUKOM JWHAMHUKHA MaTe-
puagbHON Toukr ObUT HhIOTOH, a TMHAMKUKH aOCOFOTHO TBEPAOTO Tena — JUiep.
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3aMeTuM 4TO MepBo€ U3 ypaBHeHUH HptoToHa — Diinepa 3anucaHo 6e3 ucnosib3o-
BaHMA 3HAKA JIOKAIBHOW MPOM3BOIHOW: OHO OmNpeAenseT abCONMOTHOE NBIKEHUE
[IEHTPa Macc Teja, U ¢ HUM ynoOHee paboTaTh B HETIOIBH)KHOW CHCTEME KOOPIH-

HarT.

[locne momonnenus ypaBHeHuid HpioToHa — Diiepa KMHEMaTHYECKUMH

YPaBHCHUSAMH TOJYUUTCS CUCTEMa ABeHAANATH Au(depeHINATbHBIX YPAaBHCHHHA

I-ro mopsiaxka.

O KakuX KMHEMATUUYECKUX YPAaBHEHUAX HUJAET peub? [l ABHIKEHHS LIEHTpa
Macc HAAO 3amucaTh, 4TO NMPOW3BOJAHAA OT PaguyC-BEKTOpa LIEHTPAa MAacC paBHA
€ro CKOPOCTH; a JUIsl ONMMCAHUsA JBH)KCHHS TENa OTHOCUTENBHO LIEHTPA MAcC MOXK-
HO MPUMCHHTH, HAPUMEP, KHHEMATUUECKUE yPaBHEHUs Ditiepa.

COOTBETCTBEHHO M YHCJIO HAYAIBHBIX YCIOBHU IS TaKUX cucteM mudde-
PEHLMAIBHBIX YPABHEHUN TOJHKHO PABHATHCSA ABCHAALATH. BBIMUCHIBATH UX CEH-

yac He Oynem. OTMETHUM Tako# (aKT:

— (e

Bo mHornx HpOETISIX 3amauax R
— (e

BBIX CKopocTte, a L

HE 3aBHCUT OT YTIJIOB Diijiepa U yrio-

— OT KOOPJAMHAT M CKopocTeii 1ieHTpa Mmacc. Toraa obe

IPYIIbl YPABHEHUH MOXKHO MHTETPUPOBATh HE3ABUCHUMO.

B MPOTUBHOM CJIydac IMPUXOAUTCA pCllaTb BCHO CUCTCMY JABCHAAUATH ypPaB-

HEHUH OJTHOBPEMEHHO.

IIpeameTHBIII 1 IMEHHOI1 yKa3aTeJIb

AbGcontoTHoe aBxkeHue, 10
Axcenspomerp, 12
Axcroma Maccel, 2
ATT, 69
bununeiinocts, 75
Bununeitnabii QyHKIHOHA, 75
Kectkoe nBuxkenue, 58
Kecrtkoe gpmwkenne CMT, 44
3akon mBmwkenuss CMT, 26
3aKOH HE3aBUCMMOCTHU JIEUCTBHS CUJ, 4
HuepruuanbHble CUCTEMBI OTCUETA, 3
Kuneruueckuit MOMEHT, 42
KonnuectBo neuskenus, 3, 27
JIuneiineli oneparop, 73
JloxanbHas mpousBogHasi, 11
MarautHbIi MOMEHT, 61
MartepuanpHas TOUKa, 2
Mewepckuii N.B., 34
MowmeHT unepuuu, 46
HeGecnas mexaHuka, 27
HesecomocTs, 15
HeroToHa 3aK0H

L2

I, 3

L s
Omnepatop

AHTUCUMMETPHUYHBIHN, 78

vHepuuy, 82

MOMeHTa, 78
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CUMMETPHUYHBIH, 77
ITeano [Hx., 73
IlepBas kocMu4deckast CKOpoCTs, 21
ITepuon lynepa, 22
IInoTHOCTD, 67
IlpuHLMO MaTEpUAIBLHBIX YaCTHLL, 68
HpuHimn ocBOGOKIAEMOCTH OT CBsI3ei, 5
Pagnyc naeprun, 46
PeaxtuBHas cuna, 34
Potarop, 83
CrobonHas Touka, 3
Cunbl
BHeIHMeE, 23
BHYTpEHHHUE, 23
Cunb! naepuyy, 11
Cucremb! HHEPIMATBPHON HaBUranny, 14
CMT, 23
CyTku
3Be3HbIe, 18
CoJIHe4HbIe, 18
Cdepa Uunuuckoro, 16
TenecHble ToukH, 68
Tenzop unepuuny, 82
TpaHCIOHUPOBAHHBIH orniepaTop, 76
VYpasuenne Menepckoro, 34
®opmyna I{uonkosckoro, 36
LlenTp macc, 29
IMuonkoeckuii, 36
IMTupora, 19
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